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ABSTRACT

In 1964, V. Arnold conjectured that a chaotic phenomenon, now known as Arnold Diffusion, ex-
ists in the three-body problem. In 1993, Z. Xia gave a partial confirmation of the conjecture, showing
that Arnold Diffusion exists in the elliptic restricted three-body problem. Xia later generalized his
proof to the planar three-body problem. In this thesis, we work towards an understanding of Xia’s
proof of the existence of Arnold Diffusion in the elliptic restricted three-body problem. The equa-
tions of motion of the restricted planar three-body problem are formulated in position-momentum
coordinates so that the circular problem is a perturbation of the unperturbed problem, and the el-
liptic problem is a perturbation of the circular problem. These equations of motion are transformed
into a form more suited to an analysis of its parabolic solutions. The transformed unperturbed
problem is explicitly solved for its parabolic solutions. Under a small enough perturbation from the
transformed unperturbed problem to the transformed circular problem, the parabolic solutions of
the transformed unperturbed problem are used to give sufficient conditions under which a twist map
exists in the discretized transformed circular problem. Under a small enough perturbation from the
transformed circular problem to the transformed elliptic problem, KAM Theory is applied to the
twist map, near which is then shown the existence of Arnold diffusion.
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Introduction

The three-body problem from celestial mechanics has been an active area of re-
search since its beginning. Its difficulty has attracted the attention of some of the best
mathematicians and astronomers. In their efforts to understand the dynamics of the
three-body problem, they have dealt with simplified versions of the problem. One of
those simplified versions is the restricted planar three-body problem. It was Poincaré
who first noticed that complicated dynamics exist in the restricted three-body problem
(see Poincaré [1899]).

In 1964, V. Arnold introduced a new concept of dynamical behavior to Dynamical
Systems Theory. Working with a periodically forced Hamiltonian system with two de-
grees of freedom, Arnold [1964] showed the existence of a chaotic phenomenon which
he called diffusion. He held the belief that such a diffusion exists in the three-body
problem. Xia [1993] gave a partial confirmation of Arnold’s belief, showing that that
diffusive phenomenon, now known as Arnold Diffusion, exists in the elliptic restricted
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planar three-body problem. Xia’s proof uses “... advanced mathematical techniques
...” which “... are hard to understand in detail (at the present time) even for mathe-
maticians trained in the field.” (Bakker and Diacu [1993]) To overcome this deficiency

is the purpose of this thesis.

We approach this task by dividing Xia’s proof into seven sections, each one con-
taining an important stepping stone to the final result. As much as has been permitted
by the restraint of time, we have filled in many of the gaps, discovered and corrected
some minor errors, and have written in great detail many of calculations not found in
Xia’s proof.

In Section 1 and the appendix, we derive the equations of motion, in position-
momentum coordinates, for the restricted planar three-body problem under the con-
dition that the two primaries move in elliptic orbits. These equations depend on two
parameters, in which the unperturbed restricted planar three-body problem (which is
really a two body problem), the circular restricted planar three-body problem, and the
elliptic restricted planar three-body problem correspond to certain values of the two
parameters. For the sake of brevity, we refer to the these three problems as the unper-

turbed, the circular, and the elliptic problem. By the derivation, the circular problem is



a perturbation of the unperturbed problem, and the elliptic problem is a perturbation
of the circular problem. The method of analysis is to proceed from the unperturbed

problem to the cicular problem to the elliptic problem.

In Section 2, we make use of a coordinate transformation to put the equations of
motion into a form more suited to the analysis of its solutions which are parabolic. The
transformation of the three problems are thus referred to as the transformed unper-
turbed, transformed circular, and the transformed elliptic problems. It is the parabolic

solutions of the transformed unperturbed problem that play a vital role in Xia’s proof.

In Section 3, the transformed unperturbed problem is explicitly solved for its
parabolic solutions. It is the explicit form of these solutions that is needed in some

of the calculations done in the following sections.

In Section 4, we show that a certain functional is a first integral of the transformed
circular problem. This first integral is the well-known Jacobi integral but is in a dif-
ferent form because the equations of motion have been transformed. By the Jacobi
integral and a new time variable, the transformed circular problem is reduced to a
two-dimensional system of nonautonomous equations. This is the starting point for an

analysis of the qualitative aspects of the transformed circular problem.

In Section 5, we further reduce the reduced transformed circular problem to a
Poincaré map. Working with this map the existence of transverse symmetric homo-
clinic orbits in the flow of the reduced transformed circular problem is shown. These
orbits are homoclinic to an artificial periodic orbit at infinity which does not exist in
the physical plane. We will draw upon results of McGehee [1973] and Xia [1992] to
find these transverse symmetric homoclinic orbits, which, in some sense, are closely ap-
proximated by the parabolic solutions of the transformed unperturbed problem. Some
of the consequences of the existence of these transverse symmetric homoclinic orbits
are then exploited through the use of symbolic dynamics and a result of Moser [1973]
to yield the existence of periodic solutions, of arbitrarily large period, of the reduced
transformed circular problem.

In Section 6, the equations of motion of the reduced transformed circular problem
are put into a special form for which the perturbation from the circular to the elliptic

problem serves our purposes. Working with the Poincaré map associated with the flow
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of the transformed circular problem in this special form, the results of the previous
section are used to show the existence of quasiperiodic solutions in the transformed
circular problem. At the same time the existence of a twist map is shown. It is this
twist map that plays the vital role in the perturbation from the transformed circular

problem to the transformed elliptic problem.

In Section 7, KAM Theory (see Guckenheimer and Holmes {1983}) is applied to
the twist map of the transformed circular problem. It is here that, for a small enough
perturbation, the essential ingredients that compose the mechanism of Arnold Diffusion

are shown to exist in the transformed elliptic problem.

We finish with a conclusion giving some of the consequences of the existence of
Arnold Diffusion in the elliptic problem, and indicate some possible directions for fur-

ther studies.

1. Formulation of the Equations

We begin by formulating the equations of motion of the restricted planar three-
body problem as a two-parameter family of ordinary differential equations.

Let Py, P, and P3; be three point masses in the plane. Let Py have mass 1 — p,
and P, have mass y, where 0 < p < 1. Let P35 be a test particle. So, P3 does not affect
the motion of the primaries Py and P,. We shall call P3 the zero-mass. Suppose the
primaries move according to Newton’s law of gravity, and that the center of mass is fixed
at the origin. Under these conditions, the primaries move in elliptic (which includes
circular), parabolic or hyperbolic orbits. Suppose the primaries move in elliptic orbits
with eccentricity 0 < e < 1. Note that if e = 0 then the primaries move in circular
orbits. Let q = (¢1,42) € R? be the position vector of the zero mass P;, and let
p = (p1,p2) € R? be its momentum vector. The distance between the primaries is the
usual Euclidean norm of the vector (ry,72) € R%, where r; : R x[0,1) —» R, fori = 1,2

are given by (see appendix)

r1=7r1(T(t;e);e) = (1 — ecosT)cos T + O(€?), (1)
ro = ro(T(t;€);e) = (1 — ecos T)sinT + O(e?), (2)



and where T : R x [0,1) — R is given by (see appendix)
T(t;e) =t + esint + O(e?). (3)

Since the mass of Py is zero, the potential function U : R3 x [0,1)2 — R is given by
l1—p

\/(q1 —ur1)’ + (g — pr2)”

. (4)
+ :
\ﬂl1 + (=)’ + (@ + (1= pra)’

where p and e are the parameters, and ry and ry are given by (1) and (2) respectively.

U(Ql,(h,t;ﬂve) =

The potential function is ill-defined on the set C of points in the domain of U where
one of the denominators in (4) equals zero. Points in C correspond to binary collisions
of the zero mass with either of the primaries. However, C is of measure zero, and so,
properly speaking, the potential function is defined by (4) modulo this set C of measure
Zero.

With the prime denoting differentiation with respect to the independent time vari-
able t, the equations of motion for P; are (suppressing the variables of U)

!

a =N

4 = P2

, (5)
P1 = 8U/8q1
kP’2 = 0U/0qs,.

When g = 0 the equations (5) describe the planar two-body problem with P; at the
origin having mass 1 and the zero mass P3; moving under its attraction. Here the
potential function (4) does not depend on t and so the phase space of this two-body
problem is R*. When u € (0,1) and e = 0 the equations (5) describe a perturbation of
the two-body problem called the circular restricted planar three-body problem with the
primaries moving in circular orbits and P3 moving under the mutual attraction of the
primaries. Here, the potential function (4) depends on t and so its generalized phase
space is R®. When p € (0,1) and e € (0,1), the equations (5) describe a perturbation of
the circular problem called the elliptic restricted planar three-body problem. Here the

potential function (4) also depends on ¢ and so its generalized phase space is R®. For



convenience in writing, we will refer to these as the unperturbed, circular, and elliptic
problems respectively.

For each of these three problems, there is the collision set C such that for any
solution of (5) with an initial condition in C there is a time £ € R such that the solution
will experience a binary collision at time . We refer to such solutions as the collision
solutions. All the points given by a collision solution (on whatever interval of time it
is defined for) are also in the collision set C. However, C is of measure zero, and so
we will, in general, exclude collision solutions from our study. Under this assumption,
the solutions we will consider exist for all ¢ € R, are unique, and are real analytic in
t. These solutions we refer to as non-collision solutions. When we do include solutions

which experience a binary collision, we will analytically regularize such solutions.

2. A Transformation of the Equations of Motion

In this section we transform equations of motion (5) into a form more suitable
for analysis of parabolic solutions by defining a set of new dependent variables. These
new dependent variables will be given by a real analytic diffeomorphism A which is
defined on “most” of the space of the dependent variables (qi, g2, p1,p2). We will use
the first order approximation of the potential function (4) in terms of g in computing
the transformation of the equations of motion into the new variables.

Proposition 1: Let (p,e) € [0,1)%. The first order approzimation of the potential

function (4) in terms of p is

1

U(fh,(Izat;N’e) = q% +q%
-1 1
+ﬂ< 4 an + @272 ) (6)

+
VE+@E (@+a@)’? Sl +r)+ (g +r2)?
+0(p?),

where vy and ry are given by (1) and (2) respectively.
Proof: With u = 0, the potential function (4) is

1

VAT 0

U(Ql,(h’t; Ove) =
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Write U = U; + Us,, where U; and U, are the first and second terms on the right-hand
side of (4). Now
-1
Vi = pr1)? + (g2 — pra)?
(8)
+ (1= p) ( (@1 — pri)ri+ (g2 — pra)ra) ) 7
((q1 = pr1)? + (g2 — pra)?)*/?

ou
—871((11,(12,t§/1a6) =

and

U, o 1
I Yy sy oy oy g oy
+u((m+u—uwmu+@ru1—vaz>_ v
(g1 + (1~ ©)r1)? + (g2 + (1 = p)ry)2)*/?
Setting 4 = 0 in (8) and (9) we have

% - -1 n qiT1 + G272 (10)
ou p=0 V g+ (a+ g3 )%/

and
Ol _ ! . (11)
I =0 Vg +71)% + (g2 +12)?

Combining (10) and (11) with (7) completes the proof.

Since the equations of motion (5) depend on the partial derivatives of the potential
function (4), we will need the following.
Proposition 2: Let (u,e) € [0,1)2. To the first order approzimation in p,
ou —qQ
8_q;(ql,q2,t;)uve) S Erapn
M<( g1 n (61 +¢3)°*r1 = 3(qir1 + @r2) () + &)

@+ ¢2)3/? (¢ +¢3)°
qQ + 7 2
_ +O(d),
«m+mv+mruwaW) ()

(12)

and

oU -
0 1) g
u( L 4 (¢ + 6)*%ry = 3(qar1 + @2r2) (G} + )@
(¢} +g3)3/* (¢ +43)°

Mo -+ T

7 ) +06)

" (g1 +71)" + g2 oy

(13)



where 71 and T are given by (1) and (2) respectively.

Proof: By differentiating the expression (6) with respect to ¢; one obtains (12},
and differentiating the expression (6) with respect to g one obtains (13). This com-

pletes the proof.

Now we introduce the real analytic diffeomorphism A. Let A = (0,00) x S x R2
and B = (R?\ (0,0)) x R%. Define A : A — B by A(z,0,y,p) = (q1,92,p1,p2), where

(1 = q1(z,0) =z % cos b

@ = q2(z,0) = 27 %sind

(14)
P1= pl(]:aoayap) = yC030 - l'2pSiH0
( p2 = pa(2,0,y,p) = ysinf + z’pcos .
The inverse A=! : B — A is given by A~ (q1,q2,p1,p2) = (,0,y, p), where
z=2(q,92) = (4f +a3)7/*
arctan(qz/q1) ifq1>0,q22>0;
7+ arctan(qa /q1) if @1 < O
0 =0(q1,q2) = { 27 + arctan(q2/q1) if g1 > 0,92 < 0;
/2 if g1 =0,q2 > 0; (15)

3 /2 ifqn =0,¢q2 <0,
Q1P1 t Q22

y=y(q1,92,p1,P2) = NCEY
1 2

( p = p(g1,92,P1,P2) = G1P2 — @2P1-

Before we use A~! to transform the equations (5) into (z,8,y, p)-variables, we need
to compute the transformatiorls of (12) and (13) under A. Let W7 = 9U/d¢: and
Wy = 0U/Dq,. Let W, and W> be the transformations of W, and W, respectively
under A. Note that W; and W, are functions of the variables (q1,q2,t;p,€), and
so their respective transformations under A are functions of (z,6,t; x,e). Define the

function Ry : S' x R x [0,1) — R by
Ry = R1(0,t;e) =71 cosb + rysind, (16)

where 71 and r, are given by (1) and (2) respectively.

Proposition 3: Let (p,e) € [0,1)*. The transformations of Wi and Wy under A



are, to the first order approzimation in p,

Wi(z,0,t;u,e) = —zt cos + <x4 cosf + 27, — 325R; cos @

ztcos 6 + z8r;

— O(u?
(1+2x2R1+x4(r§+r§))3/2>+ W,

and

Wa(z,0,t;pu,e) = — ztsinf + ,u(z4 sin@ + z%r, — 325 R, sin 6

ztsind + z%ry
— ou?),
(14 222R; + 24(r? + r%))f‘/?) +0W’)

where Ry is given by (16).
Proof: From the definition of z given in (15) we have
(@ +a8) =g +8) ) =
From (14) and (16), we have that
(@0 +71)" + (@2 +72)" =27 (14 20" Ry + 2% (r] +13)),

and

i1 + @er2 = 7Ry,

(18)

(21)

Substituting the expressions for ¢; and g from (14) into (12), and using (19), (20), and

(21), we obtain (17). Substituting the expressions for ¢; and ¢z from (14) into (13),

and using (19), (20), and (21), we obtain (18). This completes the proof.

Now we are ready to use A~! to transform the equations of motion (5) into

(z,8,y, p)-variables. Define the function Ry : S* x R x [0,1) — R by
Ry = Ry(0,t;e) = rgcos@ — rysiné,

where 71 and ry are given by (1) and (2) respectively.

(22)

Theorem 4: Let (u,e) € [0,1)? be fized. The transformation of the equations

of motion (5) under A= is, to the first order approzimation in p, the two-parameter

family of equations given by

(o _ 1.3
T =5y
0[2x4p

v = —z* +2%0% + pgi(z,0,t;¢) + O(p?)

L 0" = pga(z,6,t;€) + O(p?),

(23)



where
1+$2R1
0,t:e)=z*(1—2z2R; — , 24
g1z, 0,t;¢) "”< v (1+2z2R1+x4(r§+r§))3/2> 24
1
0.t — 4 1— 25
g2(2,0,8;¢) $R2< (1+2x2R1+x4(r§+rg))3/2>’ (2)

where Ry and Rz are given by (16) and (22) respectively, and ry and ro are given by
(1) and (2) respectively.

Proof: Differentiating the expression z = (¢¢ + ¢3)~1/4 from (15) with respect to
t, and noting that ¢; = p; and ¢j = p; from (5), we have that

1 _
= -2 +a) 4(2g1q) + 29295)

1 _
= —§(Q12 +43) 5/4((11101 + gap2)

1
= —5(.’1,’_4 cos? 0 + 24 sin? 0) /4 (2™ %)
1 3

= *556 Y. (26)

Differentiating the expression for § in (15) with respect to t and noting the definition
of p given in (15), we have

' 1 %a-—¢q
1+(g3/e3) &
P2q1 — @21
¢ +q

= z%p. (27)

For convenience in the computations we will write the expression for y in (15) as the
sum y = y; + y2 where

q91P1

V@ + 43
q2p2 (29)

Yp = —
Vai+ ¢

Differentiating (28) with respect to t, and then using (5), the definition of y given in
(15), and Proposition 3, we have that

o (@p + @ap)(@ + @) - aipi (g} + a) "V (qudl + q24h)
= @ + g

= —ztypcosOsind + z%p?sin® 6 — z*

cos? 0 + pz* cos? 0 + pxbry cosd

zt cos? 0 + uzbrycosd
s ikl +0(u?). (30)

(1+22Ry + 2t (r] +715))3/*

—3uz® Ry cos® 0 —
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Differentiating (29) with respect to t, using (5), the definition of y given in (15), and
Proposition 3, we have that
, _ (@92 + a2ph)(af +63)'? — qapa(df + 8) 72 (g + 0205)

Y
: @+
= ztypcos@sin b + z8p? cos? 0 — z* sin® 6 + pz* sin® 0 + pzbry sind

+0(u?)

pztsin? 6 + pabrysind
(1 +222Ry + z4(r} +72))3/2
— 22y sin?  — z%ypcos Hsin 4. (31)

— 3uz® Ry sin? 0 —

Adding (30) and (31) we have
y'=—z* + 2% + pat + pa® Ry
1'4 + ZL'GR]
(1+ 222 Ry + z4(r} +r2))3/2
1+ 2z2R, > \
+0
Grecm + (3 ) TOW)
e —-:[,‘4 + Z'sz + ,ltg](:C,H, t,e) + 0(u2)’ (32)

— 3uz®Ry — p +0(u?)

= -zt 4 28p% + u(l —22*R, —

where g; is given by (24). Differentiating the expression of p given in (15), using (5),

Proposition 3, and (22), we have

p'=dip2 + qipy — (g3p1 + @)

1
= uz? 1— 2
e RZ( (1 +222Ry + 24(r2 + r%))*"/z) +0(1)

= 1g2(z,0,t;€) + O(42), (33)

where g, is given by (25). The equations in (23) are given by (26), (27), (32), and (33).
This completes the proof.

We refer to (23) as the transformed equations of motion for the zero-mass Pj.

In the proof of Theorem 4, we computed D(A~!(q1, g2, p1,p2)) for fixed parameters
p and e, using the first order approximations of the partials 9U/d¢; and dU/d¢; in
terms of p1, and obtained the vector field of (23). So, if (q, p) is a non-collision solution of
(5), then A='(q, p) is a solution of (23) that is defined and real analytic for all t € R. If
we compute D(A(z,8,y,p)) we obtain the vector field of (5) where the partials U/d¢q;
and 0U/0Dq; are given by Proposition 2. So, if (z,6,y,p) is a solution of (23) not in
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A=1(C), then A(z,0,y,p) is a solution of (5) that is defined and real analytic for all
¢t € R. We say a solution not in A~!(C) is a non-collision solution of (23). Since A is a

diffeomorphism we have a bijection between the the non-collision solutions of (5) and

(23).

Definition 5: We say that the non-collision solutions (q,p) and (z,4,y, p) of (5)

and (23) respectively are corresponding solutions if

(a(t),p(t)) = A(z(?),0(1),y(t), p(1))
for all t € R.

Since A is a diffeomorphism, then non-collision solutions (q,p) and (z,6,y,p) of
(5) and (23) respectively are also corresponding solutions if (z(t),0(t),y(t),p(t)) =
A= (q(t), p(t)) for all time.

To finish this section off we will compute the first order approximation of the
potential in the (z,0,y,p)-variables. Let U : RT x §' x R x [0,1)2 — R be the
transformation of the potential function (4) under A. Since U is a function of the

variables (¢;,¢a,t; 4, €), then U is a function of the variables (z,0,t;u,¢€).

Proposition 6: For fized (u,e) € [0,1)?, the transformation of the potential func-
tion (4) under A is, to the first order approzimation in u,
1
V14222 Ry + z4(r? + 13)
where Ry is given by (16), and r1 and ry are given by (1) and (2) respectively.

(20,6 ,¢) = 22 + pa® (—1 £ 2R+ ) L0, (34

Proof: Substituting the expressions for ¢; and ¢ from (14) into (6), and using
(16) and (19), we obtain (34). This completes the proof.

3. Parabolic Solutions and the Unperturbed Problem

For p = 0 the transformed equations (23) describe the unperturbed problem in the
variables (z,0,y, p). We will reduce the transformed equations (23) of the unperturbed
problem to a one-parameter family of autonomous planar equations, and with the aid
of a first integral of these equations, we will explicitly solve the unperturbed problem

for 1ts parabolic solutions.




12

Proposition 7: The transformed equations of motion (23) of the unperturbed

problem are reductible to the autonomous planar system

1
a:' — ——r3y

2 (35)
y/ — —564 + $6p2,

where p s a constant. Furthermore, the variable 0 is given by

0(t) = p/i z*(7)dr + 6y (mod 2n). (36)

1o

Proof: Setting 4 = 0 in (23) we have that the transformed equations of motion of

the unperturbed problem are

1
:c':——:v3

2 y
0!2$4p

(37)

Since p’ = 0 on any interval, then p is a constant, and we can think of p as a parameter.
Since the vector field of (37) does not depend on § we can integrate §' = z*p from ¢y

to t and obtain (36). Thus (37) is reducible to (35). This completes the proof.
We refer to the equations in (35) as the reduced transformed unperturbed problem.

Definition 8: For any fixed parameter values (y,e) € [0,1)%, we say a solution

(q,p) of (5) is parabolic if ||q(t)}] — oo and ||p(t)|]| — 0 as t — £oo.

Fr  (14) and some simple computations we have that

la@®)ll = (2(t))™* and [Ip()ll = v/ (y()? + (2())*(p(1))2.

For the unperturbed problem, p is a constant by Proposition 6. Then for this prob-
lem we have the following. If (q,p) is a non-collision solution of (5), then for the
corresponding non-collision solution (z,8,y,p) = A~'(q,p) of (37) we have z(t) — 0
and y(t) — 0 as t — +oo. Conversely, if (z,0,y,p) is a non-collision solution of (37)
~and z(t) — 0, y(t) — 0 as t — =*oo, then the corresponding non-collision solution

(q,p) = A(z,8,y,p) of (5) is parabolic. Therefore we call a non-collision solution of
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the unperturbed problem (37) parabolic if z(t) — 0, y(t) — 0 as t — oo. Since the
unperturbed problem reduces to (35) by Proposition 6, finding parabolic solutions of
(5) is equivalent to finding solutions (z,y) of (35) such that z(t) — 0 and y(t) — 0 as
t — Foo.

To solve (35) for its parabolic solutions we need the following. Define the functional
H:R3— R by

1 1
H(z,y;p) = 5y* + 52'p* — 2", (38)

Using (35), we have that (38) is a first integral of (35) since

A _9Hdz  OH dy
dt Oz dt ' Oy dt

1
= (20°0" = 22)(-52°y) + y(—=" + %)
= —ztyp’ + o'y — o'y + 2 yp’
= 0.
We will now give the main result of this section.

Theorem 9: For p # 0, the parabolic solutions of the reduced transformed unper-

turbed problem (35) are given by

V2
£(t;p) = ,
\/(3t + /922 4+ p8)2/3 1 (3t — /912 + pb)2/3 — p? (39)

s V28 p) = p)p2 20,
w(t) =nltio) = { —/282(t;p) — EX(t; p)p? <.

z(t) =

Remark: Note that for p = 0, (39) is discontinuous at t = 0.

Proof: Fix p # 0. The phase space of the reduced unperturbed problem (35) is
Rt x R. However, the equations (35) are, by themselves, naturally extendable to all
of z € R, and it will be convenient to make this extension. For every point yo on the
y-axis, £ = 0,y = yo is an equilibrium solution. Thus solutions of (35) do not cross the
y-axis. So if the intial condition of a solution of the extended equations (35) is in the
half-plane {(z,y) : > 0} then that solution is in this half-plane for all time. Recall
that non-collision solutions in this half-plane correspond to non-collision solutions of

(5) under A.
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The first integral (38) foliates the extended phase space of R? into invariant one-
dimensional “energy” manifolds. In particular, the trivial solution z = 0,y = 0 lies
in the manifold defined by H(z,y;p) = 0. Thus we are looking for solutions of (35)
which are forward and backward asymptotic to this trivial solution at the origin. Since
no manifold defined by H(z,y;p) = Hy # 0 contains the origin, the solutions we are
looking for lie in the manifold H(z,y;p) = 0. Any solution (z,y) lying in this manifold

must satisfy
(y(1)* = 2(z(1)* = («(2))*p’ (40)

for all time. Note that the symmetry in the y variable implies that the manifold defined
by H(z,y;p) = 0 is symmetric across the z-axis in extended phase space. So if we know
the shape of the manifold in the quadrant {(z,y) : £ > 0,y > 0}, we know its shape
in the half plane {(z,y) : £ > 0}. So we can suppose that y > 0. Hence, from (40),we

have

y(t) = V2(z(1))? ~ (2(1))%p?, (41)

as long as y(t) > 0. Restricting the equations (35) to the invariant manifold H (z, y; p) =
0 by using (41), we further reduce (35) to

g = —%x'i\/?—xzp?. (42)

If we integrate (42), then from (41) and the direction of the flow on the manifold
H(z,y;p) = 0 we can get y(t). Since (y(t))? > 0, then from (40),

2(z())* = (z(1)*0* = (z(1)*(2 = (z(1))*p*) 2 0,

which implies that z(t) < v/2|p|~!. Since we are interested in solutions which exist
only in the half-plane {(z,y) : £ > 0}, then we have that 0 < z(¢) for all ¢t € R. Choose
for an initial condition some zo = z(t9) € (0,v2|p| =] where, for now, t, is arbitrary.

The differential equation (42) is separable, and upon integration we have
1 I z dz
——(t =1 = —— d = —_—,
S(t—10) Q/to = [ o=
For the right-hand side of (43), let £  v/2p~!cosa. (This is where we need p #
0). Then dz = —v2p~tsinada, 2% = 2p~%cos’ @ and z* = 4p~%costa. As a =

(43)
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arccos(zp/+/2), then

/2 — r2p2 2
tana = vazzp and sec’a = PR (44)
zp z2p

Hence, by letting ag = arccos(zop/v/2), and using (44), we have for the right-hand side
of (43)

z dz @ —v2p~1sin ada
/zo N / 4p=* cos' a(2 — 2p=2 cos? ap?)/?
—V2p% [ sin ada
T4 ,/,;0 cost av/2v/1 = cos?

_ _p3 *  da
4 [/, costa

3 o
= — sec’ ada
4 Ja
—p? [tana sec? o N 2t *
= — lan o
4 | 3 o
P [1V2—a%p2 2 22— 227
_ =Pl z2p L2 B
4 |3 xp z2p? 3 zp
_p3r /2—x2p2 x2p2 2 — z2p?
=5 23,8 + ey + K
-1
:6—3(1+x2p2) 2—z%p2 + K,
T

where K is some constant. Since tgy is arbitrary we choose ty so that %to = K. Thus

(43) yields

1
t = (1+2%0%)v/2 — 222, (45)

33
which implicitly defines the solution & of (42) for the intial condition z(tg) = z¢. Since

z € (0,4/2]p|~1] then (45) implies that ¢t > 0. From (42),

dt ~2
)

dr  z4,/2 — 22p?

for all z € (0,v/2|p|™!) and so (45) is invertible.
From (45), we obtain

9t2 + p& = 2278 4+ 3274 (46)
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Setting v = 72 we have v? = z7* and v® = £7%. Thus (46), in terms of v, is
3,399 Lo 6
v+§pv—§(9t +p°) =0. (47)

Equation (47) is a cubic polynomial in v, and to solve it we will use Cardano’s cubic

formula (see Hungerford [1974]). Let

(5% _ =3

- 4
3 1 (48)
2(3p%) 1 1
b= (27—~§(9t2+p6)= —1[18t2+p6]. (49)
Then from (48) and (49) we have
—_ = 1
=3 [18t* + p°] (50)
a? 1 2 1
— — —Tl18¢2 61 — 1 128 12
1 64[8 +p°] 64[324 +36t°p° + p'?] (51)
b3 _p12
27 64 (52)
Using (50),(51), and (52) let
P=|— — 4
2 TVt
1 2/3
= [31, +/9¢ + p6] : (53)
and
1/3
0= [7 Vot
1 2/3
=2 (30— Vor+ o7 (54)

Let w € C be a cubic root of unity such that w? # 1. Then the three roots of (47) are

given by
p?
P+@Q - DR (55)
p?
wP +wiQ - 5 (56)

,02
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where P and Q are given by (53) and (54). We want the root that is real for all t > 0.
Clearly the root (55) satisfies this. We will rule out the other two roots.

Let f(v) = v® + 3p?v? — 1(9¢% 4 p°). The roots of f'(v) = 3v(v + p?) are v =0
and v = —p?. Since f"(v) = 6v + 3p?, then f” > 0 when v > _sz’ and f" < 0 when
v < :gﬁ Thus v = —p? is a local maximum of f. Now f(—p?) = ;52)_13, and as f is a
cubic with f(v) — oo as v — oo, then there is only one root of f that is real for all

t > 0. Thus the roots (56) and (57) are in general complex valued.
From (53) and (54),

(3t + /982 + p8)2/% + (3t — /912 + p6)2/3 — p?]. (58)

l\DI*—‘

Since v = z 72, then the solution of (42) for the intial condition z(tg) = zo is found

from (58) and is

V2
\ﬂ3t + /982 + pB)2/3 + (3t — /912 4 pb)2/3 — p?

for t > 0. Note that 2(—t) = z(¢) and so (59) is naturally extendable to all of ¢t € R.

z(t) = (59)

Now that we have z, let us get y. Note that

2(0) = v2 = VEl
(P + 7

and so by (41),

= /2(z(0))2 — (2(0))%p? = V4p=2 —4p=2 = 0.

Thus the manifold H(z,y, p) = 0 intersects the z-axis at (v/2|p|~!,0). Setting y = 0
in H(z,y;p) = 0 we find that this is the only intersection of y with the z-axis in the
half-plane {(z,y) : « > 0}. Thus there are two cases: either y(t) > 0 for t > 0, or
y(t) < 0 for t > 0. To decide which case it is, consider the vector field of (35). Since
z(0) = v2|p|™!, then ¢'(0) = 4p~* > 0 since p # 0. So at the point (v/2|p|~!,0) the
flow on the manifold H(z,y;p) = 0 is moving in the positive y-direction. So y(t) > 0
for t > 0. Hence y(t) is given by (41) for ¢ > 0. This can also be seen since we assumed
y(t) > 0 to get (45), and (45) implies that ¢ > 0. By the symmetry of the manifold
H(z,y; p) = 0 across the z-axis, y(t) = —+/2(z(t)) — (2(t))*p? for t < 0. Define £(t, p)
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to be (59) extended to all of t € R and 7(t; p) to be y(t) as just formulated. This

completes the proof.

Note that for the parabolic solution (39), v2|p|~! > £(t;p) > 0 for all t # 0,
£(0; p) = V2|p|™*, n(t;p) > 0 for all t >0, n(t;p) < 0 for all t < 0, and n(0; p) = 0.

To find the corresponding parabolic solution in (q, p)-variables of (39), we compute
6 from (36) with z(t) = £(t;p) and p # 0 and apply A to (£,0,7,p). This gives us an

idea what these parabolic solutions actually look like in the physical plane.

4. The Jacobi Integral and Reduction of the Transformed Circular
Problem

With y € (0,1) fixed and e = 0, the transformed equations (23) describe the
circular problem in the variables (z,0,y, p). We will simplify this one-parameter family
of equations and prove that there is a first integral for these simplified equations. This
first integral is known as the Jacobi integral. By using this first integral and by defining
a new time variable s, we will reduce the transformed circular problem to a family of

two-parameter nonautonomous planar equations.

Proposition 10: The transformed equations of motion of the circular problem

simplify to the one-parameter family of equations

(2 = —%zsy
o=t (60)
y' =~z + 2% + pgi(e,t - 0) + O(u?)
[ P' = nga(z,t = 0) + O(n?),
where p is the parameter, and
Gi(z,t—0) =zt <1 — 222 cos(t — ) — o 21zjcf)2(ctoi(t9)_f)x4)3/2> . (61)

Go(z,t —8) = z* sin(t — 9) <1 - s cos(tl— DT z4)3/2> . (62)

The variablest and 0 appear in the formt—0 in the higher-order pu-terms. Furthermore,

the vector field of (60) is 27-periodic int — 0.
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Proof: Fix 4 € (0,1) and set e = 0. Then (3) takes the form
T(t;0) = t. (63)
Substituting (63) into (1) and (2) we have

ry = cost, (64)

ro = sint, (65)
respectively. Thus r? + r2 = 1. Substituting (64) and (65) into (16) and (22) we have

Ry = cos(t — ), (66)
Ry = sin(t — 6), (67)

respectively. Thus (24) and (25) become

1 + 22 cos(t — 6)
0,t;0) =z* [ 1 — 222 cos(t — 6) — , 6
91(2,0,5,0) =2 ( %" cos( ) (1 4+ 222 cos(t — ) + z4)3/2 (68)
1
0,t;0) =z sin(t — ) (1 — 6
92(2,0,1,0) = 2" sin( )( (1+2x2c0s(t—0)+:v4)3/2)’ (69)

respectively. Define §;(z,t — 6) by (68) and §2(z,t — ) by (69). Then, by Theorem (4)
with ¢ € (0,1) and e = 0, the equations in (60) follows.

Now we will show that the variables t and 8 appear in the form ¢ — 8 in the higher-
order p-terms, and that the vector field of (60) is 2m-periodic in ¢t — §. Write the vector
field of (60) as f = (f1, f2, f3, fa) where

1 3
filz,y) = —52%y,
fa(z,p) = 2*p,
f3(2,0,p,t; 1) = —z* + 2% + pgi(z,t — 0) + O(p?),
Fa(2,0,t; 1) = pga(,t — 0) + O(p?).

Since f; and f, do not depend explicitly on ¢ — 8 they are 27-periodic in ¢ — §. However,
the variables ¢t and 0 appear explicitly in f3 and f;. In the functions §; and gs, the
variables ¢t and & are in the form ¢t — . Furthermore, the functions §; and g, are 2m-

periodic in t — 6 since t — § appears as an argument of cos or sin. However, we must
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show that in the O(u?) terms the variables t and # appear in the form ¢t — 8, and that
the O(u?) terms are 27-periodic in t— 6. To show both of these, we will derive f; and f,
without using Proposition 3. (Recall that we used Proposition 3 in Theorem 4 wherein
we derived the equations (23)). These functions we will show are 27-periodic in ¢t — .
Expanding these functions in terms of y does not destroy the periodic property, and so
the result will follow.

We begin with some necessary computations. With e = 0, r; and r, are given by

(64) and (65) respectively, and so (4) becomes

1 —p
Vign e t:.0) = \/(ql — pcos t)2 + (g2 — psin t)?
+ a .
Vg + (1= p)cost)? + (g2 + (1 — p)sint)?
Thus
Z—Z(ql,qz,t;u,0)= T __(l_ﬁ)(qlm’lcoslt) —
g1 — pcost)? + (g — psint)?)

—p(g1 + (1 — p)cost) (70)
(1 + (1= ) cost)? + (g2 + (1 — p)sint)2)*/*’
—(1 = p)(g2 — psint)
(@1 — peost)? + (g — psint)2)*/?
_ —p(g2 + (1 — p)sint) )
(@1 + (1 = p)cost)? + (g2 + (1 — p)sint)?)*/*
Recall that W, = 8U/0q; and W, = 0U/dqz, and that W, and W, are the transfor-

oU
3q2 (QI,Q% 7“’0)

mations of W; and W, respectively under A. Hence, substituting the expressions of ¢;
and ¢z from (14) into (70) and (71), we have
~(1 = p)(z7%cos@ — pcost)

W H’t, ? =
1(2,6,8,1,0) (z=4 — 2uz~2 cos(t — Q) + u2)3/2
—p(z % cos b+ (1 — t
N p(z=*cosf+ (1 — p)cost) , (72)
(z=4 +2(1 — p)z=2cos(t — 0) + (1 — u)?)3/2
< —(1 — u)(z=2%sind — psint)
W agvt; aO =
2( #0) (z—% ~ 2uz=2cos(t — 0) + pu2)3/2
—p(z~%sinf + (1 — p) cost) (73)
(2744 2(1 — p)z=2 cos(t — 0) + (1 — u)?)3/%
First we show that the result holds for f3. Thus, from (14), we have
QP+ @2 = 7%y, (74)

pi+ps =y + '’ (75)
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So, using (19), (74), and (75), the derivative of y (as defined in (15)) with respect to t
is
f3(z,0,p,t; ) = 2°p* + Wl(:c,O,t; ©,0) cos 6 + Wg(:c,O,t; 1,0)siné. (76)
In (76), the variables ¢ and 8 appear only in the terms W, cos 8 + W, sin 6. Now
(1= @)z~ = pcos(t — 0))
(z=% — 2uz—2 cos(t — ) + pu2)3/2

—u(z72 4+ (1 — p)cos(t — 0))
(iL'—4 + 2(1 — u)g;“z COS(t - 0) + (1 _ ”)2)3/2 .

Wl cos 8 + Wg sinf =

+

(77)

In (77), the variables t and 8 appear in the form t — 6. So it follows from (77) that (76)
is 2m-periodic in ¢t — 6.

We will show that the result holds for f;. From the derivative of p (as given in
(15)) with respect to t, we have

falz,0,t; 1) = x_z(Wz(:c, 0,t;11,0) cos 0 — Wi(z,0,t; p, 0)siné),

where W; and W, are given by (72) and (73) respectively. Here, the variables ¢t and 6
are found only in the terms W cos§ — Wy siné. By (72) and (73),

N - —u(1 - in(t — 0
W, cos8 — Wysind = A ) sin( )
(z=% — 2uz~2 cos(t — ) + p?

—p(1 — p)sin(t - 0) |
(:L'—4 + 2(1 — ,u)x2 cos(t — 0) + (1 _ N)2)3/2

)3/2

(78)

In (78), the variables ¢t and @ appear in the form ¢ — 8. Thus (78) implies that f; is
27-periodic in ¢t — §. This completes the proof.

We refer to (60) as the transformed circular problem. Before we can define the
functional which we will prove to be a first integral of the transformed circular problem,

we need the following. Recall that U is the transformation of U under A.

Proposition 11: Fiz y € (0,1), and set e = 0. The transformation of the potential

function (4) under A is, to the first order approzimation in p,

U(:C,O,t;,u,()) =z?

1
2( -1+ 2% cos(t — 0 79
+,Uz$ ( + COS( )+ (1+2$2 COS(t—0)+IC4)1/2> ( )

+0(u?),
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and the variables t and 0 appear in the form t — @ in the higher-order p-terms. Fur-
thermore, (79) is 2m-periodic int — 0.

Proof: Fix u € (0,1) and let e = 0. Substituting (64), (65), and (66) into (34)
yields (79). To see that ¢t and 0 appear in the form ¢—6 in the higher p-terms, substitute
¢1 and ¢, from (14), and (64), (65), (66) into (4). This yields

-1/2
0(2.0,t34,0) = (1= w)a* (1= 2pa? st = 0) 4 24
-1/2
+uz? (1 +2(1 — p)z? cos(t — 0) + «*(1 — ,u)z) . (80)

Expanding (80) in terms of y does not change the form of the variables t and 6. Thus
these variables appear in the form ¢ — 6 in the higher order y-terms. Since t — 8 appears
as the argument of the cos function, then (79) is 2m-periodic in ¢t — 8. This completes

the proof.

Let
U(:c,t—&;p) :0(:6,0,1?;#,0). (81)

Define the functional J : Rt x S x R? x [0,1) — R by

1, 1 i
J(z,0,y,p,t;4) = 5y* + 520" = Ule,t = 0ip) = p. (82)

Note that J is 27-periodic in t — 6 by Proposition 11.

Theorem 12: The functional (82) is a first integral of the transformed circular
problem (60).

Proof: Fix ¢ € (0,1) and e = 0. The equations of motion (5) of the circular
problem can be written as

q' = —g—g fori=1,2. (83)

We will make a change of variables to bring (83) into a form which is independent of
t. Recall that the partials 0U/d¢; are dependent on ¢ since u € (0,1). To remove this
time dependency, implicitly define the variables (u,v) € R? by

q1 = ucost —vsint,
(84)

g2 = usint + vcost.




23

Explicitly, (u,v) are given by

u = q; cost + ¢z sint,
(85)

v = —q sint + gy cost.
Let P be transformation of the potential function (4) under (84). Formally then,
P is a function of (u,v,t;n). However, we will see that P does not depend explicitly
on t. From (84) we have that

@ +¢ =u"+0% (86)

Substituting (84) into (4), using (86) and the definition of « in (85), we have

+ -, (87)

where d; : R? x [0,1) — [0,00) for i = 1,2 are given by

di(u,v;p) = /(u = p)? + 0%, (88)

da(u,v;p) = v/ (u+ (1 = p))? + v, (89)

It is important to note that (88), (89) do not depend on t, and so P is a function of
just (u,v,p). The quantities d; and d2 are the distances between P; and P, and P,
and Pj respectively. In the (u,v)-plane, P; and P; are at rest on the u-axis; P; is at
(4,0) and P, is at (—1 + 4, 0).

We assert that the equations of motion (83) transform under (85) to give

" = —u = Z—P
u
" +2 r_ _ a_P_ (90)
v U=
Let us prove this assertion. From (87), we have that
op (A -p(u—p) plu+(l—p)
%(U,’U,ﬂ) - d:l; d% ’ (91)
oP oy (=py
%(u,v,ﬂ) = e B (92)

where d, and d, are given by (88) and (89) respectively. Let Vj and V, be the trans-
formations of Wy and W, under (84). So upon substituting (84) into (70) and (71)
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respectively, and using (88) and (89), we have

(1 —p)(ucost —vsint — pcost)

VI(U,U,t;H) ==
di
qu(ucost—vsinz-%-(l—u)cost), (93)
d
2
1 —p)(usint +vcost — usint)
V2(uavat;u) = _( )( 43
1
p(usint + veost + (1 — p)sint)
- a3 ' (94)
2
From (85) we have
u' = ¢} cost — q; sint + ¢, sint + ¢ cos ¢
= ¢y cost + gy sint + v, (95)

u" = g} cost — gy sint + ¢y sint + ¢} cos t + v’

= Wi(q1, 42, 1,0) cos t + Wa(q1, g2, t; 1,0)sint — gy sint + gy cost +v',  (96)

v' = —qysint — gy cost + g5 cost — gy sint
= —q; sint + ¢y cost — u, (97)
v" = —¢{ sint — gj cost + gy cost — ¢y sint — u’

= —Wi(q1, 92, t;1,0) sint + Wa(qu, g2, t; 4, 0) cost — gf cost — gy sint — u'. (98)

Substituting (93) and (94) into the transformation of (96) under (84), and using (97)
and (91), we obtain

u,,:_(l—uc)lgu—u)_u(u+$—u))+2v,+u
1 2
= g—P+2v'+u. (99)
U

Substituting (93) and (94) into the transformation of (98) under (84), and using (95)
and (92), we obtain

vuz_(l_;;t&_z_g_gufﬂ
1 2
oP
= 5 —2u' + v. (100)

Thus (90) is established by (99) and (100).
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Define ® : R? x [0,1) — R by
1
(u, v p) = 5(u® +0°) + Plu,v;p), (101)

where P is given by (87). Since

o) = u o S (a5
6u YyUSH) = 6u yUS )y

o uvii) = v+ (i)
av ,’U,,U - av 9 ,[l.,

then we can write (90) as

uII _ 2vl — _62

gg (102)
" !
v 4+ 2u = B

Multiplying the first equation in (102) by ' and adding this to the second equation in
(102) multiplied by v, we have

u''u' + 0" = %ilu' + g—i)v'. (103)

Note that the right-hand side of (103) is d®/dt. So integrating (103) with respect to ¢

we obtain

(u')? + (v")? = 2®(u, v; ) + 2C, (104)

where C is the constant of integration. From (104) it follows that

%((u')2 + (v')? - 2<I>(u,v;,u)) =0, (105)

and so (104) is a first integral of (90). Since the transformation (85) is a real analytic
diffeomorphism and the transformation A is also, then by the chain rule and (105),
the transformation of (105) into the variables (z, 8, y, p,t) will be a first integral of the
transformed circular problem (60). So all we need to do now to complete the proof is
make all the necessary transformations.

Let us begin with the left-hand side of (104). Using (95), (97), (85), (5), (75), and
the definition of p given in (15), we have

W)+ (") =y +2'0" + ¢ + ¢ ~ 2. (106)
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For the right-hand side of (104), using (86), the definition of P (given in (87), (88), and
(89)), Proposition 11, and (81), we obtain

2®(u,v;p) + 2C = u® + v* + 2P(u,v;p) + 2C
=q; + ¢ +2U(q1,q2,;14,0) + 2C
= ¢} + ¢ +20(2,0,t;1,0) + 2C

= ¢} + ¢ + 2U(x,t — 0; ) + 2C. (107)

Bringing (106) and (107) together, and using (82), we have
20 = y? + 2tp? — 2U(z,t — O; 1) — 2p
=2J(z,0,y,p,t; 1).
This completes the proof.

Definition 13: The functional (82) is called the Jacobi integral, and the constant

of integration C in (104) is called the Jacobi constant.

From Proposition 10 we know that the variables ¢t and 6 appear in the form ¢t — 4 in
the vector field of (60). From Proposition 11 we know that these variables also appear
in the same form in the Jacobi integral (82). This leads us to defining a new time
variable s by

s=t—0. (108)

Note that, since the vector field of (60) and the Jacobi integral are 27-periodic in ¢ —
by Proposition 10 and 11 respectively, then we may consider ¢ as belonging to S!, even
though we shall continue to think of ¢ as a real time variable. Similarly, we may consider

s as belonging to S!, but shall think of s as a real time variable.

Lemma 14: Fiz (u,€e) € [0,1)2. The time variables s and t satisfy the differential
equation
dt 1
== 10
ds 1—z4p (109)
Proof: Differentiating (108) with respect to s, using the chain rule and the equa-

tion for df/dt from (23), we have that

| = dt dof
T ds ds
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_a_dode

“ds dtds
dt B

= —(1-— . 110
—(1—2%) (110)

Now (110) implies (109). This completes the proof.

Note that Lemma 14 holds for the transformations of the unperturbed, circular,

and the elliptic problem. We finish this section with a reduction of the circular problem.

Theorem 15: The transformed circular problem (60) is reducible to the two-

parameter family of nonautonomous planar equations

i
T 1 — 4
ds 1 4:3 P - ) (111)
dy _ —et 420 4 uin(@:5) | oy
ds 1—zp ’
where the two parameters are p and C, gy is given by (61) and (108),
pasin€) =~ (121 - st - 20w -20)) . (12
the + depending on the relative angular velocity of Py, and U is given by (81). Also
(s) /8 Al ds + 6y (mod 27) (113)
= o ,
80 ]‘ - 1"4p 0

where p is given by (112). Furthermore, the vector field of (111) is 27-periodic in s.

Proof: Fix p € (0,1) and set ¢ = 0. Fix a Jacobi constant C. The Jacobi
integral (82) foliates the five-dimensional generalized phase space of the circular problem
(60) into invariant four-dimensional manifolds, each such manifold corresponding to a
particular Jacobi constant. On the manifold J(z,8,y,p,t;u) = C, we can solve the

Jacobi integral for p. Note that the Jacobi integral is quadratic in p. So

pzxi‘l(1:&\/1—$4(y2—2U(x,t—0;,u)—2C')). (114)

By (108), (114) becomes (112). By solving the Jacobi integral for p, we have restricted
the transformed circular problem (60) to the manifold J(z,8,y,p,t; 1) = C. Under this

restriction, the transformed circular problem reduces to

1
r_ -3
=5y
o' = ztp (115)

y' = —z* + 2% + pgi(z,t — 6) + O(4?).




28

Now we invoke Lemma 14. By the chain rule, (115) becomes

(dr  drdt -3y
ds  dtds 11—z

o _dodr _ <p (116)

ds dtds 1-1z4p

dy _ dyadt —z* + 2%0% + pgi(z, 8)

—_ s — 2,
( ds  dt ds 1—z4p +0)

Note that the vector field of (116) does not depend explicitly on 6. So we may integrate
df/ds from sp to s to obtain (113), where p is given by (112). Hence we can drop the
equation for df/ds from (116) to obtain (111). Since the Jacobi integral is 27-periodic
in t — 6 by Proposition 11, then p, as given in (112), is 27x-periodic in s by (108). It
then follows from Proposition 10 that the vector field of (111) is 27-periodic in s. That
the equations (111) are nonautonomous is clear since p and §; explicitly depend on s.
Note that the vector field of (111) depends on the parameter p and the constant C.

We think of C as another parameter. This completes the proof.

We call the equations (111) the reduced transformed circular problem. The re-
duction done in the proof of Theorem 15 introduced another parameter, namely the
Jacobi constant, into the transformed circular problem, but we reduced of the size of
the problem by two dimensions. We reduced the phase space of the transformed circular

problem (60) from R* x S! x R?® to Rt x §! x R.

5. Transverse Symmetric Homoclinic Orbits in the Transformed Circu-

lar Problem

In this section we continue the analysis of the circular problem, but our attention
will now turn to the qualitative aspects of the phase space picture of the reduced trans-
formed circular problem. The vector field of the equations of the reduced transformed
circular problem (111) is naturally extendable to all of z € R. Reducing the three-
dimensional flow to a Poincaré map, the existence of transverse “symmetric” orbits,
which are homoclinic to an artificial periodic orbit at infinity, will be shown. The type
of symmetry these orbits possess is linked to the reversibility of the reduced transformed

circular problem. Furthermore, these transverse symmetric homoclinic orbits can be
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approximated in some sense by the parabolic solutions of the unperturbed problem. By
the use of symbolic dynamics, the existence of a transverse symmetric homoclinic orbit
implies the existence of periodic orbits of arbitrary period, and we will show that the
stable and unstable manifolds of some of the periodic orbits, with very large periods,
intersect transversely.

Fix (u,C) € (0,1) x R. The generalized phase space of the reduced transformed
circular problem (111) is R* x R x S? since the vector field of (111) is defined only for
z > 0 by virtue of the domain of the transformation A. However, the domain of the
vector field of (111) is naturally extendable to all of z € R. Under this extension, the
generalized phase space of the reduced transformed circular problem extends to R? x S!.
We call this extension of the equations (111) the extended reduced transformed circular
problem. The domain of the transformed potential function U given in (79) is also
extendible in the natural manner to all of z € R, as is the domain of the Jacobi integral
(82). The reason for making this extension is that the dynamics in the infinite cylinder
{z =0} = {(0,y,3) : y € R,s € S} are easily understood. By looking then at orbits
aymptotic to certain orbits in the infinite cylinder {z = 0} we can deduce information
about the structure of the orbits in the region {z > 0} = {(z,y,s) € Rt x R x §} of
the phase space of the extended reduced transformed circular problem. Note that the
region {z > 0} is the phase space of the reduced transformed circular problem (60),
and so non-collision solutions in this region correspond to non-collision solutions under
A in the physical plane.

For the extended vector field of (111) we have the following result. Note that the

vector field of (111) depends on the two parameters, ¢ and C.

Proposition 16: Fiz (u,C') € (0,1) x R, and set e = 0. Then for any yo € R,
z = 0,y = yo 18 a 2m-periodic solution of the extended reduced transformed circular

problem.

Proof: Write the extended vector field of (111) as (hy, he) where

1.3
— z4p(z,y,81,C)’
—zt + 2% + pgi(z, 9)
1—$4P(I,y,3§ﬂ,c)

hl(z’y’s;ﬂac) = 1
(117)

hg(z,y,s;,u,C) = +O(,U2).
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From (80), the extended potential function when evaluated at z = 0 is zero. Thus
through (81), the extended Jacobi integral for z = 0 is linear in p, and so yields
p(0,y,8u,C) = %—y2 — C. Clearly then hy(0,y,s;¢,C) = 0. For hy, given in (117) as
an expansion in terms of y, there are higher-order u-terms to contend with. Note that
hy, in closed form, is simply the function f3 given by (76) and (77) in conjunction with

(108). Hence hg, in closed form, is given by

(1 )" — i cos(s)
(1 — 2ua? cos(s) + z*u )3/2
_ p(z* + (1 - p)zb cos(s))
(14 2(1 — p)z? cos(s) + z4(1 — p)? )3/2.

ha(z,y, s u,C) = 2%p* —

(118)

Since p(0,y, s; #4,C) = y*—C, then from (118) it is easily seen that h2(0,y, s; 1, C') = 0.
Let yo € R.. Since the vector field of the extended reduced transformed circular problem

is 2m-periodic in s, then the solution z = 0,y = yo is a 2m-periodic solution. This

completes the proof.

By the uniqueness of solutions, it is an immediate consequence that solutions in
{z > 0} do not intersect the infinite cylinder {z = 0}.

It is important to note that the 27-periodic solutions * = 0,y = yo do not exist
in the physical plane since they are defined outside of the domain of A: these solutions
are artificial. We call the particular solution x = 0,y = 0 the periodic orbit at infinity.
This is the artificial periodic orbit “at infinity” mentioned at the beginning of this
section. We will show that there exist transverse symmetric orbits in the generalized
phase space of the reduced transformed circular problem homoclinic to this periodic
orbit at infinity. Before doing this, we need to develop two other ideas first. The first

of these is a concept given in the following

Definition 17: Let M be a Banach space over R. A linear transformation L :
M — M is a reflection of M if L* = id on M. An autonomous system w' = z(w),
where w € M and z : M — M, is reversible if there exists a reflection L of M such
that z(Lw) = —Lz(w). If z(Lw) = —Lz(w) for some reflection L of M, we say the

autonomous system w' = z(w) is reverstble under L.

Note that a reflection is also known as an involution.
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Solutions of a reversible autonomous system have the following property.

Proposition 18: Suppose the autonomous system w' = z(w) is reversible under
the reflection L of M, where w € M and z : M — M. If w(T) is a solution, then

Lw(—7) is a solution.

Proof: Suppose w(7) is a solution of the autonomous system w’ = z(w). Then,

by the properties of the reflection L and the differential equation, we have that

(Lw(-1))" = L{w(-7))’

This completes the proof.

The extended reduced transformed circular problem is not in autonomous form.
By defining s as a function of 7 € R satisfying s(0) = 0 we can write the equations of
the extended reduced transformed circular problem, using 7 as a dummy time variable,

in the autonomous form

te_—yry
dr 1 —ztp
4 6,2 =
 dy _ -zt + 20" + gz, ) 2 (119)
dr 1 —z4p +00r)
ds
\ d_T_l’

where §; is given by (61) and (108), and p is given by the Jacobi integral (82). Since
ds/dt = 1 and s(0) = 0 then s = 7. Since we can think of s as a S! variable, we can
also think of 7 as a S! variable.

We claim that for each (¢, C) € (0,1) x R, the system given by (119) is reversible.
This will be useful in deducing certain symmetry results for the homoclinic orbits we
are looking for. The following Lemma will give some clues as to possible reflections
to consider. Let h(z,y,s;u,C) = (hi(z,y,s; 1, C),h2(z,y, s; 1,C),1) denote the vector
field of (119), where hy and hs are given by (117).

Lemma 19: Fiz (u,C) € (0,1) x R. The vector field h: R* x S! x [0,1) x R —
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R? x S' of (119) has the following properties:
1) h(z,y,s + 2m;p,C) = h(z,y, s, C),
2) A2,y + 03 1,C) = Az, y, —s + s0;1,C) for so = 0,,
3) h](.’t, Y, S5 K, C) = —hl(IC, —Y, S H, C),
4) ha(z,y, 81, C) = ha(z, -y, s; 4, C).
Proof: Property 1 follows from Theorem 15. For property 2, we will show that the
s appears always in the form cos(s). Property 2 then easily follows by the symmetry
of the cosine function. For hy, s appears only in p which is given by (112). From (80),
(81), and (108) we see that s appears always in the form cos(s). For h,, we observe
that in the closed form (118), s appears always in the form cos(s). Property 3 follows

directly from (119). By noting that in (118) the only place where y appears in k3 is in
p, then, from (112), property 4 is shown. This completes the proof.

For fixed (u,C) € (0,1) x R, the properties listed in Lemma 19 suggest that the
system given by the equations (119) is reversible. Two reflections of the phase space
of (119), which is the same as the phase space of the extended reduced transformed
circular problem, merit consideration. Here M = R? x S is the phase space of (119).
Define the linear transformations Ly and L, of M by

Li(z,y,7) = (z, -y, —T),
Ly(z,y,7) = (z, -y, 2m — 7).
Note that these linear transformations easily satisfy the definition of a reflection on

M =R x S'. Since we can think of 7 as a S! variable, then
LZ(zay’T) = (z’_y,Qﬂ. - T) = (:t’_yv_T) = L](:I:)y’T)'

So it suffices to show that (119) is reversible under L;.

Proposition 20: For fized (u,C) € (0,1) x R, the autonomous system (119) is

reversible under the reflection L.

Proof: Recall that we denoted the vector field of (119) by

h((L', Y, s U, C) = (h]((l,', Y, S5 14, C)7 hZ(zv Y,8 H, C)7 ]-)
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Suppressing the parameter x4 and the Jacobi constant C, and writing w = (z,y, ), we

have that
h(Lyw) = h(L1(z,y,s))

h(z, -y, —s)

= (h1(z, ~y, ~38), ha(z, —y, —s),1)
(—hi(z,y, ), ha(z,y,3),1)

= —(hi(z,y,), —ha(z,y,s),-1)
= —L1(hi(2,y,$), ha(2,9,5),1)

= —L1h(z,y,s)

= —L1 h(w),
where we have used the properties 2), 3), and 4) from Lemma 19. Therefore the system

(119) is reversible under Ly. This completes the proof.

We now develop the other idea we will need. Fix (¢,C) € (0,1) x R. By Lemma
19, the vector field of (119) is 27-periodic in s. Because of the equation ds/dT = 1, the

phase space of (119) admits global cross sections of the form

{s=50:T}=Tg" x {so}

for each so € S', where

rg = {(z,y) € R?}.

Fix sp € S'. If we follow the solution w(s) = (w1(s),w2(s),s + so) of the initial value
problem (119) forward in time from the initial condition w(0) = (o, yo,S0) we will

intersect the section {s = so : '} at the point
(w1(27r + s0), w2 (27 + $0), 27 + 30)

at time s = 2w + sp = so (mod 27). We call this point the first return of the solution
w(s) to the section {s = sg : I'}. We have thus described a way of reducing the flow
in the three-dimensional phase space of (119) to a three-parameter, two-dimensional
mapping of the ' *°. Let

L Ts=s s=s
wsOyuyC : I‘C ¢ - I‘C °
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be this mapping. This mapping is called a Poincaré map. We also refer to I'¢7°® as a

section, since it is simply the projection of the section {s = so : I'} onto the plane.

Proposition 21: For each (so,1t,C) € S x(0,1)x R, the Poincaré map 5o u.c
a real analytic diffeomorphism of the section I'; *° that leaves the origin (0,0) € I'5*°

fized.

Remark: The real analyticity of ¥,, . c is in the sense that the collision solutions
have been analytically regularized.

Proof: Fix (sg,u,C) € S! x (0,1) x R. Since the vector field of (119) is real
analytic, its solutions are real analytic in the time variable s, and in the intial conditions
To,Y0, 0. Let w(s) = (w;(s),wz(s), s+ so) be the solution for the intial value problem

(119) with the initial condition w(0) = (z0,¥0,S0). By the real analyticity of w;(s) in

— (8 —80)" [ d"w;
’U),'(S):Z_%( n! ) (d‘sn s=80>

for i = 1,2. Suppressing the constants sg, u, and C from %,, ,,c, and then writing

S,

$(x,y) = ($1(2,9),¥2(z,y)), we have that the image (z1,41) of (zo,y0) under ¥ is

n! ds® s___m) ’
dr we
ds® |,_, |

Since the solution w(s) depends on zg,yp in a real analytic manner, then ¢ does

given by

(2m)" (d"wl

1 = P1(To,¥0) = w1 (27 + 80) = Z
n=0

(2m)"
1

= ¥q(zq, = 2 =
Y1 = ¥a(%0,Yo) = w2(27 + o) nz—:() oy

too. That ¢ is surjective follows since, for (zq,y) € ‘I‘2~=’°, the point given by
(w1(—27 + so), wa(—27 + sp)) is mapped by 3 to (zq,yo). To show that ¥ is injective,
suppose it is not. Then there exists (zo, yo) # (%o, Jo) such that ¥(zo, yo) = ¥(Zo, ¥o)-
This implies that the solutions w(s; so, zo, Yo ) intersects the solution w(s; so, o, o) at
(¥(z0,v0),%0) contradicting uniqueness of solutions. Thus ¥ is a real analytic bijec-
tion, and so ¢! exists. Writing 9! = (¢f],¢2'1), we have that the image (r_y,y_1)
of the point (zo,Yo) under % ~! is given by z_; = ¥ (20,%) = w1 (=27 + so) and
y_1 = ¥ ' (2o,%) = wo(—27 + s0). Since w;(s) and wy(s) are real analytic in zq, Yo,
then it follows that ¥~! is real analytic in zo, yo. Therefore 1 is a real analytic diffeo-

morphism of I'*=% . That 1 leaves the origin fixed follows since the solution w(s; so, 0, 0)
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is the periodic orbit at infinity. This completes this proof.

A set A C T ® is invariant under the map v, . c if for every (zo,%0) € 4,
wﬁo,,,,c(wo’yo) € A for every j € Z. In particular, the fixed point (0,0) is an invariant

set of Y,y u,C-

Definition 22: Fix (so,u,C) € S? x (0,1) x R. The stable set of the fixed point
(0,0) € T4 of the Poincaré map ts,,,,c, which we denote by Wioc (0,0), is defined
by

leso.p,c(o’o) = {(xo,yo) € IwC'z“jo ¢ lm M‘o,,,,c(xo,yo) = (070)} .

li
The unstable set of the fixed point (0,0) € ' *° of the Poincaré map v,,,,,c, which
we denote by W:;SM'C(O,O), is defined by

Wy (0,0)= {(:co,yo) €T lim Y7, o(20,%0) = (0,0)}.

In a similar manner we can define the stable and unstable sets of other invariant
sets of Ys, uC.

Fix (s, 1, C) € 81 x (0,1) x R. In a trivial way the stable and unstable set of the
fixed point (0,0) of the Poincaré map ,,,,,c exist since both contain the fixed point
(0,0). The existence of nontrivial stable and unstable sets of the fixed point (0,0) is
usually shown by the Stable Manifold Theorem (see Guckenheimer and Holmes [1983]).
This requires showing that D, , ¢(0,0) has no eigenvalues of modulus one. Direct
computation of D, . c(0,0) is rather difficult, but it turns out that the fixed point
(0,0) is degenerate (see McGehee [1973]). However we do have the following result
about the nontrivial existence and smoothness of the stable and unstable sets of the

fixed point (0,0). Let {x > 0 : '} be the set {(z,y): = > 0,y € R}.

Theorem 23 (McGehee): Fiz (so,u,C) € S x (0,1) x R. The sets
Wiine(0,0)CcTe™ and Wy (0,0)C T

of the fized point (0,0) of the Poincaré map v, . c exist nontrivially, and are real

analytic manifolds in {x > 0:T'}.

Proof: See McGehee [1973].
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We therefore call the sets Wy (0,0)N{z > 0:T} and Wy (0,0)N{z >

,C

0 : I'} the stable and unstable manifolds of the fized point (0,0) of the Poincaré map
VYso,u,c- We now look at some of the properties of these manifolds. By making use of

the reversibility of (119) under the reflection L;, we have the following result.

Proposition 24: Fiz (4,C) € (0,1) X R. If so = 0 or m, then, in the section
rgee,
Wic (0,0)
is the reflection of
W 0,0)

Som,c(
across the r-axis.

Proof: Fix (1,C) € (0,1) x R. Let sg = 0 or 7. It suffices to take

(z0,%0) € Wy, . .(0,0)

and show that (zo,~yo0) € Wi -(0,0). So take (zo,%0) € Wi (0,0). Let

c
w(s) = (wi(s+ o), w2(s+ s0),s+ o)
be the solution w(s; sp, zo, o) of (119). By Propositions 18 and 20,
w(s) = (wi1(—s+ so), —wa(—s + sp),8 — o)

is also a solution of (119), where w(0) = (o, —¥o, So) since —sg = so(mod 27). Suppress

80, p and C from the ¢, ,c. Now
» (20, —%0) = (w1 (=(=27) + s0), —wz(—(—27) + s0))
= (w1(27r+so),—w2(27r+30)),

and so

P (x0, —Yo) = (w1(27n + 50), —w2 (270 + S0)).

Since (z0,y0) € W;(0,0), then

lim ¥™(zo,y0) = lim (w1(27n + s), w2(27n + s0)) = (0,0).

n—oo
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Hence
lim §~"(z0,~30) = lim_ (w;(27n + s0), ~ws (27 + 50)) = (0,0),

and therefore (z0,y0) € W}j(0,0). This completes the proof.

Corollary 25: Fiz (4,C) € (0,1)xR. Let so = 0 or 7. If (20,0) e Wy (0,0),
then (z0,0) € Wie (0,0).

Proof: Take yyo = 0 in the proof of Proposition 24. This completes the proof.

The corollary identifies the type of symmetry we are looking for. We use this to

define the notion of a symmetric homoclinic point.

Definition 26: Fix (so,x,C) € S' x (0,1) x R. A point (zg,y) € I'Z " with
ro # 0 is homoclinic to the fired point (0,0) € ' ®° of 1,y 4.c if

(20,30) € W5, (0,00n W (0,0).

A homoclinic point (2o, yo) is transverseif the tangent vector of W7 o (0,0) at (zo, vo)
S0k,
is not a scalar multiple of the tangent vector of Wi (0,0) at (zo,%0). A homoclinic
LN

point (zo, yo) is symmetric if (zo,y0) € I'¢ ™ for so = 0 or 7, and yo = 0.

Fix (u¢,C) € (0,1) x R. Let sp = 0 or 7. A symmetric homoclinic point (zg,yo) of
the fixed point (0,0) of the Poincaré map %,, ,,c corresponds to an orbit in the phase
space of the extended reduced transformed circular problem which is homoclinic to the
periodic orbit at infinity and has the symmetry associated with the reflection L;. So
to find a symmetric orbit homoclinic to the periodic orbit at infinity we simply need to
find a point on the positive z-axis in I'g *° for either so = 0 or 7 that is homoclinic to
the fixed point (0,0). To show such a point exists, we proceed as follows, establishing
a few lemmas before giving the proof.

If we set £ =0 in (111) we have the system

dr —%x3y
T 4
ds 1—2z%p (120)
dy —zt + 28p?
ds  1—1z%p

where p is a constant by Proposition 7. This is the extended reduced transformed

unperturbed problem written in terms of the time variable s. We can bring (120) onto
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the same footing as (119), if we write (120) in the redundant form

(dz  —37%
dr  1-zp
4, .62
Qdy _ -2t + a7 (121)
dr 1—z4p
ds
A |
\dr

where 7 is our dummy time variable from (119). Note that (119) is an autonomous
perturbation of (121). The phase space of (121) is the same as the phase space of (119),
which is R? x S!. To “transfer” what we know about the phase space of the reduced
transformed unperturbed problem (35) to the phase space of (121), we consider the

orbit-to-set embedding map

{{=(t),y(t)) : t € R} — {{z(t(s+ 50)),y(t(s + 50)),5 + s0 (mod 27)) : s € R},
(122)
where so € S! is fixed, and t : R — R is implicitly defined by

g 1
(s) = / o (123)

For a fixed sp € S!, we call the image of the embedding map (122) the so-embedding of
the orbit {(z(t),y(t)):t € R} into R? x S1. Note that (123) is obtained by integrating
(109) from sp to s requiring that t(sg) = 0. It is not obvious if ¢(s) even exists. We say
the so-embedding (122) is well-defined and smooth if t, as a function of s, is well-defined
at least C'!. We will show that under certain general conditions the so-embedding (122)

is well-defined and smooth and has certain asymptotic properties.
Definition 27: Let f : R — R and ¢ : R — R be continuous functions. We say
f is asymptotic to g at plus infinity if

lim £(8)
s—oo g(s)

— 1,

and we write f ~ g as s — 0o. We say f is asymptotic to g at minus infinity if
. S
lim M — 1,
s——o0 g(s)
and write f ~gas s — —oo. If f~gass oo andass — —oo, we write f ~ g as

s — Fo00.
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Lemma 28: Suppose f ~ g as s — 0o0. If g(s) — 00 as s — o0, then f(s) — oo

as s — 00. If g(s) = —00 as s - —00, then f(s) — —o0 as s — —o0.

Proof: We will show that g(s) — oo as s — oo implies that f(s) — oo as s — oo.
The other statement follows in a similar manner. Let € > 0. Since g is continuous and

g(s) — 00 as s — oo, then there exists § such that
g(s) >0 foralls>3. (124)

Thus 1/g(s) is continuous for all s > 3. Since g(s) — oo as s — o0, then there exists
§ > § such that

<e forall s> 3. (125)

o

Suppose f(s) /» 00 as s — oo. Then

liminf f(s) = Ly < oo,

8 — 00

which implies there is a sequence of {s;}2; C R such that s; — o0 as i — 00 and
lim; o f(8;) = Ly. There are two cases to consider.
Case 1. Suppose Ly is finite. Then {f(s;)} is a convergent sequence and hence is

there is a K € R* such that
|f(si)] < K for all 4. (126)

Since s; — 00 as ¢ — 00, there exists 7 such that s; > § for all ¢ > i. Thus, by (126)

and (125),

'f(s.-) _ £l
g(si) |lg(s:)]
< K
= Jg(si)l
< Ke
for all 7 > ¢. This implies that
liminf Ls) <0.
3= g(s)
Hence it is impossible that
lim Ls) — 1,
8—+00 g(s)

and we have a contradiction with the hypothesis that f ~ ¢ as s — oc.
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Case 2. Suppose Ly = —oo. Then there exists i such that
f(s) <0 foralli>i. (127)

Since s; — 0o as i — 00, there exists ¢ such that s; > 3 for all ¢ > 7. Thus, by (127)

and (124),

f(Si) . .t
<0 for all 7 >min{i,zi}.
g(si) Zminti, ¢}
This implies that
liminf M <0,
s—c0 g(s)

and we arrive at the same contradiction as in Case 1. This completes the proof.

Now we will establish some conditions under which the so-embedding (122) is well-
defined and smooth, giving the asymptotic property that ¢, as a function of s, has under
these conditions.

Lemma 29: Fiz sg € S*,u = 0. Let {(z(¢),y(t)) : t € R} be an orbit in the phase
space of the extended reduced transformed unperturbed problem. If p < 0,

t

lim z*(t)dt < oo, (128)

{—to0 0

and z(t) — 0 as t — Loo, then t(s) exists, is smooth, and t(s) ~ s as s — +00.

Proof: Recall that p is a constant when g = 0 by Proposition 7. Differentiating
(108) with respect to t, and using df/dt from (23), we have

—=1-—=1-2%. (129)
Integrating (129) from 0 to ¢ along the orbit {(z(t),y(t)) : t € R} we have

s(t)z/o (1— 2*(t)p) dt + 5(0), (130)

where s(0) = so. Since (129) is continuous, then s is at least a C'! function of ¢. Since
p < 0, then (129) never equals zero, and so s is a strictly increasing function of ¢t. By
(128), (130) implies

lim s(t) = fo0, (131)

t—too
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and so s is a bijective function of t. Therefore t exists as a strictly increasing smooth

bijective function of s. Further,

lirin t(s) = oo (132)
by the monotonicity of s as a function of ¢ and (131). Since z(t) — 0 as t — +o00, then
z%(t) — 0 as t — +oo. Hence, by ’Hospital’s rule (see Johnsonbaugh and Pfaffenberger
[1981]), Lemma 14, and (132),

lim 48— 4O
s—+oo0 8§ s—+oo ds

- lim — 1
T sotoo 1-— 174(t( ))

=1.

Therefore t(s) ~ s as s — to00. This completes the proof.

We have the following result regarding the integration of the parabolic solutions
(39) over semi-infinite intervals.
Lemma 30: If p # 0 and z(t) = £(t;p) as given in (39), then

1

lim z*(t)dt < oo.
1—+o00 0

Proof: From (39),

2 (t;p) =

2
(3t + +/9¢2 +p6)2/3 + (3t — /92 +p6)2/3 _ p2
2
(3t + /922 + pb)2/3 — p2

since (3t — \/9t2 + p6)2/3 > 0 for all t € R. As 9t2 + p% > 9¢2 for all t € R, then

(3t 4 /912 + p8)2/% — p? > (3t + V912)%/° —
= (6t)2/3 — p2. (134)

(133)

Hence, by (134), (133) becomes
4
t;p) € s
_ 4
= GO~ 2607 +
< 4
(6t)4/3 - 2(6t)2/3p2
_ 4
(61)2/3((61)*/% — 2p?]

(135)
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If a > 0, then
a®\*/* 2 a®\'/? 4 2 3
<6€) —2p —(6;) =a" —20"—a
=a*(a-1)-2p*>0 (136)

for all sufficiently large a. Let @ be sufficiently large so that (136) holds for all a > a.
Let £ = @®/6. Then (136) implies that for all t > £, (6t)%/® — 2p% > (6t)1/2 Thus (135)

yields
4
4 t.
4 _
= —— > t.
DL forallt >t (137)
Since 0 < &(t;p) < V2|p|™*, then
4 _
0 < &(t;p) < W for all t € [0,1 ]. (138)

Therefore, by (137) and (138),
1 i 1
tl_if&/o 54(t;p)dt=/ f“(t;p)dtﬂl_igg/{ £(t; p)dt
to4g
/ e+, | e

| |4 -4 hm [(Gt) 1/6]1

4
= o [ lim (60)71/% — (67)~/¢]
a7
= W’ + 4(6ﬂ_1/6
< 0 (139)

if p # 0. Since £(¢; p) is an even function in ¢, then

1 —t

lim &4 (t; p)dt = lim & (t; p)dt
{——o0 0 1— oo 0
1

= lim/ &(—t; p)dt
1—o00 0

1
= lim/ &(t; p)dt
{—o0 0

< o0
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by (139). This completes the proof.

Before we can prove the existence of symmetric homoclinic points, homoclinic to

the fixed point (0,0), we need just one more
Lemma 31: If u =0 and p # 0, then C = —p on any solution in H(z,y;p) = 0.

Proof: Recall that p is a constant when p = 0 by Proposition 7. Let (z,y) be a
solution in H(z,y;p) = 0. Then from (38) and (82) with . =0,

~

1 1
C =J(z,0,y,p,t;0) = §y2 + —z*p? —U(z,t—6;0)—p

2
=%y2+%$4p2_$2_p
= H(z,y;p) — p
= —p.

This completes the proof.

Theorem 32: Let sp = 0 or 7. If C > 0, then for all sufficiently small p > 0
there exists a symmetric homoclinic point (z0,0) € I'G°°, homoclinic to the fired point

(0,0) e TG of the Poincaré map V4, 4.C-

Proof: Let C' > 0, and set ¢ = 0. The equilibrium solution
r=0,y=0 (140)

of the extended reduced transformed unperturbed problem is a solution contained in
the manifold H(z,y;p) = 0. So by Lemma 30, C = —p > 0 on (140). By Lemma 29,
the sp-embedding of (140) is well-defined and smooth. The sp-embedding of (140) is
the 27-periodic orbit

{(0,0,s + so (mod 27)) : s € R} (141)

in the phase space of (121). For s; € S! with s; # $g, the sj-embedding of (140) has
the same orbit as (141). We call (141) the unperturbed periodic orbit at infinity. It has
the same orbit as the periodic orbit at infinity. Recall the latter is for when p € (0,1)
while the former is for 4 = 0. We will first determine what the stable manifold of the
unperturbed periodic orbit at infinity (141) is in the region {z > 0}, showing that it
intersects the infinite cylinder {y = 0} = {(z,0,s) : = € R,s € S'}. Then we will

consider what happens to this stable set when p is perturbed.
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In the extended reduced transformed unperturbed problem, the stable set of the
equilibrium solution (140) is given by the parabolic solution (39). Since the parabolic
solution is a solution in the manifold H(z,y;p) = 0, then by Lemma 31, C = —p > 0
on the parabolic solution. So by Lemma 30, and the fact that £(¢;p) — 0 as t — +oo0,
Lemma 29 implies that the sp-embedding of the parabolic solution with p = —C is

well-defined and smooth, and given by
{(€(t(s+s0); —=C),n(t(s + s0); =C), s + so (mod 27)) : s € R}. (142)

Since t(s) ~ s as s — oo by Lemma 29, then by Lemma 28, t(s) — oo as s — oo. Thus
the orbit (142) belongs to the stable set of the unperturbed periodic orbit at infinity.
If we take s; € S! with s; # sp, then the s;-embedding of the parabolic solution (39)
with p = —C < 0 belongs to the stable set of (141), and is disjoint from the orbit of
(142). Thus the set
U {(&(t(s+ 30); =C),n(t(s + s0); =C),s + so (mod 27)) : s € R} (143)
80€S?
is the stable set of the unperturbed periodic orbit at infinity. The set in (143) is simply
the set
{(€(t(s + 50); =C)ym(t(s + s0); =C)) : s € R} x S (144)
By the smoothness of t as a function of s and the smoothness of the parabolic solution
(39) with p = —C, the set (144) is a smooth two-dimensional manifold in the phase
space of (121), smooth in the sense that it is at least C'. Actually, the stable set of

(141) is a real analytic manifold in the region {z > 0}. Since t(sg) = 0, then
(£(t(s0); =€), m(t(s0); =C)) = (£(0; =C),n(0;=C))
= (v2[c|™,0)
and so the stable manifold (144) intersects the infinite cylinder {y = 0} in the circle

{(vale, o)) x 5. (145)

Now perturb ¢ > 0. The unperturbed periodic orbit at infinity becomes the
periodic orbit at infinity. By invariant manifold theory (see Fenichel [1971}), for small
enough ¢ > 0, the set

{(&(t(s+ 50); —C),n(t(s + s0); =C)) : s € [-3m,00)} x ST U{(0,0)} (146)
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is C'1-close to the stable manifold of the periodic orbit at infinity. From Theorem 23,
we know that the stable manifold of the periodic orbit at infinity is given by

U Wi.,..c(0.0) x {s0}. (147)

80€S!

By the C'-closeness, (147) intersects with the infinite cylinder {y = 0}, and the inter-
section is C'-close to the circle (145). Therefore, in the section I'g&: *°, Wj,ao’“,c(0,0)
intersects the z-axis at some point (zg,0), where zq is close to v/2[C|~!. Since 5o = 0 or
m, then Corollary 25 implies (z¢,0) € W,L‘,O,“’C(O,O). The point (zo,0) is a symmetric
homoclinic point of the fixed point (0,0). This completes the proof

Since so = 0 or 7, there exnsts two distinct familles of symmetrlc homocllnlc points,
homoclmlc to the fixed point of the fixed pomt (0, 0) by Theorem 31 We denote the
ones m F“" by p(u,C) and denote the ones in [“" by p(y.C) Now that we have
esta,bllshed the existence of symmetric homaclinic points of the ﬁxeq point (0,0) of
thePoihcaré map Yao,,0, for small enough 4, We consider the transversality of the
symmetric homaclinic ponnts p(;t.C) and p(p,C) The usual way in whlch to show
that homocllnlc ponnts are transverse is by the method of Melmkov (see Guckenhelmer
and Holmes [1983]) Xla used the method of Melmkov to prove that the symmetric
hornochnlc pomts p(p, C) and p(p,C ) are transverse, ‘

Thearem 33 (Xla) Fiz C > V2 with C \/i sufficiently small, For all suﬁi
caently small p > 0 the symmetrac homoclinic pamts p(y,C) and p(p,C) af the ﬁ:ved

point (0,0) of the Pozncare map w.o,“,c, where so =0 ar , are transverse,
" Proof: See X1a [1992] and Xla (1993].

Definitlon 34: Fix (p,C) € (0,1) X R. Let sg € S and (zo,%) € T'g °°. The
orbit operator v, : T ' — P(R? x S') is given by v,,(20,y0) = {w(7 + s0) : 7 € R},
where w(7 + s9) is the solution of (119), with parameters y and C, that satisfies the

intial condition w(sg) = (o, Yo, S0 ), and where P is the power set operator.

Recall that the Poincaré map v,, . c reduced the three-dimensional flow in the
phase space R? x S! of (119) to a two-dimensional mapping of points in the section
I'& %, The orbit operator ' *° takes a point (zo,y0) € I'G *° and gives the solution

curve in the three-dimensional flow of the phase space of (119) passing through the
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point (zo,Y0,S0). The relationship between the Poincaré map v,,,,c and the orbit

operator 7,, 1s
Yoo(Z0,Y0) N {s =50 : I'} = 740 (20, %) N (T'E* x {s0})

= {(lbzo,,,,c(“vyO)’SO) 1j € Z}.

The periodic orbit at infinity can be written as v,,(0,0). Note that ~y,,(0,0) = ~,,(0,0)
for all s; € S'. The stable set W*(,,(0,0)) is given by (147), and the unstable set of
Ys0(0,0) is

W (1,,(0,0) = |J Wi, , o(0,0)x {s1}. (148)
8,€851

The transverse symmetric orbits, in the phase space of (119), homoclinic to the periodic
orbit at infinity given by Theorem 33 can be written as vo(p(y,C)), v=(p(1,C)). Note
that these orbits are subsets of W*(7,,(0,0)) N W*(,,(0,0)).

We will now consider approximating solutions in the stable and unstable manifold
of the periodic orbit at infinity by the sg-embedding of a parabolic solution (39) by
applying some perturbation theory (see Yosida [1991]). Fix C > 0. Let (z%(s +
50), Y5 (s+50),5+50) be asolutionin W*(v,,(0,0)). Then (z(s0),5(50)) € TE ™. Let
(z%(s+50),y%(s+ 50),5+ so) be a solution in W*(7,,(0,0)). Then (z%(s0),yj(s0)) €

I'e ?°. The extended reduced transformed circular problem can be written as

& = 20(0) + n2a(v,) + O(), (149)

where v = (z,y), 2o is the vector field of (120), and

2(v,s) = (0 f“(x’s)) . (150)

1 —-ztp

Since the sg-embedding of the parabolic solution for p = —C < 0 is real analytic in g,

then we can write
(xZ(s + 50),y,(s + s0)) = v, (s + 80) = vo(s+ So) + pvi(s+ o) + o(u?), (151)
where

vo(s + s0) = (zo(s + 50),yo(s + o))
= (£(t(s + 50); —C),n(t(s + 50); = C)). (152)
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We will derive a differential equation that v{ satisfies. By differentiating v}, with respect
to u, and then setting u = 0, we have

(s + so)
ou

vi(s+ s0) = (153)

n=0

Substituting v;,, given in (151), into (149), differentiating both sides with respect to 4,
then setting 4 = 0, and using (153), we have

ad;(vf(s +50)) = j_s [M] =0

Oou
0 [dvi(s+ so)
(9u [ ds ]#_0
= 8&[ (v3(s + s0)) + pz1(vj(s + s0),s + s0) + O(u?) .
ovi(s+s
[D zo(v S+SO))%‘Q]#_0+21 (v3(s+ s0),s + s0)|u=0
20 (Vo (s + $0))vi(s + so) + 21 (vo(s + 50), 8 + o), (154)

where vo(s + o) is given by (152), 29 is the vector field of (120), and z; is given by
(150). Equation (154) is a first order nonlinear differential equation which v{ satisfies,

and is called the first variational equation of (119). Similarly,

%(v}‘(s + 50)) = Dyzo(vo(s+ so))vi(s + so) + 21 (vo(s + 80), 9)

is the first variational equation that v} satisfies, where

v(s+0) = vo(s + s0) + pvy (s + s0) + O(u?).

Note that
z8(s+ s0) = zo(s+ s0) + pxi(s + s0) + O(u?), (155)
ya(s+ s0) = yo(s + so0) + uyi(s + s0) + O(u?), (156)
z,(s+ s0) =xo(s—{—so)—{—yzi‘(s-i—so)+0(/12), (157)
yi(s+s0) = yo(s + s0) + pyi'(s + s0) + O(i?), (158)

where (z§(s+ 50),¥§(s+ 50)) = v{(s +s0), and (z¥(s + 50),y*(s + 50)) = v}(s + o).
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An approximation v(s) = vo(s) + pvi(s) + O(u?) is said to be uniformly valid on
an interval A C R if there exists a function ¥ : A — R satisfying 9(s) = O(u) such
that v(s) = vo(s) + 9(s) for all s € A.

Theorem 35: Fiz C > /2. The approzimations (155) and (156) hold with uni-
form validity on the time interval [so, ), and the approzimations (157) and (158) hold

with uniform validity on the time interval (—oo, so].

Proof: The reason for the condition C > /2 is as follows. Recall that the parabolic
solution (39) intersects the z-axis at the point v/2C !, and recall that =2 = ||q|| where
q is the position vector of the zero-mass. For u > 0, the primary P, has mass y and
its orbit is uniformly approximated by the unit circle for small enough u. As we
showed in the proof of Theorem 32, the perturbation of the parabolic solution is close
to the parabolic solution on a semi-infinite time interval. So if 0 < C < V2, then
the perturbed parabolic solution will intersect the unit circle. It is therefore possible
that the perturbed parabolic solution will collide with P;, and so there may be binary
collisions in the stable and unstable manifolds of the periodic point at infinity. At the
collision points the potential function experiences a infinite discontinuity, and so we
avoid that problem by requiring C > /2.

Fix C > V2. Recall that for the unperturbed problem (120), the stable and un-
stable manifold of the unperturbed periodic orbit at infinity are identical and given by
(144). Let V be a neighbourhood of 7,,(0,0) such that inside V' the perturbed local
stable and unstable manifolds are u C'-close to the unperturbed stable manifold. Let
(z0(s0),Y0(s0), S0) be a point in the unperturbed stable manifold (144) of the unper-
turbed periodic orbit at infinity which is outside of V. Since solutions depend continu-
ously on the initial conditions, then perturbed orbits starting near (xo(so),yo(so),so)
remains within O(u) of (zo(s + S0),Yo(S+ S0), s+ So) for finite times. So we can follow
the perturbed orbit (z%(s + so),y5(s + s0),s + so) starting near (zo(s0),¥o(s0),50) to
the boundary of V. Once in V, since the perturbed orbit (z%,(s+ o), ¥5(s+s0), s+ s0)
lies in the perturbed stable manifold W*(7,,(0,0)), then

|(z5,(s + 50), ¥ (s + s0)) — (zo(s + s0),v0(s + 50))| = O(u)

for all s € [sg,00). Similarly, one obtains the result for (xﬁ(s + 30),y;j(s + s0),s+ so).
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This completes the proof.

This Theorem says the orbit v.(p(¢,C)) in the stable manifold W*(v.(0,0)) is
approximated on the semi-infinite time interval [r,00), with uniform validity, by the
m-embedding of the parabolic solution (39) with p = —C. And the orbit v, (p(1,C)) in
the unstable manifold W“('y,r(O, 0)) is approximated on the semi-infinite time interval
(—o0, ], with uniforrr§1 validity, by the n-embedding of the parabolic solution (39) with
p = —C. Similar results hold for the orbits vy (p(x,C)).

We will now introduce symbolic dynamics into the discussion. We will deal just
with the transverse symmetric homoclinic points p(u,C), the results going through
verbatim for the points #(x,C). Let O be (v/2,v/2 + 6) for § > 0 sufficiently small.
Fix g > 0 sufficiently small so that p(u,C) is a transverse symmetric homoclinic point.
Near the point p(y,C) in the section I'(=™, construct a small quadrilateral @, the
sides adjacent to p(y, C') consisting of parts of Wy _(0,0) and Wy, . -(0,0), and the
opposite sides consisting of straight lines segments parallel to the tangent vectors of

Wi, . .(0,0)and Wg  (0,0) at p(y,C). Consider the function

k‘Q,.,r,“ : 0 x Q — NU{OO},

where for ¢ € Q, kg »,.(C, q) is the smallest postive integer for which ¢1’:Ql;'éu(0,q)(q) €

Q, if it exists; otherwise kg » . (C,q) = 0o. Let D(Q, 7, 1, C) be the set of points ¢ € Q
for which kg » .(C,q) < co. Define 9, ,c : D(Q,m,1,C) — Q by

" ko x u C,
bamuc(q) = pram s @D(g). (159)

We call 1/;Q,,r,“,c the transverse map of ¥ ,c on . It is not apparent if the set
D(Q,m,u,C) is nonempty. The space of symbolic sequences that we will consider is a
set of bi-infinite sequences on infinitely-many symbols. In particular, we will consider
the sequence space S = NZ. The shift operator ¢ : S — S is the usual one. Let

§* = (...874,83; 87,83,...) € S. The topology of S is generated from the basic sets
O;,={s€S:s =s] for |i| < j}

for 7 € N.
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Definition 36: Let A; and A, each be a subset of some topological space. Two
maps f : Ay — A; and g : A, — A, are topologically conjugate if there exists a

homeomorphism w : A; — Ay such that fow =wog.

Theorem 37 (Moser): Fiz C > V2 such that C — /2 is sufficiently small. Let
Q be a quadrilateral as defined above. If p > 0 is sufficiently small, then there exists
an invariant subset I C Q C T%" such that the restriction of g x 4o to I and o are

topologically conjugate.

Remark: Note that the set I given in Theorem 37 is a subset of D(Q,m,u,C)
defined above, and is nonempty since it is the homeomorphic image of the sequence

space S.

Proof: The Poincaré map ¥ , ¢ is real analytic by Proposition 21, and the stable
and unstable manifolds of the fixed point (0,0) exist and are real analyticin {z > 0:T'}
by Theorem 23. For small enough p > 0, the stable and unstable manifolds of the fixed
point (0,0) intersect transversely near p(u,C) by Theorem 33. The proof now follows
that in Moser [1973].

We will now use this result of Moser to show the existence of periodic points of
the Poincaré map ¥, , ¢ as close as we want to the transverse symmetric homoclinic

point p(u,C) and with arbitrarily large periods.

Proposition 38: Fiz C > /2 with C — /2 sufficiently small. For all u >
0 sufficiently small, there exists a sequence {vn,(u,C)}_; of periodic points of the
Poincaré map Y, c such that the period of vim41(u,C) is strictly greater than that of
vm (i, C), and

lim v, (4, C) = p(k,C).

Proof: Fix g > 0 sufficiently small. In what follows, we will suppress the constants
7, i, and C from the notation. Let {Q,,}5°_, be a sequence of quadrilaterals such that
Qm+1 C Qm and the Lebesgue measure of ,, goes to zero as m — oco. For each
().n we can define a transverse map 7,5,,, as we did in the discussion preceding Theorem

37. By Theorem 37, there exists an invariant subset I; C @; and a homeomorphism

wi : 8 — I such that zﬁl ow; = wy o ¢, where 1&1 is the restriction of $Q1 to Iy. Let
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u1 € S be a fixed point of 6. Let vy = wy(u1). Since vy € D(Q1), then there exists a
k1 € N such that

PR (v) = (w10 0w ) (01) = (w1 0 0)(u1) = wi(w1) = v1. (160)

As k; is the smallest positive integer for which (160) is true, vy is a ky-periodic point
of ¥». Now we will find a v, such that the period of v, is strictly greater than that of
vy.

By Theorem 37, there exists an invariant subset I, C (2 and a homeomorphism
wy : § — I such that zﬁg 0wy = wy 0 0, Where zﬁg is the restriction of zﬁQz to I;. Let
uy € S be a (k; + 1)-periodic point of 0. Let vy = wy(uy). Since vy € D(Q3), then
there exists k2 € N such that

peekitD) = (w000 wi) M (vy)

= (w0 0™ 0wy ) (v2)

= (w0 (rle)(uz)

= wg(UQ)

= v,. (161)

As ky is the smallest positive integer for which (161) is true, v, is a ko (k1 + 1)-periodic
point of ¢. Clearly the period of v, is strictly greater than that of v.

Continuing with Q3, Q4, etc, in a like manner, we generate a sequence {v,, }2°_,
of periodic points of ) such that the period of v, is strictly greater than that of v,,.
The choice of the sequence of quadrilaterals {Q,}3_, with the Lebesgue measure of
the Q. going to zero as m — oo gives the result that v, (¢, C) — p(g,C) as m — oo.

This completes the proof.

Corollary 39: Fiz C > V2 with C — /2 sufficiently small. If p € (0,1) is
sufficiently small, then for any n € N there exists n > i such that there is a periodic
point of Yr , c of period n.

Proof: By the construction of the sequence {v,,(u,C)} of periodic points of 1
in Proposition 38, the period of a given v,,(u,C) is some positive integer I, (u,C).

The sequence {{,, (1, C)}3o_, is strictly increasing, but in general will not contain every
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positive integer. If we are given a n € N we can always find some m such that
Lu(p,C) > 1. Let n = 1,,(p, C). Then the periodic point v,, (¢, C) of ¥, ¢ has period
n. This completes the proof.

Fix C > v/2 with C — /2 sufficiently small. For each x € (0,1) with u sufficiently

small, fix a sequence {vm(u,C)}52_; of perioidic points of ¥r 4 c. Let

N(m,u4,C) = {ln(u,C) : m € N}, (162)

where {l,,(¢, C)}52_; is the sequence of the periods of the periodic points {v,.(y,C)}.
Thus for each n € N(ﬂ',,u,C), there is a periodic point p,(u,C) of ¢¥r . c which has
period n. There may not be periodic points of a given period, but by Corollary 39,
there are periodic points of arbitrarily large period. By Proposition 38, the periodic
points p,(p,C) which have arbitrarily large period are very close to p(u,C). Each
Pn(pt, C) is hyperbolic (see Moser [1973]), and so applying the stable manifold theorem
we know there exists a smooth one-dimensional stable manifold Wi:,y,c (pn(,u, C)), and
a smooth one-dimensional unstable manifold WJ,,,‘,C (pn (s, C)). We finish this section

with the following result about the stable and unstable manifolds of p,(x,C).

Proposition 40: Fiz C > /2 with C — /2 sufficiently small, and fiz u € (0,1)
sufficiently small. For all sufficiently large n € N(m,pu,C),

Wi,%c (pn(ﬂv C))

ntersects

W"Zr,p,c (p"'('u" C))

transversely.

Proof: For n € N(?I‘,/J,C) large enough,

Wi, o (0. ) and W (pa(u.C))

are locally C!-close to

Wy, . .(0,0) and Wi = (0,0)
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respectively about p(p,C) by the smoothness of the Poincaré map ¢ ,c and by
the closeness of p,(u,C) to p(p,C). This implies that W,zm"c (pn(u,C)) intersects
W,},",“,C(O,O) transversely, and that Wy (pa(1,C)) intersects Wi o (0,0) trans-
versely since W,Z'Y”YC(O,O) intersects WJ""”YC (0,0) transversely at p(u,C) by Theorem
33. Therefore, by the A-Lemma (see Palis and de Melo [1982]), W (P, C))

intersects W,},"Y (pn(p,C)) transversely.

u,C

6. A Twist Map in the Reduced Transformed Circular Problem

In this section we continue the analysis of the reduced transformed circular prob-
lem. By the reductions of the equations, certain of the variables dependent on s are
explicitly or implicitly solved for. By including the derivatives of certain of these depen-
dent variables with the equations of reduced transformed circular problem, we produce
a system which has a five-dimensional (generalized) phase space. The flow in this phase
space is reducible to a four-dimensional Poincaré map ¢ , which is related to the two-
dimensional Poincaré map ¥, , ¢ from the last section. We will show that “most” of the
periodic points of ¥ , ¢ found in the last section are, upon transfer to ¢, ,, no longer
periodic, but quasiperiodic. By showing this we will establish suitable restrictions on y

and C so that ¢, , admits a twist map.

The variables depending on s in the extended reduced transformed circular problem
are z, y, 8, p, C, and t. Knowing one of the variables 8 or t, (108) gives us the other
one. It will be advantageous to keep t, and so we drop §. We also drop p since we
can solve for it by the extended Jacobi integral. Therefore, the dependent variables
essential to the dynamics of the extended transformed circular problem are z, y, C,
and t. Now dz/ds and dy/ds are given by Theorem 15, dC/ds is given by Theorem
12 and Lemma 14, and dt/ds is given by Lemma 14. By including C in the equations,

we no longer think of C' as a parameter, and thus the equations are the one-parameter
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family

ds 1—zp
dy  —z* +2°p% 4 pgi(z,s)
W_ ST ATEEERES) | o

< p (163)
dc _dC dt _
ds  dtds
dt 1

( ds 1—ztp’

where p is given by the extended Jacobi integral. The constant of motion C is in-
cluded in the equations because when we perturb the eccentricity e of the primaries, C
will no longer be a constant. We call (163) the full equations of the extended reduced
transformed circular problem, full in the sense that once we know what happens with
the dependent variables z, y, C, and t, we know what happens with all the dependent
variables. For the sake of brevity, we refer to the equations (163) as the full equations.
The generalized phase space of the full equations is R? x S x S! since z, y, C are real
variables, and ¢, s can be thought of as S' variables. Using 7 as a dummy time vari-
able, we can write the full equations (163) as the one-parameter family of autonomous

equations
((de _ —32%
dr  1-— zip
dy _ —z* +2%?% + pgi(z,s)
dr — 1—2z4p
$4C _, (164)
dr
dt 1
dr  1- zip
ds
C dr

with s(0) = 0, where p is given by the Jacobi integral.

+ 0(u?)

A set A C R?x S1x S!isinvariant under the flow of the autonomous full equations
(164) if for each (z¢,y0,Co,t0,S0) € A, the solution w(sg + 7) with initial condition
w(so) = (2o, Y0, Co,t0,80) remains in A for all 7 € R. In a similar manner, we can

define invariant sets of other flows.

Proposition 41: Fiz p € (0,1), and set e = 0. The set

{(0,0,C,t,s): C € R,t,s € S'} (165)
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is invariant under the flow of the autonomous full equations (164).

Proof: Since the vector field of (164) equals (0,0,0,1,1) whenever it is evaluated
at (0,0,C,to,S0), any solution with initial condition (0,0, C, %o, sp) remains in the set
(165) for all 7 € R. Hence the set (165) is invariant. This completes the proof.

Note that the solutions in (165) are artificial since they lie outside the domain of
A. Since C is a constant of motion by Theorem 12, the flow in the invariant set (165)
occurs on the 1-torus 7! = §! x S'. Since dt/dr = 1 and ds/dr = 1, the flow on the
invariant set (165) is the 1 : 1 resonant motion on the 1-torus.

As we did in the last section, we reduce the flow of (164) to a Poincaré map. The
vector field of (164) is 2n-periodic by Theorem 15 and Proposition 11. Thus the flow

of the autonomous full equations admits global cross sections of the form
{s=s0:E} =E°7% x {so}
for each fixed sy € S!, where
yo=oo = {(a:,y,C,t) z,y,C E€R, te Sl}.

Associated with each global cross section, there is a two-parameter four-dimensional
Poincaré map

. 3$=38¢ 8=8p
bag p : D=0 — BO=00,

Since £¢=*° is simply the projection of {s = sp : £} onto the four-dimensional space
R3 x S, we refer to ¥*=%° also as a section. From Proposition 41, it follows that the

infinite cylinder
{ =0,y =0} = {(0,0,C,t): C e R,t € §'} C B*=* (166)

is an invariant set of the Poincaré map ¢, ,-
To “transfer” what we know about the Poincaré map 9,,,,,c to the Poincaré map

¢s0,us We consider the orbit-to-set embedding map

{¢;‘O,uyc(z0,yo) je z} ~ {<(¢£o’u,c(a:0,y0)),C,tj) je z} (167)
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for (zo,y0) € T'&°°, where

so+2nj
:; =/ dr + to (168)
! 30 1- $4p

is obtained by integrating the equation for dt/dr from (164) over the indicated time
interval. The variable p is given by the extended Jacobi integral, and z being the
first component of the solution of the full equations (164) with the initial condition

(zo,Y0,C, to, s0). We refer to the image of the embedding (167) as the ty-embedding of
the orbit {}  (zo,%):j € Z}.

Proposition 42: Fiz (so,pu) € S! x (0,1). If (z0,%0,C,t0) € L*=%°, then

';.0,#(1"07 yOaC3t0) = ("L’Zo,#,c(:’:O’ yO)a Cv tj),

where t; is given by (168).

Proof: Let
w(so+7)= (w](SO + 7),wa(s0 + 7),w3(so + 7),ws(so + 7), 80 + 7( mod 27r))

be the solution of (164) with the initial condition w(se) = (0, %0, C, to,S0). Let j € Z.
Then w(sp + 27j) intersects the section L*=% at the point
¢l (z0,y0,C,t0) = (w1(s0 + 275), w2 (o + 27j), w3 (s0 + 2m5), wa(so + 275))
= (25,5, Cj, t;)-

Since the autonomous full equations (164) reduce to (119),

(2j+¥5) = Y3y 0.0 (T0s Y0)-

Since dC/dt = 0, then C; = Cy. The reduction of (164) to (119) implies that we can
integrate dt/dr from sp to sg + 27j to obtain t;, which is (168). This completes the

proof.

It follows from Proposition 42 that the tg-embedding of the orbit {wio'#’c(:co, Yo)
J€Z}CTE* is the orbit {¢§0,“(xo,y0, C,to) : j € Z} C X*=*0. Thus, the embedding
map (167) is an orbit-to-orbit map. Using the embedding map (167) we can “transfer”

the information we have about the Poincaré map %, c to the Poincaré map ¢ ,.
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Fix so = 7, C > v/2 with C — /2 sufficiently small, to € S*, and g > 0 sufficiently
small. For n € N(ﬂ',/l, C), the to-embedding

{#% ,(pa(p,C),Cit0) : j € 2},

of the periodic point p,(u,C) of the map ¥, c is not necessarily periodic because
of the presence of the ¢; terms. We will show that there exists an open connected
bounded interval of C-values such that the fy-embeddings of “most” of the periodic
points p,(y,C), with arbitrarily large period, are quasiperiodic in the sense that there
exists a §(C) € R\ {ma : a € R and rational } such that t, = to + 3(C) (mod 27).
Numbers contained in R \ {7a : @ € R and rational } are called incommensurate with
.

We “transfer” the information we have about the periodic points p,(u,C) of the
Poincaré map 9 , ¢ to the Poincaré map ¢, , as follows. Fix p > 0 sufficiently small.
For the open connected interval Y C (v/2,00) with sup Y — /2 sufficiently small, let

Qv,r,u be the class of integer-valued functions given by
Qymp = {f .Y — N| foreach C € Y, f(C) € N(w,u,C)} , (169)
where N(m, 4, C) is given by (162). Define miny : Qy ., — R* by
miny f =inf{f(C):C € Y}. (170)

Since {f(C) : C € Y} C N, then, by the Well-Ordering Principle (see Hungerford
[1974]), miny f exists and is a positive integer. For f € Qy x ,, define the set Qy s x.,
by

QY,f,n-,p = {(pf(c)(/l,C),C,t) :CeyY, te Sl} C X°=T. (171)

Note that the projection of Qy ¢, onto the infinite cylinder {z = 0,y = 0} given by

(166), is diffeomorphic to an annulus. So, we refer to (171) as an annulus.

Proposition 43: Fiz p > 0 sufficiently small. Let Y be an open interval in

(V/2,00) with supY — /2 sufficiently small. If f € Qv,x,u, then the annulus Qy f .,

f(C)

given in (171) is an invariant set of ¢x,, " .
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Proof: Let C € Y and let to € S'. Let f € Qy,r . By the definition of Qy
given in (169), f(C') is the period of periodic point psc)(i,C). Then by Proposition
42,

12 (p1(0)(1:C), G o) = (15,5 (P1(0) (1, ©)), Crt ()
= (Ps(o)(1,C), s t5(c)
e nyfﬂryl-"
where t5(c) is given by (168) with j = f(C). Thus each circle {(pscy(i, C),C,t) : t €
S'} is invariant under #2(9). Since C €Y is arbitrary, the annulus (171) is invariant

under ¢£SE). This completes the proof.

Let Y be an open connected subset of (\/5, oo) with supY — V2 sufficiently small.
For f € Qy ., we define the (Y, f)-transverse map <£y,f,,,,,, Qv fmn — Qv fmu bY

by, 1,m,0(0, Y0, C, t0) = ¢59) (20,0, C, to). (172)

We may write (172) as

by, f,mu(%0, Y0, Cr t0) = (20,30, Cr t5c)), (173)

since (zo,%0,C,t0) € Qy,f,x,u. Thus the dynamics on the annulus (171) occur only in
the t-component, the other three components being fixed under the (Y, f)-transverse
map <z~5y,f,,,,,,. We will show for sufficiently small x4 € (0,1) that there exists an open
connected bounded Y C (v/2, o0), with sup Y —+/2 sufficiently small, such that if miny f
(defined by (170)) is sufficiently large, the (Y, f)-transverse map is a twist map. This
will be achieved by an analysis of the behavior of the t-component of (173).

A smooth simple curve is the diffeomorphic image of some interval of R.

Definition 44: Let g : M — R be a C! function, where M is Banach space over
R. The variation of g along a smooth simple curve ¢ C M is denoted by A.¢ and is

dg
Aqg = — .
g /(d)d

Lemma 45: Fir u € (0,1) sufficiently small. For an open connected Y C (v/2,00)
with supY — /2 sufficiently small, and for f € Qv,xu, the t-component of the (Y, f)-

transverse map (173) has the form

defined by the line integral

t5(cy = Do (psoy(m,ont + tos
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for all C €Y, and is a function of u, C and ty only.

Proof: From (168) we have

m+2xf(C) 1
tf(c) :/ ———pdT+ to

_ / O (174)
/. dr 0

where dt/dr is evaluated over the solution of (164) with the initial condition

(pf(C)(/l'a C)7 C, to,ﬂ').

Since (164) reduces to (119) and dt/dr depends only on (z,y,7;p,C), then dt/dr is
evaluated over the solution of (119) with the intial condition (ps(c)(¢,C), 7). Since
the solution of (119) with the initial condition (pscy(u,C), ™) is periodic with period
27 f(C), and as ds/dr = 1 with s(0) = 0, then (174) becomes

*+27f(C) 1 a4t
tyc) = / <E) ds+to

Lo ()
= — | ds + tO
Y= (Ps(c)(1,C)) ds

= Bae(psoymort + o (175)

That (175) is a function of u, C and to only follows since the variables (z,y, s) are

integrated out. This completes the proof.

Lemma 46: Fiz yu € (0,1) sufficiently small. For an open connected Y C (1/2,00)
with supY — /2 sufficiently small, and f € Qy x4,

A‘Y"'(pf(c)(uyc))t = A‘Y.,(pf(c)(p,,c))o (mOd 27T)

foradl CeyY.
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Proof: From (108), we know that ¢t = s + . Then

dt
Ave(psormont =/ (“) ds
TrAPsEH 'Yr(Pf(C)(l‘tC)) dS
w427 f(C)
- (&)
x ds
w427 f(C) d 0
- ds
w427 f(C) do
= / <1 + d_> ds
- S
w427 f(C) do
:27rf(C)+/ <E) ds

do
— 21 f(C) +/ (—) ds
Y= (Pscy(1,C)) ds
= 27Tf(C) + A7r(pf(C)(“vC))0

= A.h(pf(c)(uyc))o (mod 271')
This completes the proof.

It is difficult to evaluate A~,,(p,(c)(,‘,0))0 directly, and so we proceed as follows.

Let u: R x S x R? = R? be defined by
u(z,0,y,p) = ((1 — 2%p?)cos 0 — ypsind, (1 — 2°p*)sin6 + ypcosb) . (176)

Taking the usual euclidean norm of (176), we have

lull = VT =222 + y2p2. (177)

Note that ||u| is a function of z, y, and p only. The following result will greatly simplify

some of the calculations we will be doing later on.

Lemma 47: If p = —C and (z,y) is a solution in H(z,y;p) =0, then

llu(z(2),y(2); p)|l = 1
forallt € R.

Proof: From (177), and by making use of (38), we have

llu(z,y; p)ll = V1 + 202 H(z,y; p)

=1
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if (z,y) is a solution in H(z,y;p) = 0. This completes the proof.

We use u to define a functional. Let o : R x §1 x R? — R be defined by
u = ||ulle’® = ||u||(cos @ + isina). (178)

We will show that there is a simple relationship between A, (,,,0))0 and A, (54,0 @-

If we write u = (u;,u3), then by looking at the components of (178) we see that

cosa = u—l, (179)
|ull
and
. Uz
sina = —=. (180)
[lull

To compute the variation of « along v.(p(y, C)) we will need the following

Lemma 48: Fir u € [0,1) and set e = 0. The derivative of o with respect to s is

given by
da _ p(1+2?p®)etysin(s) + p(l — 2®p?)z*p(1 — 222 cos(s))
ds (=27 + 72771 — 2p)
_ p(1+2?pP)atysin(s) + p(l — 2%p*)z*p(1 + 2% cos(s)) (181)
((1—22p%)% + y2p2)(1 + 222 cos(s) + z4)3/2(1 — z4p)
+ O(p?).

Proof: First we will take the derivative of o with respect to t, and after we have
done that we will make the change of variable necessary to transform the derivative of

« into a function of s. Implicitly differentiating (179) with respect to t and making use

of (179) and (180), we have

-1 1
o = e (IlPs = JlalPyw ). (182

~ lulPuy

From (178) and Proposition 10 we have that
uy = —2uz?pga(z,t — 0) cos § — pu(pdi (x,t — 0) + yga(e,t — 0)) + O(p?),  (183)
and

(Iall*)' = —4p2?pga(z,t — 0) + 4pz* p*Ga(z,t — 0) + 2uyp* g1 (z,t — 0)

+ 20y piga(z, t — 0) + O(p?). (184)




62

Multiplying (183) by [|u||> we have

lu||>u) = —2uz®pgs(z,t — 0) cos § — upgi(z,t — 8)sind — uyga(z,t — 0)sin
+ 4pztp®Go(z,t — 0) cos 0 + 2uz’p3Gy(z,t — 0)sin 0 + 2uz’yp®Go(z,t — 0) sind
—2uz®pGo(z,t — 0) cos 8 — px*p®Gi(z,t — 0)sind — pzyp*Ga(z,t — 0)sind
—2uzy?p3 Gy (z,t — 0) cos 0 — py? p3G1(z,t — 0)sind — py®p®Ga(z,t — ) sind
+ O(p?). (185)

Multiplying (184) by 1u; we have

%(||u||2)'u1 = —2uz’pgs(z,t — 0) cos O + 2uztpGo(z,t — 0) cos @ + puyp*gi(z,t — ) cos @
+ 1y’ pGa(z,t — 0) cos 8 + 2uz?p* Go(z,t — 0) cos § — 2uz®p®Ga(z,t — 8) cos §
— pzlyp*di(z,t — 0) cos 0 — uzy?pGe(z,t — 0) cos 0 + 2uz’yp?Ga(z,t — 0)sin b
—2uztyptGe(z,t — 0)sin@ — py?p3G1(z,t — 0)sin b — uyp*ga(z,t — ) sind
+ 0(u?). (186)

Adding (185) to the negative of (186) we have

Jull?e = 5 (fpf*)u
= — [2pz?yptGa(z,t — 0) + p(1 ~ 2%p%) (pir(z,t — 0) + yia(z,t — 0))] us
+0(u?). (187)

Substituting (187) into (182), and using (177), we have

o = -H—;III? [2ll122y,02§2($,t - 0) + /1(1 — $2p2)(pgl(x,t - 9) + y§2($,t - 0))] + 0(u2)

_ 2pz?yp?Ga(z,t — 0) + p(1 - 2°p%) (pin (2,1 — 0) + yga(z,t — 0))
(1 — 1:2'02)2 + y2p2

+ 0(u?). (188)

Using (61) and (62) we have

1
2uz’yp®Go(z,t — 0) = 2uz’yp® |z sin(t — 0)( 1 -
peyp“ge(z,t — 0) = 2uzyp” |z” sin(t — 0) (1§ 222 cos(t — 6) + 2432

2uzbyp? sin(t — )
(1 + 222 cos(t — 9) + z*)3/%’

= 2uzbyp? sin(t — 0) — (189)
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and

ztp + 28 cos(t — 9)

(1 + 222 cos(t — 0) + z4)3/2
rtysin(t — )

(1 + 222 cos(t — 0) + z4)3/2°

pdi(z,t —0) + ygo(z,t — 8) = z*p — 22%p cos(t — 0)

+ ztysin(t — 6) (190)

Adding (189) to (190) multiplied by (1 — 2%p?) we have

2uz’yp®ga(z,t — 0) + p(l — 2°p%) (g1 (z,t — 0) + yga(z,t — 0))
= pziy(l + z%p%)sin(t — 0) + p(1 — z%p?)z*p(1 - 22? cos(t — )

priy(1 4 z2p%)sin(t — 8) + p(1 — z%p?)ztp(1 + 22 cos(t — 0))
(1 + 222 cos(t — 8) + z4)3/2

(191)

Substituting (191) into (188) and using (108) and Lemma 14 we obtain (181). This

completes the proof.

Note that if 4 = 0, then « is a first integral. From the calculation in the proof of
Lemma 47 we see that « is related to the first integral H(z,y;p).

For the remainder of this section we shall think of § as given by

0(s) = / (1 f“;p) ds.

This is an abuse of notation in view of (113). The absence of the initial condition 6y

will be made clear in what follows. By Lemma 14, we can also think of 4 as

0(t) = /Ot ztpdt. (192)

We now proceed to obtain some information about the behavior of the variation
of a along v.(p(x,C)). In the denominators of the terms in da/dt, as found in (191),

the expression 1 + 2z2 cos(t — 6) + z* is common.

Lemma 49: If C # 0, then for allt € R,
14 2€%(t; —C) cos(t — 8 + ) + £*(t; —C) > 0.
If |C| > V2, then for allt € R,

14 26%(t; —C) cos(t — 8 + m) + &4(t; ~C) > 0.
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If|C| = V2, then
14 2¢%(t;—C)cos(t — 0 + ) + £4H(t; =C) =0

if and only if t = 0.

Proof: Let C # 0. Since oo > £(t; —C) > 0 for all t € R, then

14+2€%(t; —C) cos(t — 0 + m) + £4(¢; ~C)

= €46 —C) | (€72t —C) cos 0,62 (t;~C) sin ) — (cos , sin )]

is nonnegative for all t € R. Now (cost,sint) is on the unit circle for all t € R. Since

2
> ¢

1(672(t; =C) cos 8,6 7*(t; =C) sin )| = €7*(t; ~C) > (193)

for all t € R, then if |C| > /2, then (6=%(t; —C) cos 8, £~%(t; —C)sin ) is outside of

the unit circle. So
1(€72(t; =C) cos 8, £7%(t; —C) sin §) — (cos t,sint)|| # O

forallt € R.
Now let |C| = v/2. Without loss of generality, suppose C = /2. Since 6(t) is given
by (192), then 6(0) = 0. Thus if ¢ = 0, then

1+ 262(0; —v/2) cos(7) + £4(0; —V2) = 0.

Now suppose that ¢ # 0. Since the strict inequality in (193) holds when ¢ # 0, then
(193) implies that

14 2¢%(t; —C)cos(t — 0+ m) + €*(t; —C) > 0

for all t # 0. This completes the proof.

This Lemma gives us an approximation as to where and when, along the transverse
symmetric homoclinic orbit v, (p(u,C)), the zero-mass and the primary P, come close
to a binary collision. The 7 in cos(t — § 4+ 7) can be considered as y. (We shall see
how 7 gets into the argument of cos in Theorem 52.) Thus a near-collision occurs at

time ¢ = 0 near the point (—1,0) in the physical plane of motion.
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For the transformed unperturbed problem we had that along the parabolic solution
(39), p = —C. For the full equations we have the following result about the behavior

of p (which is no longer a constant) along the transverse symmetric homoclinic orbit
7x=(p(p, C)).

Lemma 50: Let C > /2 with C —+/2 sufficiently small. If i € (0,1) is sufficiently
small, then along v(p(u,C)), the approzimation p(s) = —C + O(n) is uniformly valid
on s € R.

Proof: Write p = pg + O(p). Substituting this into the Jacobi integral we have

1, 1
C =gy + 5300 = 2° = po+ Ou) (194)

for all s € R, provided that C > /2. This previous condition is necessary since a first-
order u-term in ﬁ(z,s;u) has an infinite discontinuity when C' = v/2 by Proposition
11 and Lemma 49. By Theorem 35, v.(p(g,C)) can be approximated with uniform
validity on s € R by the m-embedding of the parabolic solution with p = —C. Thus
(194) becomes

1
C=3n'(ts+m);-C)+ %54@(3 +m);=C)pg — E(t(s + 7); =C) — po + O(p). (195)
To solve for pg we set 4 = 0 in (195). This yields
1 1
0= 5772(t(.<3 +7);=C) + 554(t(3 +7);—C)pt — 2(t(s+7);=C) —po— C. (196)

Since po is given by the unperturbed problem, po(s) = po(0) for all s € R. Hence for
s =0, (196) yields

2 2
(P0+C)(apo—1—a—3)=0-

So, there are two possible choices for pg. In keeping with Lemma 31, we choose pg = —C.
That p(s) = —C + O(u) holds with uniform validity on s € R is as follows. On any
compact connected set A C R, p(s) = —C + O(y) is uniformly valid by the analyticity
of p with respect to y and s. If we let s — Zoo, the Jacobi integral implies that
p(s) — —C. So the uniform validity on all of s € R is verified. This completes the

proof.
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The expression t — § appears in (191) and we will need the following local result

about it in the calculations that we will do.

Lemma 51: Let p € (0,1), C > /2 with C — /2 sufficiently small, and z(t) =
£(t;—C). If p is sufficiently small, then locally aboutt = 0, t — 0 is a strictly increasing

function of t.

Proof: From (192), 6, as a function of ¢, is given by
1
6(t) = / €4 (t; p)pdt (mod 2r). (197)
0

With z(t) = €(t;—C), p = —C + O(p) provided C > /2 and C — /2 is sufficiently
small. (This is shown by writing p = pg + O(z) and solving the Jacobi integral for pg

in a manner similar to that used in the proof of Lemma 50.) Thus (197) becomes
6(t) = —C /01 &4 (t;—C + O(p))dt + O(u) (mod 2r). (198)
By expanding £*(t; —C + O(w)) in terms of p, (198) becomes
6(t) = -C /01 ¢4 (t;—C)dt + O(1) (mod 27).
Thus
t—0(t)=t+ C/Ot ¢4 (t; —C)dt + O(p) (mod 27). (199)

Taking the derivative of (199) with respect to t, we have
d 4
7 (= 0) =1+C& (% -C) + 0(n) > 0

locally about t = 0, provided p is small enough. This completes the proof.

Theorem 52: If u € (0,1) is small enough, then there exists 63 > &; > 0 such
that for all C € (V2 + 61,V2 + 6,), A, (p(uc)a # 0, and

d
EA%(IJ(;‘,C))O‘ # 0.

Proof: Fix u € (0,1). Let C > /2. By definition,

da

Bye(p(n0)® = / (d—(w,y,p,s;u,C)) ds. (200)
«(p(1,0)) \ @S

~
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By Theorem 35, v(p(u,C)) can be approximated with uniform validity on s € R by
the m-embedding of the parabolic solution (39) with p = —C. By Lemma 50, p can be
approximated with uniform validilty on s € R by —C. Thus an approximation of (200)

is
/°° % (€(t(s + m); =C + O(u)),n(t(s + 7); =C + O()), =C + O(u), s + w5, C) ds
= Avx(p(u,c))a' (201

By expanding the integrand of (201) in terms of y, and using the form of da/ds given

by Lemma 48, we can write (201) as

Bovmena = [ S0 (€lls 4 mi=Chnfe(s + 7 =C),~Cus+ m)ds + 07,
(202)
By Lemma 14 and (108), we can change the variable of integration in (202) from s to
t. The limits of integration will still be plus and minus infinity by Lemmas 30, 29, and
28. By Lemma 48, and Lemma 47 in conjunction with (177), (202) becomes

-~ o d
By (p(1,0)) ¥ = / d—‘; (&t =C),n(t; =C),—=C,t — 6 + ) dt
= :“/ (1 + &%(t; —C)CH)E4(t; —C)n(t; —C) sin(t — 0 + )dt

—uC /_oo (1 —€%(t; —C)CP)E (t; —C)(1 — 2€%(t; —C) cos(t — 0 + ))dt

® (14 &4(t; —C)CHEL(t; —C)n(t; —C)sin(t — 0 + )
—,u/;oo (1+42€2(t;—C)cos(t — 0 + ) + £4(t; —C))3/?
n C/°° (1-&(-C)CH)E (s =C)(1 + 2 (t; —=C) cos(t — 0 + 7))
(14 262(t; —C)cos(t — 0 + m) + £4(t; —C))3/2

dt

dt

+0(u?)
zu/ Fl(t;C)dt+uC/ F2(t;C)dt+u/ Fy(t; C)dt

—00 — 00

+ uC /oo Fy(t;C)dt + O(p?). (203)

If i is small enough, A%(p(uyc))a is a good approximation of A, (p.,c)a. We will
show that as C — /2, A.,,(p(u,c))a — —o0 by showing that as C — /2, the first
three integrals in (203) are finite, and the last integral in (203) is unbounded with limit
tending to —oo. Recall that C > V2. Thus C — /2 means C — v/2 with C > v/2.
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We begin by showing that
lim Fi(t; C)dt 204
o (204
exists and is finite. Since 2|C|7% > ¢2(¢t;—C) > 0 for all t € R and n?(¢; —C) < 8|C|~2
for all t € R, there exists a K3 € R* such that |Fi(¢t; —C)| < K1£*(t; —C) provided

that C # 0. Lemma 30 implies that

1
Jlim / e(t; -C)dt < oo (205)
—_ 00 —1

for all C # 0. Thus (204) exists and is finite.
Next we show that

o0

li Fy(t; C)dt 206
oim | 2(t;C) (206)

exists and is finite. By the boundedness of £(¢; —C) when C # 0, there exists K, € R*
such that |F2(t; C)| < K2£*(t; —C) for all t € R. Hence by (205), (206) exists and is
finite.

Next we show that

oo

1i F3(t;C)dt 207
om | 3(t;C) (207)

exists and is finite. Since {(t; —C) — 0 as t — +o0, then
1+ 26%(t;—C) cos(t — 0 + m) + £4(t; —-C) — 1
as t — +oo. Hence there exists t; and K3 € R* such that
[F3(t; C)| < Ks|(14 €2(t; —C)C*€4(t; —C)n(t; —C) sin(t — 0 + )]
< K1K34(t;-C)

for all |t| > t; provided that C # 0. This implies that for all C > 0,

—00 < / F3(t; C)dt < oo, (208)
1
and
—1
—00 < / F3(t; C)dt < 0. (209)

It follows then that in the limit as C — /2, the integrals in (208) and (209) exists and
are finite. Let to € (0,t1) be arbitrary. By Lemma 49 there exists a3 > 0 such that

1+ 2€%(t;—C)cos(t — 0+ )+ £*(t; —=C) > a1 > 0




for all C € [v/2,2] and for all t € [—t;,—t3] U [t2,t1]. Thus
1
—00 < / F3(t;C)dt < oo,
iz

and

—1,
—00 < / F5(t; C)dt < o0
—1
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(210)

(211)

for all C € [v/2,2]. It follows then that in the limit as C — /2, the integrals in

(210) and (211) exist and are finite. Note that this holds for arbitrary t, € (0,t).

Now n(t;—C) > 0 for t € (0,t2] and n(t;—C) < 0 for t € [—t,0). Sincet — 0+ 7 is

strictly increasing locally about ¢ = 0 by Lemma 51, then for small enough t; € (0,t),

sin(t — 0+ 7) > 0 for all t € (0,t;] and sin(¢t — 6 + 7) < 0 for all t € [—t;,0). Hence, by

Lemma 49, F3(t;C) < 0 for all t € [—t3,t3]. Suppose that
1z

lim F3(t,C)dt = —oo0.
C_’\/E -1z

Then there exists a t3 € (—t2,t2) such that
lim F3(t3;C) = —o0.
C—\2 3( 3 )

This implies that

Clirr\1/_2_ [1 428 (t;—C)cos(t — 0 + m) + £*(t; - C)] = 0.

i=13

By Lemma 49, t3 = 0. But, since n(0; —C) = 0 for all C # 0,

lim_F3(0;C) = 0,
C—+/2

and so we have a contradiction. Therefore

i3

—oo < lim F3(t;C)dt < oo.
C_’\/E —13

(212)

So, by (208), (209), (210), (211), and (212) we have that in the limit as C — /2, (207)

exists and is finite.
Now we will show that
o0

lim Fy(t; C)dt = —c0.
C—v2J-c0

(213)
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Arguing as we did above, we have that for all ¢t5 > 0, both

[ <]

lim Fy(t; C)dt 214
vzl 4( ) ( )
and ,
lim Fy(t; C)Hdt 215
Vil 4( ) ( )

exist and are finite. Now, since £(0; —=C) = v/2|C|™!, and 0 < £(t; —C) < V/2|C|~? for
all t # 0, then for small enough ts5, 1 — £2(t; —C)C? < 0 for all ¢ € [—ts,ts5] provided
that C # 0. Since § = 0 when ¢t = 0 by (192), then cos(0 — 0 + 7) = —1. Hence, for
small enough ts5, 1 + £2(t; —C) cos(t — 0 + m) > 0 for all t € [—t5,t5] by the properties
of £(t;—C) and cos(t — § + m) near t = 0. Thus by Lemma 49, Fy(t; —C) < 0 for all
t € [—ts5,t5]. In particular, )

Fi0:C) = oy (216)

Since Fj is real analytic in ¢ and C for all t € R and for all C > v/2 by Lemma 49,

then we can write

Fy(tC) =) ea(O)"
n=0
fort € (—ts,ts5), where ¢o(C) is given by (216). If tg € (0,¢5), then by Taylor’s Theorem
there exists t*(ts) € (0,t5) such that

Falts; C) = eolC) + [%m; c>] R (217)

To integrate the right-hand side of (217), it is sufficient show that ¢*, as a function of
tg € (0,t5), is continuous almost everywhere. Let G : (0,t5)? x (v/2,2] — R be defined
by

G(t;tG,C) = F4(t;C) _ CO(C) _ <F4(t6;C) - CO(C)) :

tg
From the proof of Taylor’s Theorem (see Johnsonbaugh and Pfaffenberger [1981}), t*(t6)
satisfies

d * . J—
Gt (t6);t6,C) = 0. (218)

Now for 1, i3 € (0,15),

d - d .
d_tG(ta t1, C) - EG(t’ ta, C)
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d 4(51;0)—60(0) _i . F4(£2;C)—60(C)
th4(t C) i th4(t,C) + i
_ F4(t1;C) — Co(C) _ F4(£2;C) — Co C) (219)
t t
and
) d? & ool - )
dt2 G(t h,0) = 2G50, 0)| = dt2 F4(t C) = 5 Fi(5C)| = 0. (220)

Note that the right-hand sides of (219) and (220) do not depend on t. By the continuity
of G with respect to t, (219) can be made small for all ¢t € (0,t5) provided |t} — f5] is
small enough. Thus by (219) and (220),

d . d -
'd—t‘G(t,tl, C) and EG(tat27C)

are C!-close. Now we know that (218) holds by Taylor’s Theorem for tg = t;. If

d? A s
—G(t*(t1);t 0 221
dtzG( (l)a l’C')?é ( )
and |t; — 3| is small enough, then we can choose, by the C!-closeness, t*(f;) € (0,1;)
close to t*(Z;) such that

d S

—G(t*(t2);t =0.

GO (2);1,0)
So, provided that (221) holds almost everywhere on (0,t5), then t*, as a function of tg,

is continuous almost everywhere on (0,t5). To show that (221) holds almost everywhere

on (0,t5), suppose

d2
-dt—zG(t (ts);ts,C) =0
for all tg € (0,t5). Then
d2
yr} Fy(t;C) =

on (0,t5), which implies that Fy is a linear function of . But that is impossible since

Fy(0,C) = —4(C* - 2)"%2 < 0 for all C € (v/2,2] and
1_lé§:n°o Fy(t;C)=0.

Thus (221) holds everywhere except on a discrete set, and hence holds almost everwhere
on (0,ts). Since t*(tg) € (0,t6) by Taylor’s Theorem, then we can continuously extend
the definition of t* to 0 by t*(0) = 0.
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Integrating (217) from 0 to t5 we have
is ig d
/ Fa(t: C)dt = co(C)ts + / (Eﬂ(t*(ts); C)) dts. (222)
0 0 6

For any C € (v/2,2], the integral on the right-hand side of (222) is finite by Lemma 49.
We claim that

ix d
lim —Fy(t*(t6); C)dtg < 00. 223
Jim [ SR () Ot (223)
To show this suppose that
ix d
lim —Fy(t*(tg); C)dts = o0o.
C_*ﬁodt«;((s))s

Then there exists a t7 € [0,¢5) such that

d
lim —Fy(t*(t7);C) = oo.
Jim_ SR ();C)

By Lemma 49, t*(t7) = 0, and by the definition of t*, ¢t = 0. So

. d
ch_fn\/i 5 11(0;0) = co. (224)
But
d 1
—F(0:C) =
th4( 3 ) (1+2§(0,—C) COS(W)+§4(0;_C))3

X

(—256(0; ~C)n(0;=C)

- 3¢%(0; —C)n(0; —C) cos(m)

+ Cg'(0; -C) sin() + 3C*¢*(0; -C)n(0; —C)
+4C%€°(0;C)n(0;-C) cost) — CA€%(0;~C) sin(r)
x (14 2€2(0;~C) cos(n) + €4(0;~C))*"*

(- €0~ C)CNE 0 ~C)(1 + €2(0; ~C) cos())
x (1 4 26%(0;—C) cos(r) + £4(0; —C))*/*

(€40 =Cn(0: ~C)costm) + 20680 ~Cn(0; ~C)sin(r)

—2¢%(0; —C)n(0; -C))]

=0
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for all C € (v/2,2], since n(0; —C) = 0 for all C # 0 and since sin(r) = 0. Hence

d
lim —Fy4(0;C) =0,
c—2Z dt +(0:6)

a contradiction of (224). Thus the claim is established, and so from (223), we have that

iy i d
lim Fy(t;C)dt = lim _¢o(C)+ lim — Fy(t*(t6); C)dt
c—v2Jo 4( ) C—V2 0( ) Cc—v2Jo dt 4( (6) ) ¢
= —o00. (225)

Since Fy(t;C) < 0 for all t € (—t5,15), then (225) yields

i
lim Fy(t;C)dt = —o0. (226)
C—"\/2_ t5
Therefore, by (214), (215), and (226), we have that (213) holds.

Recall that we are showing that

By (.00 = =0 (227)

As C — /2, we showed that (204), (206), and (207) are finite, while (213) has limit
—00. Thus (227) holds, and since A‘y,(p(ﬂ,c))a is a good approximation of A, _(,(,,c))@

for small enough p € (0,1), then

cll,n\l/i A.h(p(#yc))a = —0Q. (228)

By Lemma 49, A, _(,(.,cy)@ is real analyticin C for C > V2, and so (228) implies that
there exists 62 > 6; > 0 such that for all C € (vV2+ 61,2+ 6,), Ay, (p(ucyy #F 0, and

d
EA“/,(p(#,C))a # 0'

This completes the proof.

Now that we established the behavior of the variation of a along v.(p(i,C)), we
turn our attention to the relationship between the variation of a along v(p(u,C)) and

the variation of § along the same orbit.

Lemma 53: The variables a and 0 are related by

1— 2.2
6 = arccos ( =P ) + a. (229)

\/(1 _ I2p2)2 + y2p2
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Proof: Multiplying (179) by cos § we have

(1 —22p?)cos?  — ypsinfcos b

cosfcosa = 230
VI = 2202 + g2 (230)
Multiplying (180) by siné we have
L 1 —22p?)sin? 0 + ypsin @ cos b
sinfsina = ( 1)_ AT (231)
V=222 +y%p
Adding (230) to (231) we have
2,2
cos(0 — a) = 1—cp (232)

\/(1 —z2p?) + y2p? ’
and (229) is obtained by applying arccos to both sides of (232). This completes the

proof.

Let

v(z ) = arccos -2 (233)

Y, P) = N T .
Lemma 54: The derivative of v with respect to s is given by

dv -1

ds (1—z4p)((1 — 22p?)? + y2p?) <\/1 - 1-_P2£212_-_I‘_P21)

(=z2p2)2+y2p?

styp® /(1 — 22p2)? + y2p? — 2uz? pja(z, 8)V/(1 — 22p?)? + y2p?
1
— —2uz?pga(z,8) + 4pztpddy(z,s) — 2uzbp3Ga(z, s
\/(1_$2p2)2+y2p2( ne®pga(z, s) + 4uzp°Go (2, s) — 2pz”p° Ga (2, 9)
+ pyp*qi(z, s) + py’pia(z, s) — prlypgi(z, s) — pey*p*Ga(z, 8)>]

+ O(u?). (234)

Proof: Taking the derivative of v (defined in (233)) with respect to ¢, and using

Proposition 10, we have
dv -1 1

@ \/1 ~ gy (- 200 4 g2p?
SEE

X [($4yp2 — 2uz’pda(z,t — 0)) /(1 — 22p%)? + y2p?
1
— —2uz?pga(z,t — 0) + duztpPGa(z,t — 0
N TR < pz” pga( ) + 4pz® p° G )
— 2uz°p®Go(z,t — 0) + pyp*gi(z,t — 0) + py® pga(z,t — 6)

— pzlyptgi(z,t — 0) — pzy?p3Ga(z,t — 0))] + 0(u?). (235)
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By using (108) and applying Lemma 14 to (235), we obtain (234). This completes the
proof.

Theorem 55: Fizx C > /2 with C — /2 sufficiently small. If p € (0,1) is
sufficiently small, then

28, (p(u,c)l = Doy, (p(ucpa + O(p).
Proof: By Lemma 53, we have

Ay (p(1,00)0 = By (p(4,0)) 0 + Dy, (p(u,0)) Q- (236)

As in the proof of Theorem 52, we can approximate A, (p,,c))0 and A, _(pu,c))v- By
using Theorem 35, Lemma 50, and expanding the resultant integrand in terms of y, we

have that
tt(s+m); =C)
A%(p(u»c))g— C/ 1+C§( (s+m);=C)

1s an approximation of A, _(,(, c))0. By Lemmas 14, 30, 29, and 28, we can change the

ds + O(p)

variable of integration from s to ¢, the limits of integration remaining the same. Thus

A (pment = —C / €4(6;~C)dt + O(n). (237)

We will now approximate A, (5, c))v- Proceeding as before, using Lemma 54, Lemma

47, the definition of i given in (39), and (237), we have

AA,,(p(,,,c))v
= [ (elu(s 4 mi=C+ O nts + 7)5=C +0()),~C + O, s + 7 ) ds

N [Z Ccll_’lt) (f(t; ¢ + 0(/1')),7](1; -C+ 0(#)), -C + 0(#)»t -0+ 71') dt

— = 1 . _ 2
—4u£“(t;—0)<—0+0 (1))*32(£(t; =C),t = 0 + )
+2u€%(t; =C)(=C + O(1))°g2(E(; =C);t — 0 + )

~ pn(t; =C)(=C + O(1))*1 (£(t; =C),t — 0 + )

2(&(

— u (5= C)(=C + O(1))ga(£(t;~C),t = 6 + )
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+ p€(t; —C)n(t; =C)(=C + O(u))* 51 (£(t; —C),t — 0 + 7)
+ u(t; —C)n(t; —=C)(—=C + O(w))* G2 (£(t; —C),t — 0 + ) [ dt + O(u?)

—c [ et-cy+ o

raucr [ EEOEs =)0 ),
4 fﬁ(t,—C)g (f(t,—C),t—@-}-ﬂ')
i / 2n(lt;—C) .

— uC / G1(6(t—Cit — 0+ m)dt

+u /00 n(t; —C)g2(&(t; —C),t — 0 + m)dt

— OO0

+uC? /oo & (t;—C)a1(&(t; =C),t — 6 + m)dt
~ uC? /_oo E(t; ~C)n(t; —C)ga(E(t; =C),t — 8 + m)dt
+0(p?) )
= —A, (p(wcyf + 4uC? /oo G1(t;C)dt — 2uC* /oo Go(t;C)dt
—uC /oo Ga(t;C)dt-i-,u/oo Gy(t;C)dt + uC* /oo Gs(t; C)dt
— uC? / " Gt C)dt + O(4?). (238)
We assert that each of the six integrals in (238) is finite. First we show that
—00 < /oo G1(t; C)dt < oo. (239)

By (62), and the definition of 7,
¢7(t;—C)sin(t — 0 + )
V2= (t-0)C (240)
x (1= (1+2€%(;=C) cos(t = 0 + m) + £4(1;-C)) */%).

G1(t;C) =

The denominator in (240) has limit /2 as ¢ — Foo since &(t;—C) — 0 as t — =oo.
And since the term (1 + 2¢%(t; —C)cos(t — 8 + 7) + &4(t; —C))™%/2 — 1 as t — oo,
then there exist t; and K; € R¥ such that |G1(t;C)} < K1£4(¢; —C) for all |t| > ;.
Thus, by Lemma 30,

x

—00 < G1(t; C)dt < oo, (241)
1
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and

—oo < /_“ Gr(t:C) < oo. (242)

Recall that n(¢t; —C) > 0if t > 0 and n(t; —C) < 0 if t < 0. By Lemma 51, there exists
t2 > 0 such that sin(t — 8 + 7) < 0 if t € (0,t;) and sin(t — 8 + m) > 0 if t € (—t2,0).
Since 0 < (C* — 2)C~% < 1 provided C > v/2, then

1 c? -2\
1— =1- <0
(1+2¢%(0;C) cos(m) + £4(0;—C))3/2 ( C? ) ’

and so there exists t3 € (0,¢2) such that

1
- (14 2£(t; —C) cos(t — 0 + ) + £4(t; —C))3/? <0

for all [t| < t3. Thus G,(¢;C) > 0 for all t € (—t3,0) U (0,¢3). By the analyticity of G;
with respect to ¢ on [—ty,—t3] U [ts, t1],

L3
—00 < / G1(t; C)dt < oo, (243)
13
and
—13
—00 < G1(t;C)dt < 0. (244)
—1;
Now suppose that
13
Gy(t; C)dt = oo.
—13

Then there exists ty € (—t3,t3) such that
lim G1(¢t;C) = oo.
1—1y

Since C > /2, the term (14 2¢(t; —C) cos(t — 0+ ) + £4(t; —C)) is bounded away from
zero on [—t3, 3] by Lemma 49. However, (0; —C) = 0 if and only if ¢ = 0. Thus, since

n(t; —C) is the denominator in G, t4;=0. Hence

tlirno G1(t;C) = oo. (245)
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But, by ’Hospital’s rule (see Johnsonbaugh and Pfaffenberger [1981]),

}E% G1(t;C)
[fs(t; —C)sin(t — 6 + )
n(t; —C)

= lim

= lim L

10 [—f“(t; —C)+£5(¢t;,-C)C?
X (—4{10(15; —C)n(t;—C)sin(t — 0 + )

1
X (1 - (1 4+ 26%(t; —C) cos(t — 0 + ) + £4(¢; —C))3/2)
+ C&%(t;—C) cos(t — 0 + )

1
8 (1_ (1+2£2(t;—C)COS(t—0+W)+£4(t;—0))3/2>]

1
X (1 - (14 26%(t; —C) cos(t — 0 + ) + £4(¢; —C))3/2)
~ €8(t;—C)sin(t — 6 + )

1 !
X (1 - (1 4+ 2€2(t; =C)cos(t — 6 + m) + £4(¢; —C))3/2) )]
— CE™2(t;—C)cos(t — 8 + )
~ %o —&4(t; —C) + &5(¢; —C) C?

1
8 (1 T (14 2€2(t;—C) cos(t — 6 + 7) + £4(¢; —C))3/2>
_ —64CTM (1 - (1 -4C 72 +4C )73/
B —4C—* +8C-8C?
—64C~1 (1 - (1 —-2C~%)73)
- 4C—*

e (55

# 00,

since C' > /2. So we have a contradiction with (245). Thus

i3

—00 < G1(t; C)dt < o0. (246)

_ts

Therefore, by (241), (242), (243), (244), and (246) we have that (239) holds. Since
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0 < &(t;—C) < V2|C|7! for all t € R, and Go(t;C) = £2(t; —C)G,(t; C), then

/ TG 0)dt < / T -C)Gu (50t

2 o0
< ﬁ/_w |G1(¢; C)|dt
< 0.
Hence
-0 < / G4(t;C)dt < o0. (247)
Next we show that
—00 < / Gs(t; C)dt < oo. (248)

By (61),

G3(t;C) =€*(t;-C) (1 —26%(t; —C) cos(t — 0 + )

B 1+ &2 cos(t— 6+ ) )
(1 +2€2(t; =C)cos(t ~ 0+ m) + £4(t; =C))3/2 )

Since C > v/2, 1 4+ 2€%(t; —C) cos(t — 8 + ) + £*(t; —C) is bounded away from zero on
all of R. Since 1 4 2£2(t; —C)cos(t — 0 + 7) + £*(t;—C) — 1 as t — 00, then there
exists Ko € Rt such that |G3(t;C)| < K2&*(t;—C). So, by Lemma 30, (248) holds.

Since n is a bounded function of ¢, then
—00 < / G4(t;C)dt < 00 (249)

follows in a manner similar to the above argument.
For the remaining two integrals, notice that Gs(t;C) = £%(t; —C)G3(t;C), and
Ge(t; C) = €2(t; —C)G4(t; C). Since € is a bounded function of ¢, we have that

-0 < / G5(t; C)dt < oo, (250)

and

—00 < / Ge(t; C)dt < o0, (251)

and thus the assertion is proved.
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It follows from (239), (247), (248), (249), (250), and (251), that there exists a
K(C) € R* such that we can write (238) as

A 0V = =Dy (pu0n0 + LK (C) + O(4?). (252)

If we choose y small enough, then (252) implies that

Av,r(zo(u,C))v = _Avx(p(#,C))o + O(p). (253)

By approximating the variation of 8 and v along v.(p(¢,C)), we can use (253) to write
(236) as

As (1,09 = By (p(n,0) 0 + By (@ + O(1)

= =By (p(w)0 + D, iuon@ + O(1)-
This implies that

204, (p(u,0)0 = Doy, (p(u,cnya + O(p).

So if u is small enough, then

QA%(P(#,C))G = Avx(p(#,C))a + 0(/1)7

This completes the proof.

Theorem 56: If u € (0,1) is sufficiently small, then there exists an open connected
bounded Y C (v/2,00), with supY — /2 small, such that if miny f is sufficiently large
(for f € Qy.r,u), then for allC €Y, A oyt # 0 and

T=(Psccy(m,

d
E—EA'YI(Pf(C)(I‘vC))t # 0.

Proof: If 4 € (0,1) is sufficiently small, by Theorem 52 there exists 6, > 6; > 0
such that for all C € (vV2+61,v2+63), A, (p(uwcy@ # 0 and (d/dC)A.,_ (p(u,cyy # 0.
By Theorem 55 we can approximate Ay (p(u,cy)f by %A%(p(u,c))a for y sufficiently
small. So we can find &, > &; > 0 such that forall C € (\/5-{-51 , \/§+32), Ay (p(u,cnl #
0 and (d/dC)A,, (p(uc)d # 0. Let Y = (V2 + 61,v/2 + &;). If miny f is large enough,
where f € Qy,x ., then A, (54,00 is approximated by Ay, (pcy(m,c))d- By Lemma

46, Ay, (psc)(u,C))t is approximated by %A%(p(#yc))a. Thus, A oyt # 0 and

= (Psccy(n,

d
20 Bresormont # 0
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for all C € Y provided that miny f is sufficiently large. This completes the proof.

Corollary 57 (Xia): If u € (0,1) is sufficiently small, there exists an open con-
nected bounded Y C (v/2,00), with supY —+/2 small, such that if miny f is sufficiently
large (for f € Qy ), there exists a real analytic function B5 : Y — R such that for
alCeY, ps(C)#0, (d/dC)Bs(C) # 0, and

tf(C) = ﬁf(C) + t().

Proof: Let yu € (0,1) be sufficiently small. By Theorem 56 there is an open
connected Y C (v/2,00), with supY — /2 small, such that if miny f is large enough,
A‘V:(Pf(c)(uyc))t # 0 and (d/dC)A%(pJ(c)(Mc))t # 0 for all C € Y. Let ﬁf(C) =
Ay (pseey(mc)t- That Bs(C) is real analytic in C follows by the real analyticity of the

full equations and its solutions. By Lemma 45, the prove is complete.

Recall that we set out to show that there exists an open bounded interval of
C-values such that the ¢p-embedding of “most” of the periodic points p,(u,C), for
n e N(W,,u, C), with arbitrarily large period are quasiperiodic in that there exists an
B(C) € R, incommensurate with 7, such that t, = to + 8(C) (mod 2x). By Corollary
57 we have, for sufficiently small p € (0, 1), the existence of an open connected bounded

Y ¢ R* such that if miny f is sufficiently large, there exists 85 : ¥ — R, such that

d
_0(C) #0 (253)

for all C € Y. Condition (253) implies that 8y is strictly monotone. So the Lebesgue
measure of §;(Y) intersected with the set of real numbers incommensurate with = equals
the Lebesgue measure of Y. Thus, for almost all C € Y, 84(C) is incommensurate with

7. This gives the existence of quasiperiodic points for the (Y, f)-transverse map.

Definition 58: Let a be contained in some open connected interval A C R. Let

7 be an S! variable. A map

{ a—a
T— T+ F(a)
is a called a twist map if F'is C! and

d
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for all a € A.

The projection of the (Y, f)-transverse map onto {(0,0,C,t) : C € Y,t € S}
satisfies the definition of a twist map. Since we know that the (Y, f)-transverse map
fixes the z and y coordinates, then qu,f,,,,,, is a twist map on the annulus Qy s » . given

that p is sufficiently small, and miny f is sufficiently large.

7. Arnold Diffusion in the Elliptic Problem

In this section, we perturb the parameter e and study the effects of this perturba-
tion on the dynamics of the autonomous full equations (164). The elliptic problem, as
given in (23), is easily written in terms of the variables (z,y, C,t), and in these variables
it is called the perturbed autonomous full equations. These equations admit a Poincaré
map which is a perturbation of the Poincaré map ¢;,,,. Under a small perturbation of
e, most of the invariant circles in Qdy . , persist. By studying the stable and unstable
manifolds of the persistent circles, we will show that the chaotic phenomenon known

as Arnold Diffusion exists in the elliptic problem.

Lemma 59: Fiz (u,e) € (0,1)2. Then the vector field of (23) is 2mw-periodic in t,

and 2m-periodic in 0.

Proof: Since 2’ and ¢’ do not depend explicitly on ¢ and 4, then z’ and ¢’ are each
2m-periodic in t and in §. With ¢’ and p’, there are higher order u-terms to contend

with. First we show that y’ is 27-periodic in ¢ and in 6.

From the definition of y, as given in (15), we have that

, 1 9 9 0 0 5 5 (ap + @p)?
Yy q% n q% (pl P2 qQ1 8(]1 q?2 8(]2) q7 q3 m ( )
where we have made use of (5). Now
8_U__ (1= p)(q1 — pry)
8(]1 N —ur 2 + —ur 2 3/2
((ql u 1) ((12 u 2) ) (255)

plqr + (1= p)ry)
(@ + Q= p)r1)? + (g2 + (1 — p)r2)?)

3/2°
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and
o _ (1 —p)(q2 — pra)
O (g - pr1)? + (@ = pre)?)*? (256)
3 p(gz + (1 = p)ra)
(g + (1= )2 + (@ + (1= wyr2)?)* "
Adding (255) multiplied by ¢; to (256) multiplied by g2, we have
o gg ng_U _ - +d - mlars + qzsczz))
N 12 ((g1 — pr1)? + (g2 — pr2)?) (257)

— ul(gf +a3 + (1= p)(qairs + g2r2)) .
(1 + (1= )r)? + (g2 + (1 — w)r2)?)*"?

The transformation of (257) under A is

(1= p)(2® — puz'Ry) p(z® + (1 = p)a Ry)

(1= 2002Ry + p2zd(rd +73))"0 (14201 — )22 Ry + (1= )2t} +13))"""
(258)
where we have used (16). By (19), (74), (75), and (258), the transformation of (254)
under A is
1 — p)(a* — pzSR
y' = 2%p% — (1—p)(z* —pz®R)

(1 —2uz?Ry + p2z4(r? + r%))3/2

_ p(et + (1 = p)z®Ry) (259)

(14201 — p)a®Ry + (1 — p)22t(r? + 7‘%))3/2 .

In (259), the variable ¢ is found only in 7y, 72, and Ry. Each of these is 27-periodic
in t (see appendix and (16)). In (259), the variable 6 is found only in R;, which is
2m-periodic in 8 by (16).

Now we show that p’ is 2n-periodic in ¢ and in §. From the definition of p, as given

in (15), we have that
ou oUu

(R A
where we have used (5). If we subtract (255) multiplied by ¢2 from (256) multiplied by

(260)

g1, we have

oU ou (1 — p)(ger1 — qire)
(I1—8— - (Iza— = 3/2
% N ((q1 = pr1)? + (g2 — ur2)?)
p(1 ~ p)(g2ry — qur2)

(g1 + (1= p)r1)? + (g2 + (1 = p)ra)?)

(261)

3/2°
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The transformation of (261) under A is

pl=—- w1 = w)a" Ry
(1 - 2u2?Ry + pat(r2 +13))° (262)
p(1 = p)z°Ry

(142(1 = p)z?Ry + (1 = p)2at(r? +12))*"?

In (262), the variable t is found only in 71, 72, Ry, and Rz, each of which is 27-periodic
in t (see appendix, (16) and (22)). In (262), the variable 8 is found only in R, and Rq,
each of which is 27- periodic in § by (16) and (22). This completes the proof.

Define J : Rt x §7 x R® x [0,1)> — R by

1 1 -
J(2:0,9, 0,8 1,€) = 39" + 52'p" = U(2,0, 81, €) = p, (263)

where U is the transformation of the potential function under A. Note that setting
e =0 in J gives the Jacobi integral (82).
Lemma 60: Fiz (u,e) € (0,1)2. Then J is 2m-periodic in t, and 2w-periodic in 0.

Furthermore, dj/dt s 2m-periodic in t, and 2w-periodic in §.

Proof: To show that J is 27-periodic in ¢ and in 6, it is sufficient, by (263), to
show that U is 2r-periodic in t and in 8. The transformation of the potential function

(4) under A is

) 1—p
U(z,0,t;1,e) =
( e) Vet —2ux=2Ry + p*(r? +r3)
N p
VTt +2(1 — )2 Ry + (1 — p)=(r? +r3)

(264)

In (264), the variable t is found only in rq, r2, and R;, each of which is 27-periodic
in t (see appendix and (16)). In (264), the variable 6 is found only in R; which is
2n-periodic in 6 by (16).

To show that dJ/dt is 27-periodic in t and in 6, differentiate (264) with respect to

t. This gives
dJ 32 dU ,

d—t:yy'+21:px+x4pp'—~8?~ : (265)

By Lemma 59, the terms in (265) involving y', =, and p’ are 27-periodic in ¢ and in 6.
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From (264),

aUu

1 _ _ -3/2
—:—E(l—u)(x Y —uzT Ry + p* (1} +13)) /

dt
X (—4:c'5:c' +4pz 3Rz’ — 2/1:c'2R'1
+ /12(27'17"1 + 27'27';))

1 (266)
— (e + 21 - w2 PRy + (1= w(rf + 1)

-3/2

x (—4z7%2' —4(1 — p)z 3 Ryz' + 2(1 — p)z 2R}
+ (1= p)*(2r17) + 2ram3)).
In (266), the variable ¢ is found in the terms ry, 72, 7}, 75, R, and R]. We know that

T1, T2, and R; are 27-periodic in t. Since, by (16),

. dro dT |
R, = ———cosf —ryztpsinb + —C—l—j—?—%sm0+ roztpcosé, (267)

and as dr;/dt, i = 1,2, are 27-periodic in T (see appendix), and dT'/dt is 2m-periodic
in t (see appendix), then 7}, 73, and R} are 27-periodic in t. In (266), the variable
6 is found in the terms Ry and Rj. By (16), R; is 2m-periodic in §. By (267), R] is

2m-periodic in 8. This completes the proof.

With e € (0,1), C is no longer a constant of motion. However, we can still use
C = J(z,0,y,p,t; 4,€) (268)

to solve for p = p(z,0,y,C,t; u,e). By Lemma 60, p is 27-periodic in ¢ and in 6.

Theorem 61: Let (u,e) € (0,1)%. If e is sufficiently small, then the equations of

motion of the elliptic problem in (z,y,C,t)- variables are given by the two-parameter

Sfamily

((dz —32%y
ds 1—ztp
dy  —z* + 280 + pgi(z,s
d_S: 1— zt l( )+O(/‘t2)

¢ ~ p (269)
dC dJ( ; bne)
dS - dS IE, S’y’pa aﬂ’e
it 1

\ ds 1 -ztp’

where J is given by (263), and p is given by (268). Furthermore, the vector field of

(269) is 2m-periodic in t, and 27-periodic in s.
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Proof: Let (u,e) € (0,1)%. Since g; and g3, as given by (24) and (25) respectively,

are real analytic in e, then we can write
gi1(z,0,t;e) = g1(z,t — 8) + O(e), (270)

and

g2(z,0,t;e) = go(z,t — 8) + O(e), (271)

where §; and g; are given by (61) and (62) respectively. Substituting (270) and (271)

into (23), we obtain

'I 13
x—__
= 2$y

0! — 1'4
4 ? (272)

!

' =—z* + 2% + pgi(z,t — 0) + O(ue) + O(u?)

L0’ = nga(z,t — 0) + O(ue) + O(1?).

If e is small enough, then O(ue) + O(p?) = O(u?). If we replace 8 by ¢ — s, then by
Lemma 14, (272) becomes

( dz B —%xsy
ds 1-zip
g rip
ds  1— 24
¢ 14“’62 ) (273)
d_y: -tz 14 +,Ug1($,3)+0( 2)
ds 1—zxp a
d 1ga2(z, s
_p__iﬁ__)+0(u2),

L ds  1-—2zip
Since the vector field of (273) does not explicitly depend on 8, we can drop df/dt from

(273) and replace it with dt/ds as given by Lemma 14. And since we can solve for p
by (268), we can drop dp/ds from (273), and in its place put

ac _ dJ

= 4 t_,vvt;’,
N CALA A L D)

and we obtain (269). That the vector field of (269) is 27-periodicin t andin s =t — 6
follows by Lemmas 59 and 60. This completes the proof.

Note that the vector field of (269) is naturally extendable to all z € R. Since the

vector field of (269) is 2m-periodic in ¢t and in s, then the generalized phase space of
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the equations (269) is R? x S?. By expanding dj/ds in terms of e, it follows that the
vector field of (269) is a perturbation of the vector field of the full equations (163). For
this reason we call the equations (269), with the vector field of (269) extended to all
z € R, the perturbed full equations. In autonomous form, the perturbed full equations

are, using 7 as a dummy time variable,

(dr —%z"‘y
dr 1 —z4p
dy _ —z* 4+ %" 4+ pgi(z, )
dr 1—=z%

{ dC _dJ (274)
- 2 - t:
i C A N )
i1
dr ~ 1—1ztp
ds
e |

\ dT ’

where s(0)=0. We begin our analysis of the phase space of the autonomous perturbed

full equations by looking for invariant sets in {(0,y,C,t,s) :y,C € R,t,s € S'}.

Proposition 62: Let (u,e) € (0,1)2. Then the set
{(0,0,C,t,s): C € R,t,s € S}

is invariant under the flow of the autonomous perturbed full equations (274).

Remark: The set given in the above Proposition is the same as the one given
in (165), and is invariant under the flow of the autonomous full equations (164) by

Proposition 41. Thus the set (165) is invariant for all e € [0, 1).

Proof: Let (Co,t,50) € R x S? be arbitrary. Let
w(so+ 1) = (wi(s0 + 7),wa(so + 7),w3(so + 7),wa(s0 + 7), 8 + 7 (mod 27)) (275)

be the solution of (274) that satisfies the initial condition w(se) = (0,0, Co, to,S0).
What we need to show is that wy(sp + 7) = 0 and wz(sp + 7) = 0 for all 7 € R. By

observation of (274), we see that
dz

z=0
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Thus it follows that wy(so + 7) = 0 for all 7 € R. By the chain rule

dy dydtds
dr ~ dtdsdr’ (276)

From (259), we have that y' = 0 when z = 0. Thus (276) implies that wa(so + 7) =0

for all 7 € R. This completes the proof.

By considering what dC/dr is when z = 0, we can discern something more about

the solutions in the set (165). By the chain rule, and the definition of C, we have that

dC B dC dt ds

dr dt~ dsdr (277)
_ dJ dt ds
T dt dsdr’

From (265), we know that

dJ

dU
E =[yy'+2$3p2$'+$4pp'———-p'

dt
[ au
a dt g z:O’

since £’ = 0 and y' = 0 when z = 0. From (266) and (262),

z=0 =0

au

dt =0 and pl|x=0:0’

=0

and so from (277), dC/dr = 0 when £ = 0. Thus, for the solution (275) satisfying
the initial condition w(sg) = (0,0,Co,t0,80), ws(so + 7) = Cp for all 7 € R. By
observation of the vector field of (274), we see that dt/dT = 0 when £ = 0. Thus
wy(so + 7) = to + 7 (mod 27) for all 7 € R. Therefore, the solutions (275) with the
initial cor *"ions w(sg) (0,0, Co,t0,50) for Co € R fix * and (t9,s0) € S? for  the
resonant 1 : 1 flow on the 1-torus 7! = S x §1.

Let so € S!'. By Theorem 61, the vector field of the autonomous perturbed full
equations is 27-periodic in s. So we can reduce the flow in the phase space of (274) to
a three-parameter, four-dimensional Poincaré map ¢, , . : X*=% — £°=%. Note that
©ao.u0 = Pso.u- By Proposition 41 and 62, the set {z = 0,y = 0} (as defined by (166))
is invariant under @, , . for all e € [0,1). Moreover, by the discussion in the previous
paragraph, each point of {z = 0,y = 0} is a fixed point of ¢,, , . for all e € [0,1). Let
{z>0:%} ={(z,y,C,t): 2 > 0,y,C € R, t € S'}.
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Theorem 63 (Robinson): Let (so,u,€) € S'x(0,1)x[0,1). Then Weoe ({z =
0,y = 0}) and W ({z = 0,y = 0}) exist and are real analytic in {z > 0: T}.
Proof: See Robinson [1984].

Note that in Theorem 63, e € [0,1). For e = 0, we have the following relation
between the stable (unstable) manifold of {x = 0,y = 0} with respect to ¢,, 4,0 and
the stable (unstable) manifold of the fixed point (0,0) of ¥,, ,c+. Let {C = C*} =
{(C*,t):te S}

Proposition 64: Let (so, 1) € S x (0,1), and set e = 0. Then

W;,O,,.,o ({z=0,y=0}) = U (W,Z’M"c. (0,0) x {C = C'}),
C*€R

and

We oo =0w=00 = U (W5,,..00x{c=c}).

C*€eR

Proof: Let (z9,y0,C*,t0) € X*=%. Note that with e = 0, C* is a constant of
motion by Theorem 12. Recalling that ¢, 40 = ¢s,,4, and applying Proposition 42,

we have

S‘oioy;‘,o(x()? y03 C*7 tO) = ¢£Oyﬂ(x0’ y(), C*, t())
= (¥l uceC™t). (278)
If (zo,y0) € W) . (0,0) C &, then (278) implies that
30K,

(:Eo,yo) X (C*,to) = (.’L‘g,yo,C*,to) (S W;so,;.&,o ({.’L‘ = O,y = 0})

On the other hand, if (zg,y0,C*,tg) € W ({z = 0,y = 0}), where to € S? is

¥s0,u,0

arbitrary, then (278) implies that

(xo,yo) € W’Z,O,,.,c' (0,0)

Hence

($0,y0,C*,t0) = (xo,yo) X (C*,to) S Wiso,#’c_ (0,0) X {C = C*}
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The other statement regarding the unstable manifolds is proved in a similar manner.
This completes the proof.

It follows from Propostion 64 that the manifolds W7 ,{z =0,y =0}) and

u

Proum0 ({z = 0,y = 0}) are three-dimensional manifolds in £*=*°.

Using the fact that C'* is a constant of motion when e = 0 we can gain some insight
into the set formulas given in Proposition 64. Let (xo,%0,C*,t0) € W e (0,0) x
3014,

{C = C*}. Since C* is a constant of motion when e = 0, then
(loio,u,O(anyOvC*,tO) € quso'“'c- (0’0) X {C = C*}

for all j € Z. Thus W;’O o
result holds for Wg, ({z =0,y =0}).

({z = 0,y = 0}) is the union of invariant sets. A similar

From here on in, fix s = 7, and fix 4 € (0,1) sufficiently small. Let Y be the
open connected bounded subset of (v/2,00) given by Theorem 56. Fix f € Qy r , with
miny f sufficiently large. For C* € Y, define

Tc- = {pscy(1,C*)} x {C = C*}.

Note that T¢- is a subset of the annulus Qy 5 » .. Also note that T¢- is diffeomorphic

to a circle. For this reason we refer to T¢- as a circle. In the proof of Proposition

43, we showed that each circle T¢. is invariant under q&,fr(,(f R

. . c*
invariant under cp,fr(“ 0).

. Thus each circle T¢. is

Proposition 65: Let u € (0,1) be sufficiently small, f € Qy,x, ., and set e = 0.
For each C* €Y,

W;f(c‘)(TC') =W?cy (Pf(C')(,U, C*)) x {C = C"},

x,u,0 wr,p,c‘

and

W:MC‘)(TC‘) = W,Zf(c;)_ (Pf(C')(#aC*)) x {C=C"}.

*, 5,0

Proof: Let (C* 1) € {C = C*} CY x S'. Note that C* is a constant of motion
by Theorem 12. If (zg,y0) € VV;,(C.) (pf(c.)(,u,C*)), then (278) implies that

x4, C*

(zo,%0) x (C*,t0) = (z0,%0,C"*,t0) =€ W;[(C‘)(TC')-

~,u,0
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On the other hand, if (z0,y0,C*,t0) € W* e y(Tc+), then (278) implies that

ruO

(zo0,%) € W,Z/(c-c)_ (Pf(c-)(H,C*))-

Hence

(‘tO?yOvC*’tO) = (‘TanO) X (C‘7t0) € W'ZI(C‘C)_ (pf(C')(,U,C*)) X {C = C*}

The result regarding the unstable manifolds is shown in a similar manner. This com-

pletes the proof.

There are two consequences of Proposition 65. The sets

W ](C‘ (TC*) and W I(C' (TC.)

ruO ruO

are two dimensional manifolds. And they are real analytic manifolds in ¥*=7 since

le(c‘ (Pf(c )(#, )) and W¥ /(c' (Pf(C')(lh ))
are real analytic manifolds in I'Z3™.

Definition 66: Let V be a Banach space over R. Let M and N be differentiable
manifolds in V. The tangent space of M at a point p € M is the linear span of the
tangents vectors at p of differentiable curves in M passing through p. We denote the
tangent space of M at p by 7,M. The manifolds M and N intersect transversally
at a pointp € (MNN)if T,M +T,N = T,V. The manifolds M and N intersect
transversally on a set A C (M N N) if M and N intersect transversally at each point
p € A

We are dealing with the Poincaré map ¢, , . defined on the Banach space ¥*=". In
particular, the tangent space of X*=7 at each point p € £*=™ is T,X*=" = R*. For the
Banach space T'{=™, the tangent space at each point p € '™ is T,I'%%™ = R? =

A smooth simple closed curve is the diffeomorphic image of S!.

Proposition 67: Let p € (0,1) be sufficiently small, and set e = 0. If C* € Y
and miny f is sufficiently large, then there exist smooth simple closed curves ¢§(C*) and
(C*) in =™ such that W* e ,(Tc+) intersects W* ) ({z = 0,y = 0}) transver-

1 y 4,0

sally on ¢&§(C*), and W*, .., (TC.) intersects W¢,(c. ({z = 0,y = 0}) transversally
‘Px,p,O

x,u,C*
on c3(C*).
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Proof: Let C* € Y, and f € Qy .. If miny f is sufficiently large, then from the
proof of Proposition 40, W" e (pf(c. (1, C*)) intersect W‘J . (0, 0) transversally
at some point (zo,yo) € I'&=". Thus W* e (pf(c. (u, C* )) intersect W* 1), (0,0)

transversally at the point (zg,vo) € F’C—. Hence there are one-dimensional tangent

spaces [* and [* in I'Z™ such that

"= zlo»yo)W _f(c' (pf(c')('u’c ))

= zro»yo)W;f(c') (0,0),
x,u,C*

and [* +1° = T'&™. By Proposition 65,

Wi (Te-) = Ww(c. (psccsy (1w, C*)) x {C = C*}. (279)

1;‘0

By a slight variation of the proof of Proposition 64,

Ween(a = 0.0=0) = U (Wigen 00 x{C=Ca}). (280

1;‘0 Co€R r;‘Co

Since W* e, (Pg(c)(,C*)) intersect W* 1) (0,0) at (zo,y0) € '™, then (279)
and (280) 1mp1y that W e (Tc+) intersects W o) ({z = 0,y = 0}) on the set

:0;‘0

A = {(z0,%0)} x {C = C*} The set A is diffeomorphic to a circle, and so A4 is a

smooth simple closed curve in £*=", Let ¢?(C*) = A. Now we need to show that

W ooy (Tc+) intersects W?, ., ({z = 0,y = 0}) transversally on the set ¢2(C*). Let
¥ ¥

*,u,0 3g,m4,0

(z0,Y0,C*,t0) € §(C*). From (279),

ZIo,yo,C',io)W:f(C‘)(TC') = lu X {C*} X R (281)
From (280),
721-0 v0,C* 10)W _f(C )({l‘ = 0 y = 0}) = la X R X R (282)

Since I* + I* = T'¢%™, then the sum of (281) and (282) is R!. As ty € S! is arbitrary,
then W* a5 ,(Tc+) intersects W* 23t ,({z = 0,y = 0}) transversally on c¢J(C*). That

1;‘0 ruO

W?e,ce (TC-) intersects W .., ({x =0,y = 0}) transversally on some circle c3(C*)
® ®

*,1,0 *,u4,0

in %*=7 follows in a similar manner. This completes the proof.
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Definition 68: Let C* €Y, f € Qy,ru, and e € [0,1). A set A C £°=7 is locally
invarient under go;fr(fe) if for each point (z9,%0, Co, o) € A, there exists ny,ny € NU{0},

not both zero, such that

- j
((P,{(’ie)) ($an0’ C(),to) cA

for all j € {—n1,—n; + 1,..,n2 — 1,n2}.
Note that any set A C ¥*=" invariant under go;fr(EC) is also locally invariant under

c*
SO{'S/J,E) °

Definition 69: Let C* € Y, f € Qy,x,u, and r € N. A compact C" manifold

(c”)

A C E°=7, (locally) invariant under QD;fr,u,O ’

is (locally) persistent if for all sufficiently
small e € (0,1) there exists a C™ manifold A¢ C £*=7 (locally) invariant under cp;frff,;),
CT diffeomorphic to A, and C?! close to A. If A is (locally) persistent, we say A (locally)

persists and perturbs to A¢ when e is perturbed.

Theorem 70: Let € (0,1) be sufficiently small. Fiz f € Qy,x . so that miny f
is sufficiently large. Then most of the invariant circles Tce in Qy f x , persist when e

s perturbed.

Remark: By “most” we mean the following. Let Qy,f,,,,# and Tc. be the pro-
jections of Qy ¢, and Tc-, respectively, to {z = 0,y = 0}. Then, as e — 0, with
e € (0,1), the Lebesgue measure of the persistent circles T‘C tends to the Lebesgue

measure of Qly ¢ x ..

Proof: In the last section, we showed that the (Y, f)-transverse map d;y’f,,m is a

twist map on the invariant Qy s » ,. Using (172), we have that

g * . * c* *
¢Y,f,1r,u($0,y0,c atO) - ¢;er5 )($0ay0aC atO) = (,D;frfuyo)(l'o, yO,C 7t0)

f(c)

£;(C)
™, 1,0 t

provided that (zo,%0,C*,t0) € Qv fru. Let & 4,0

Qv ¢,xu- Then, @ﬁfi;) is a twist map. Let A be a compact invariant submanifold of

be the restriction of ¢ o

Qv f .z, such that the projection A of A to {z = 0,y = 0} is connected and has Lebesgue
measure greater than zero. Xia [1993] showed that A4 persists, and that cﬁ;fr(fe) restricted
to A® is area-preserving for all e € [0, 1) sufficiently small. Appyling KAM Theory (see

Guckenheimer and Holmes [1983]) gives the persistence of most of the invariant circles
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Tc+ in A. By choosing A so that the Lebesgue measure of Qy,f,,,,“ \ A is close to zero,

the proof is complete.

Proposition 71: Let p € (0,1) be sufficiently small, and let C* € Y. If Tc»
persists, then there exist smooth simple closed curves c¢{(C*) and c3(C*) in £*=" such
that c¢(C*) is Cl-close to c?(C*), i = 1,2, and W“ (C.)(Té.) intersects W’ sy ({z =
0,y = 0}) transversally on c$(C*), and W* 25 )(TC.) intersects W* (e ({:1: =0,y =

Pr,u,e Prx,pu,e

0}) transversally on c5(C*).

Proof: By Proposition 67, W* e «y(T¢+) intersects W* 21 )({:1: = 0,y = 0})

1;10 1;4

transversally on c¢(C*). Let A be a compact connected subset of Wwi(fo ,(Tc+) that
contains Tc- and ¢(C*) in its interior. The set A is a locally invariant manifold. Since
Tc- persists, perturbing to T., the set A locally persists, perturbing to some compact
connected locally invariant set 4¢ C W* A (TC-) by Invariant Manifold Theory (see
Fenichel [1971] where the connectedness I)ffél is required). Note that A¢ contains T¢..
By Theorem 63, we know that W’,(C. ({x =0,y = O}) exists and is real analytic in
{x > 0: X} for all e € [0,1). Slnce W (e «y(Tc+) intersects W* ,(C.)({x =0,y =

x 24,0
0}) transversally on ¢§(C*), then W* Ll )(TC-) intersects W* e )({:1: = 0,y = 0})
.lo H,e
transversally on some smooth simple closed curve c{(C*) C £°=™ C!-close to c3(C*),
provided that e € (0,1) is sufficiently small. The other statement is proved in a similar

manner. This completes the proof.

Definition 72: Let u € (0,1), e € [0,1), and A C £*=". A point (z,y,C,t) €
Y#=7 belongs to the w-limit set of A, denoted by w(A), if and only if there exists a
point (zg,Y0,Co,t0) € A such that

limint {|I(¢£(2)’ (70,0, Co. to) = (2,4, C. )|} =

A point (z,y,C,t) € £°=™ belongs to the a-limit set of A, denoted by a(A), if and only
if there exists a point (zg, Yo, Co,t0) € A such that

1]1_1’{1_11;.15 {“((p{r(se)) (anyOaCOatO) - (.’L‘, Y, Cvt)“} =

Proposition 73: Let u € (0,1) be sufficiently small, e € [0,1), and C* € Y.
If e = 0 or e > 0 is sufficiently small, then w(c$(C*)) and a(c§5(C*)) are circles in
{z =0,y = 0}. Furthermore, w(c{(C*)) = a(c§(C*)) for e =0 or e € (0,1) small.
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Proof: Suppose w(c)(C*)) is a circle in {z = 0,y = 0}, and let A be this circle.
Since A C {z = 0,y = 0}, then A persist and perturbs to A°. However, since {z =
0,y = 0} is invariant for all e € [0,1), and as each point of {x = 0,y = 0} is a fixed
point (which does not move when e is perturbed) for all e € [0, 1], then A¢ = A. Thus
w(c§(C*)) is also a circle, given by A€, for all small e € (0,1). So, it is sufficient to
show that w(c?(C*)) is a circle in {z = 0,y = 0}.

Recall that ¢3(C*)) is given by {(zo,0)} x {C = C*} for some

(zo,y0) € Wi’i(fc) (0,0).

f(c)

Thus, (zo,y0) — (0,0) under iterations of v o’

Since e = 0, then the vector field of

the autonomous full equations (164) does not explicitly depend on t. Thus, for each

n4+2nx3 X f(C*) dt

Note that the integral in (283) does not depend on t;. Thus, each iterate of the

1{(50) onto {z = 0,y = 0} rotates the circle {C = C*}. Therefore, for

any (C*,t) € {C = C*}, we can find (o, y0,C*, %) € cJ(C*) such that

J €1,

projection of ¢

Hence w(c3(C*)) is a circle in {x = 0,y = 0}. The result for a(c3(C*)) is shown
similarly.

Now we show that w(c§(C*)) = a(c5(C*)) for e = 0 or e € (0,1) small. It is
sufficient just to consider the case when e = 0, since for small e € (0,1), w(c$(C*)) =
w(c§(C*)) and a(c§(C*)) = a(cI(C*)) by the nature of the invariant set {z = 0,y = 0}.
When e = 0, then C* is a constant of motion by Theorem 12. Thus w(c§(C*)) =
a(c3(C*)). This completes the proof.

Note that ¢(C*) belongs to the stable manifold of, and ¢(C™*) belongs to the un-
stable manifold of, the circle {(0,0)} x {C = C*}. Also note that the circle {p(u,C*)} x
{C = C*} is contained in the intersection of the stable and unstable manifold of the
circle {(0,0)} x {C = C*}. Since w(c§(C*)) = a(c3(C*)) by Proposition 73, then
W, ooy (w(c3(C*)) intersects W;,(C.)(a(c(l’(C*)) on the set {p(y,C*)} x {C = C*}.

‘p',#yo x, 4,0
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Now,
Tia(n.cn),0 1) Worien (W(1(C)) + Tipgu,cn),00 1) W psien (a(e2(C7)) = R?,

and so the intersection is not transversal. Recall that there are two families of tranverse
symmetric homoclinic orbits. Since the later part of Section 5, we have concentrated on
the family p(u,C) in T'&F ™. The proof of the next lemma requires this and the family
P(1,C) in T,

Lemma 74 (Xia): Let p € (0,1) be sufficiently small, and let f € Qyso.u
be such that miny f is sufficiently large. If Tc. persists when e is perturbed, then
W™, cey (w(c§(C*))) intersects W, ., (a(c§(C*))) transversally at some point either

¢ ¢

30,4, € 30,4,€
tn 3.°=% for either so =0 or sp = .

Proof: See Xia [1993].

We will need to apply the A-lemma, but the fixed points in {z = 0,y = 0} are not

hyperbolic. However we do have the following nonstandard version of the A-lemma.

Lemma 75: Let ¢ be a smooth simple closed curve in {z = 0,y = 0}. Let P be
a smooth surface that intersects W;,(c.)({x =0,y = 0}) in a curve | such that the
intersection with P is transversal og,;;gand w(l) = c¢. Then, for any p € W:{rff,:)(c)
and a small neighbourhood N C W:,(c.)(c) of p, there exists a small disk N C P such

*, e

that some image of N under iteration of 99;';(,?5) is Cl-close to N at the point p.

Remark: By switching the superscripts ‘u’ and ‘s’ and requiring a(!) = ¢ in Lemma
75, or, by replacing m by 0, the resulting statements also holds.

Proof: The proof follows from a local behavior of the the map 99,{(,?5) near the

invariant set {z = 0,y = 0}, and is similar to the proof of the A\-lemma (see Palis and

de Melo [1982]).

The combination of Proposition 71, Lemma 74, and Lemma 75 gives us the main

result of Xia [1993].

Theorem 76 (Xia): Let p € (0,1), e € (0,1) each be sufficiently small, and let

f € Qyx,u be so that miny f is sufficiently large. If Tc. persists and perturbs to T¢.,

then W’f(c.)(Té.) intersects W“f(c.)(Té.) transversally. Let Cy,Cy € Y such that
ﬁor,p,e Sat,p,z
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Cy # Cq. If |Cy — Cy| is small enough and T¢c, and Tc, persist and perturd to T¢, and

¢, respectively, then W;,(Cl)(Tgl) intersects W:,(C2)(T52) transervally.
LTI

e

Remark: By switching the superscripts ‘u’ and ‘s’, we have that W:,(Cl)(Tgl)
LTI

intersects W?, ., (ng) transversally provided that |C; — C3] is small enough.
®

A

Proof: First, we will show that for a persistent circle T¢-, W;{SE’:) (Té) and
W:{ff,:) (Té) intersect transversally at some point in ¥*=". By Proposition 71, there
exist smooth simple closed curves ¢§(C*) and ¢§(C*) in £*=7 such that W:{ff,:)(Té°)
and W;{(E:) ({z = 0,y = 0}) intersect tranversally on c¢§{(C*), and W:’{(E:) (T¢.) and
W:{ff,',) ({.7: = 0,y = 0}) intersect tranversally on c§(C*). By Lemma ”74, there ex-
ists a point p € £°=™ such that W:ﬁ‘f:) (w(c§(C*))) and W;i(f:) (a(c5(C*))) intersect
transversally at p. (Here we are assﬂrryling the point p is in E”="’. If it is in £*=° then
replace 7 by 0 and continue on.) By Lemma 75, there are pieces of W:{ff.:) (Té) Ccl-
close to W:“E;) (w(c(C*))) near p, and also there are pieces of Ws:frff,:) (T¢.) C'-close
to W;f,ff,:) (a(c5(C*))) near p. Since W:’;ff,:’(“’(c‘f(c*))) and W;frff,:) (a(cs(C™))) in-
tersect transversally at p, then W;{(S:) (Té.) and W:{,(f:) (Te.) intersect transversally
at some point in X*=7, . -

Now we will show that for Cy # Cs, with |C; — Cq| small enough, W;{ff,le) (Tél)
intersects W;{rff,’g) (ng) transversally. If |C; — Cq| is small enough, then pieces of
W;ﬁff,‘c) (T¢,) are C'-close to W;iff,i) (T¢,) near a point where W;{(,f,’e) (T¢,) intersects
W:,(c2)(T52) transversally. Thus, W;fff,‘e) (Tél) intersects W:{ff,%) (Téz) transversally.

T e

This completes the proof.

Now we will define the main mechanism of Arnold Diffusion as it applies to our

system.

Definition 77: For a persistent circle T with
W) (T5-)
T, e

intersecting

W:I(C‘) (T¢-)

T4 e
transversally at some point in ¥°=7, we say T¢. is a transition circle. A finite sequence

of transition circles T¢, for i = 1,2, ..., k satisfies a chain condition if foreach 1 <1 < k,
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3 € M u € u € M 8 €

w ,(c.)(TC',) intersects W f(C')(TC.-_H) and W™ .., (T¢,) intersects W f(C‘)(TC,-_H)'
FPx e Pr,pe Px, e FPr, e

If a finite sequence of transition circles T¢, for i = 1,2, ...,k satisfies a chain condition,

it is called a transition chain.

Theorem 78: Let (u,e) € (0,1)2 both be sufficiently small. Let f € Qy ., such
that miny f is sufficiently large. Then there exists a transition chain in the elliptic

problem.

Proof: Take a circle T¢, such that it is persistent. Then by Theorem 76, T¢&, is
a transition circle. By Theorem 70, we can find a persistent circle T¢, with Cz > C)
and |Cy — C2| very small. Thus, by Theorem 76, the transition circles T§, for i = 1,2
satisfy the chain condition. By Theorem 70, we can find a persistent circle T¢, with
C3; > C; and |C3 — Cy| very small. Thus, by Theorem 76, the transition circles Ta_ for
i = 1,2, 3 satisfy the chain condition. Proceeding in this way we generate a transition

chain for the elliptic problem. This completes the proof.

Let T&., ¢ = 1,2,...,k, be a transition chain in the elliptic problem. Let 1 <
J < k—1. A corollary of the A-lemma (see Palis and de Melo [1982]) states that if
stable (unstable) manifold of T¢, intersects transversally with the unstable (stable)
manifold of T¢ _ , and the stable (unstable) manifold of T¢, , intersects transversally
with the unstable (stable) manifold of T¢,  , then the stable (unstable) manifold of
Téj intersects transversally with the unstable (stable) manifold of ngH. Applying
this to the transition chain, we have that for all 1 < i < j < k, the stable (unstable)
manifold of T¢, intersects transversally with the unstable (stable) manifold of T¢,.
These transversal intersections imply that all the stable (unstable) manifolds of the
transition circles in the transition chain accumulate on each other, thus leading to
very complicated dynamics in the neighbourhood of the transition chain. Thus, there
are orbits (with respect to the Poincaré map) that “wander chaotically and slowly”
among the transition circles in the transition chain. This phenomenon of slow chaotic
wandering is called Arnold Diffusion, and was first described in Arnold [1964]. By
Theorem 78, Arnold Diffusion exists in the elliptic problem.
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Conclusion

This thesis has attempted to give a rigorous mathematical treatment of Xia’s proof
of the existence of Arnold Diffusion in the elliptic restricted planar three-body problem.
We have filled in many gaps, discovered and corrected some minor errors, and given
in rigorous detail many of the calculations that needed to be done. The constraints of
time have prevented a complete mathematical treatment of all the lemmas and theorems
used. For example, the proof of Lemma 74, as given in Xia [1993], would merit a thesis
in itself. What has been included in this thesis is nevertheless a substantial contribution
to the understanding of Xia’s proof of the existence of Arnold Diffusion in the elliptic
problem, and is by no means easily understood by a perfunctory glance.

There are two noteworthy consequences of the existence of Arnold Diffusion in the
elliptic problem. The first is that there are no real analytic integrals of the elliptic re-
stricted problem (see Xia [1993]). This extends a result of Poincaré [1899] regarding the
existence of real analytic integrals of the circular restricted problem. The nonexistence
of integrals for the elliptic restricted problem means that the problem is non-integrable.
The second consequence is that there exists solutions of the elliptic restricted problem
which are unstable in the sense of Liapunov (see Arnold [1964] and Xia [1992a]). An
example of an unstable solution in the elliptic restricted problem is easily found by
considering the Poincaré map of Section 7. For two persistent circles T¢ and T§,, the
stable manifold of the first intersects with the unstable manifold of the second provided
that |Cy — Cs| is small enough. By KAM Theory (see Guckenheimer and Holmes [1983)])
the motion on the persistent circle 7§, is quasiperiodic. Since the stable manifold of
T¢, intersects the unstable manifold of T¢_, then the A-lemma (see Palis and de Melo
[1982]) implies that there are orbits near T, which prevent the quasiperiodic orbits in
T¢, from being stable in the sense of Liapunov.

Bakker and Diacu [1993] have sought to bring to the attention of the astronomical
community Xia’s results. In particular, they investigated the existence of small celestial
bodies with unpredictable motion in the solar system. Further, they speculated on the
connection between the formation of the Kirkwood gaps and Arnold Diffusion. Their
speculation is, however, without scientific support, but offers a direction for further

studies in numerical and analytic methods. We note that the application of Xia’s
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result to the Kirkwood gaps is ill-founded since the existence of Arnold Diffusion in the

elliptic problem, given by Xia [1993], exists near parabolic-type orbits.

Studies have been done concerning the formation of the Kirkwood gaps. Brjuno
[1970] gave a qualitative explanation of some of the low-order gaps. His approach gave
the existence of zones of instability near families of periodic solﬁtions. Froeschlé and
Scholl [1976], through numerical studies of the averaged equations of motion, concluded
that chaotic behavior is not involved in the formation of Kirkwood gaps. However,
Wisdom [1983] with his numerical studies of an algebraic mapping he derived from the
equations of motion, concluded that “... it is impossible to discount the importance of
chaotic behavior in the formation ...” of the gaps. Wisdom [1982], [1985] support the
possibility that Arnold Diffusion might play a role in the formation of the Kirkwood
gaps. However, it has not been shown that in the restricted three-body problem Arnold
Diffusion exists where it would affect asteroidal motion. This is an area in which
further work could be done. Other reasons for the formation of the Kirkwood gaps
have been proposed. Henrard and Lemaitre [1983], while acknowledging that “... a
kind of ‘Arnold’s diffusion’ working over a time span of the order of the age of the
solar system can produce the gaps,” support the hypothesis that “... a displacement
of the Jovian resonances in the asteroid belt can also produce gaps.” Their hypothesis
assumes the existence of an accretion disk in the early stage of the solar system and its

subsequent removal.

We have pointed out some of the variety of the above conjectures (see Wisdom
[1982] for some others) to bring to mind that there might not be one overall reason
for the formation for the Kirkwood gaps. Each gap might possibly have its own set
of reasons for existing, independent of the others. By modelling the motion of an
asteroid by the three-body problem of the Sun-Jupiter-asteroid, we receive only an
approximation of the true dynamics of the asteroid. Nevertheless, the model has proved

itself useful in the past.

Mathematically, some of the techniques of Xia [1992], [1993] may prove useful
in further analytic studies of the restricted three-body problem. This will lead to
either confirming for rejecting the intuition we have or will gain through numerical

studies. Knowing that Arnold Diffusion exists in the elliptic restricted planar three-
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body problem (as well as the planar three-body problem (see Xia [1992a])) should

influence our intuition.
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Appendix: On the Formulation of the Equations of Motion

Under the assumption that the primaries P; and P, move along elliptic orbits, the
distance between P, and P, is given by

1—¢e?

"T1¥ecosT’
where T is the true anomaly, and e is the eccentricity (see Szebehely [1967] where we
have assumed that the semi-major axis a equals 1). In polar coordinates, the vector from
the position of Py to the position of P; is given by (r,T). In rectangular coordinates, the
vector from the position of P; to the position of P, is given by (rcos T, rsinT) = (ry,72).

To obtain 7; as given by (1), we expand r cos T in terms of e. Now

T CcOS T|e_0: cos T,

and
d(rcosT) 1 oy 2
T -, = |:(1+—ecosj1—)§<—2€COST(1+eCOST)—(1—e )COS T o
= —cos®T.
Thus
r1(T;e) = cosT — ecos® T + O(e?)
=(1—ecosT)cosT + O(e?),
which is (1). To obtain ¢, as given by (2), we proceed likewise. Now
rsin T[e=0= sinT,
and
d(rsinT) 1 . 2\ o
o = [(1 T ecos TV (—QesmT(l +ecosT)—(1—e )smTcosT)] .
= —sinT cosT.
Thus

ro(T;e) = sinT — esinT cos T + O(e?)

=(1—-ecosT)sinT + 0(62),
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which is (2). It follows from the definitions of 71 and r2, that each is 2m-periodic in T,

and since

and
dry !

aT = a‘m[u — e?)cosT(1 + ecos T) + (1 - ) sin’ T]’

it follows that each of dry/dT and drq/dT are 2m-periodic in T.

The true anomaly T is given by

T(te) = 2arctan[<1 ki e) v taﬂ(t/Q)] ;

—e
where t is the eccentric anomaly (see Collins [1989]). To obtain T as given by (3), we

expand T in terms of e. Now

T(t;0) = 2arctan(tan(t/2))

=1

’

and

dT(t;e)
de

1
e=0 [1 + (m> tan?(t/2)

% (1“:2) / tan(t/2)
_ 2tan(t/2)
"~ 1+ tan®(t/2)
_ 2tan(t/2)
~ sec%(t/2)
= 2sin(t/2) cos(t/2)

2
(1 - 6)2 e=0

= sint.
Thus

T(t;e) = t + esint + O(e?),

which is (3). From the definition of T, it follows that T is 27-periodic in ¢, and since

dT‘(’tt;e) R (}—t—g)ltan2(t/2) [(t:)m Secz(t/z)]’

then dT/dt is 2n-periodic in t.
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