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We prove that the disordered monomer-dimer model does not admit infinite volume incongruent
ground states in 74, which can be obtained as a limit of finite volume ground states. Furthermore, we
also prove that these ground states are stable under perturbation of the weights in a precise sense. As
an application, we obtain a Central Limit Theorem for the ground state weight for a growing sequence of
tori. Our motivation stems from a similar and long standing open question for the short range Edwards-
Anderson spin glass model.

1 Introduction

Understanding ground states for disordered statistical physics models has been one of the most
tantalizing research topics in the past few decades. A notable example is the Edwards—Anderson spin glass
model, which is essentially the well-studied Ising model but with the couplings given by i.i.d. Gaussian
weights. Despite fantastic progress in rigorous mathematical understanding of the mean field case
[28-31], progress has been slow in the short range setting (i.e., on Z%), and in fact has even been a
source of considerable controversy in the physics literature (see [14] and references therein). The goal
of this article is to address the question of uniqueness and central limit theorem for the ground state
of the disordered monomer-dimer model in the short range setup. We also shed light on the question
of disorder chaos for this particular model.

Let G = (V,E) be a finite, connected, simple graph and let £ = V U E. A monomer-dimer covering of
G is defined by a collection of non overlapping edges and vertices of G, which we denote by M C %,
otherwise known as a matching. By non-overlapping, we mean that no two distinct edges in M share
an endpoint and no vertex in M is an endpoint of an edge in M. The vertices in M are called monomers
and the edges dimers.

We will also think of M as a percolation on X, which allows us to think of it as an element of
{0, 1}%, where a 1 corresponds to an edge or a vertex being occupied and 0 corresponds to them being
unoccupied. Given a collection of weights ] : ¥ — R on a finite graph the weight of a matching is given
by

HM) = > Jy.
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Fig. 1. A monomer-dimer configuration on the 5 x 5 grid.

The ground state of the monomer-dimer model on G with weights ] is any matching of minimal weight.
On finite graphs, if the weights are independent random variables with continuous distribution, there
is zero probability that any two distinct monomer dimer configurations will have the same weight, thus
uniqueness of the ground state holds with probability 1.

On infinite graphs, while the notion of weight of the matching does not make sense any more,
following [1, 27], we can still extend notion of ground state using the energy difference of two
configurations that differ at finitely many sites. Namely, we can define a matching M ¢ VUE to be a
ground state if we cannot “lower the energy” by modifying it at finitely many edges and vertices, where
the lowering of the energy is given precise meaning by considering energy differences (see Section 3.1).
If the weights come from i.i.d. distribution then the cardinality of the set of ground states G(J) is almost
surely a constant via ergodicity. What can we say about this number, in particular, is it finite or infinite?
We answer this question for the particular case of ground states that are obtained through an infinite
volume limit of finite volume tori.

In this paper, we work on the integer lattice Z%, d > 2 with nearest neighbor edges. Let V be the
vertex set and E be the edge set of Z¢, with £ = VUE. We let T¢ to be the torus (Z/nZ)?. For ease of
proof technique, we let ] = (Jx)xes be a collection of i.i.d. weights coming from a good distribution, see
Definition 3.1. For now let us mention that this includes a large class of distributions, in particular the
cases of N(0, 1) (standard Gaussian) and Exp(1) (standard exponential). Let M, denote the ground state
for the monomer-dimer configuration on for the weights restricted to the vertices and edges of T¢. We
think of (J, My) as a joint probability distribution on [, 00)® x {0, 1}* where M, is extended periodically
to the infinite lattice. It is standard that the collection of probability measures induced by {(J, Mn)}n>1 is
tight and hence has subsequential limits. Our main theorem concerns the uniqueness of these limits.

Theorem 1.1. The weak limit of {(J, My)},>1 exists as n — oo. Furthermore, letting (J, M) be the
limit, M is a measurable function of J.

Even though each M, is clearly a measurable function of J, measurability might not hold for weak
limits in general. For example, on Z, we can define a matching on Ty, as follows: the matching is a
perfect matching (only dimers and no monomers) if the sum of the weights on T, is strictly positive,
and otherwise, the matchingis all monomers and no dimers. It is easy to see that in the limit, we get all
monomers with probability 1/2 and a perfect matching with probability 1/2, which is in fact completely
independent of J.

The broad strategy to prove Theorem 1.1 is as in [27]: superimpose two potential ground states
and arrive at a contradiction. To that end let (J,M) and (J,M’) be two distinct subsequential limits.
Conditioned on J, sample M and M’ independently according to their conditional laws (the spaces are
Borel, which allows us to consider the a.s. conditional laws). This defines a coupling (J, M, M’). We prove
the following theorem:

Theorem 1.2. Let (J, M, M) be as above. Then M = M’ almost surely.
Itis easy to see that Theorem 1.1 follows immediately from Theorem 1.2. Indeed, since M and M’ can

be coupled to be equal, all subsequential limits must be the same. Furthermore, taking M and M’ to be
limits along the same subsequence, we conclude that M is a measurable function of J.
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Our next result concerns the change in the ground state under a translation invariant perturbation.
To that end, for any two elements &,& € {0,1}%, let A&’ := {x € T : & # &} denote their symmetric
difference. Let J' be an independent copy of J. Fix p € [0, 1] and now define J(p) as follows: for each edge
toss an independent coin and change J. to J, with probability p. Note that J(p) has the same law asJ. We
get a new ground state M(p) using Theorem 1.1.

Theorem 1.3. Fix p € [0,1] and let M, M(p) be as above. Then MAM(p) has finite components
almost surely. Furthermore, MAM(p) - # as p — 0 1in law.

The result MAM(p) — ¥ as p — 0 in law is analogous to the absence of disorder chaos (see [10, 14]
and references therein).
As an application of our results, we obtain a central limit theorem for the partition function.

Theorem 1.4. Let M, be the ground state for the monomer dimer model with J now additionally
satisfying the condition that E(|Jx|**?) < co for some § > 0. Then as n — oo,

HM») — EHM,)

/Var H(M,,) - NOD

in distribution.

As a by product of our proof, we also obtain a decay of correlations for the ground state, see
Corollary 6.6 for a precise statement.

Remark 1.5. For each of our results, it is possible to consider the weight distributions to be
different for the vertices and edges. As we will touch upon later, it is also possible to choose
the monomer weights to be identically zero. See Section 6.4 for details.

The monomer dimer model in the disordered setting has been studied before in the context of a
Gibbs measure [2, 3, 17, 24]. The mean field setting with two distinct types of environmental disorder,
the first being studying the standard monomer dimer model on the Erdos-Renyi random graph, and
the second corresponding to the vertex weights being i.i.d random variables are addressed in [2] and
[3], respectively. In each case, the limiting free energy and limiting monomer densities are computed
explicitly. The approaches used are inherently mean field, in particular using the cavity method to
express the limiting free energy in terms of a fixed point relation. In [17, 24], the authors establish
the finite temperature analogue of Theorem 1.4 in the setting of pseudo one dimensional graphs and
general bounded degree graphs respectively, and in [17], the Central Limit Theorem (CLT) for the ground
state energy is briefly addressed. However, none of these works analyze the ground state in detail, which
is far more rigid in structure.

Our proof is more inspired by the technique of Newman and Stein [27], in analyzing the superimpo-
sition of two ground states in dimension 2 and derive a contradiction via ergodic theoretic methods.
Although their proof does not yield the uniqueness of the ground state for the Edwards-Anderson
model, which remains a major open question in the area of spin glasses with far reaching consequences,
the special structure of the monomer dimer model does allow us to obtain uniqueness in any dimension.
In contrast, it is unclear whether the ground state for the Edwards-Anderson model is in fact unique in
any dimension (see [14] for a recent account), although it is strongly believed to be the case in dimension
2. Our proof also uses the concept of metastates put forth by Aizenmann and Wehr [1], which is a crucial
concept used to capture the chaotic behaviour of the ground states.

The Burton-Keane argument [11] is another important ingredient in our proof. It is a celebrated
technique that appears in many works on probability and ergodic theory, the original use being ruling
out the occurrence of infinitely many infinite components in any finite energy percolation model on
74, 1t is geometric in nature, relying primarily on the amenability of the lattices in question and has
therefore found several varied uses. For more details, we refer the reader to [21] and the references
therein. We would also like to point out that in the nonamenable case, once we are in a setting where
the mass transport principle is applicable, the Burton-Keane argument can be replaced by a version of
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mass transport principle. Nevertheless, since we only focus on Z? in this article we choose not to go
down this route.

1.1 Related literature

There is a rich collection of literature on ground states of disordered models in statistical mechanics,
andin addition the corresponding interfaces or random curves. For instance, in the study of first passage
percolation (FPP) in Z4, the objective is to rule out bi-infinite geodesics. On Z?, this problem is equivalent
to ruling out multiple incongruent ground states for a ferromagnetic Edwards—Anderson Spin glass with
the same edge weights. This problem remains open, with some fascinating results on ruling them out
in given asymptotic directions assuming conjectured features of the corresponding limit shape [25].
Without such assumptions, it is known due to Wehr that the number of bi-geodesics is either 0 or co
[33]. Bi-infinite geodesics have been ruled out in Last Passage Percolation with exponential weights by
Basu, Hoffman, and Sly [9]. In particular, their method uses explicit transversal fluctuation exponents,
which can be calculated thanks to the integrability of LPP.

Interestingly, singly-infinite geodesics are known to exist in FPP. Their existence in any asymptotic
direction was shown assuming certain properties of the limit shape in [25], along with the coalescence
of geodesics originating from different points in the same asymptotic direction. The last point, in
particular, uses the Burton-Keane argument. See [16, 23] for further results in this direction and [8]
for an excellent overview of progress in FPP.

From a broader perspective, the ground state of the disordered monomer-dimer model is the solution
of a randomized combinatorial optimization problem, in the spirit of [5, 12, 15, 18]. A particularly
important example in mathematical physics, thatis in a certain sense connected to the monomer-dimer
model is the random field Ising model, where the environmental disorder is an i.i.d. random magnetic
field at every lattice site, with the usual ferromagnetic interaction. In [19], Ding and Xia showed that
the ground state is not only unique in the infinite volume limit, but that there is also an exponential
decay of correlations at zero temperature. Indeed, we anticipate this correlation decay to hold for the
monomer dimer model as well, but crucially this model lacks the monotonicity properties of the random
field Ising model. Disagreement percolation, which is of great utility in [19] is also used in the analysis
of the monomer dimer model to establish exponential decay of correlations by van den Berg [32], and
later in the disordered setting by Lam and Sen [24]. It should be emphasised that both [32] and [24]
are in the regime of positive temperature, and it is an interesting question to extend the analysis to
the zero temperature case. In some sense our proof also used disagreement percolation, but in a weak
non-quantitative way.

There is an interesting parallel between the monomer dimer model with non-trivial monomer
activity, and the Ising model with an external field and we refer the reader to the work of Heilmann
and Lieb [22] for more details.

1.2 Outline of the proof

One convenient aspect of using tori to obtain limits is that (J, M, M’) is invariant in law with respect to
translations of the lattice, which enables us to use ergodic theoretic methods. Following Newman and
Stein [27] we consider MAM'. It follows immediately from the fact that M and M’ are ground states that
MAM’' cannot have any finite component almost surely. Furthermore, any infinite component of MAM’
can be either a (one-ended) infinite path of dimers started from a monomer, or a bi-infinite simple path
of dimers. We first use Burton-Keane technique [11] to rule out the existence of the one-ended paths
(in fact this is a much more straightforward consequence of the amenability of Z¢, we do not need the
full force of the Burton-Keane technique). This in turn rules out the presence of any monomer in MAM'.

It remains to rule out bi-infinite path. Here we crucially use the fact that we are in the monomer-
dimer setup and define a quantity that we call the optimality of a vertex, denoted O(v) (see Defini-
tion 2.4). Optimality is a local function of the weights and has the property that O(v) < 0 implies that v
has to be a monomer in both M and M'. Consequently, none of the monomers in any bi-infinite path of
MAM’ can have negative optimality.

Another concept we borrow from Newman and Stein is the notion of an inaccessible edge, which is
the analogue of a super satisfied edge from [27]. Namely an edge is inaccessible if its weight is so high
compared to the two monomers adjacent to it that no ground state can occupy it.
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The final borrowed notion is the idea of flexibility of a vertex or an edge, which tells us the amount
by which we need to change the weight of that vertex or edge in order to change the ground state (the
analogue of this idea for Edwards—Anderson model was introduced in [7, 27]). One needs to be careful
with this definition in infinite volume limits, this is made sense of by taking appropriate weak limits
along subsequences. A crucial property of flexibility is that if we change the weight of some x € £ by ¢,
the paths obtained by superimposing the new and the old ground states cannot pass through an edge of
flexibility strictly bigger than ¢, and this property is retained when taking a limit along any convergent
subsequence.

Let us restrict to the case where the density of the weights p(x) is positive Vx € R, for simplicity
(the other cases need a slight tweak that we don’t mention here). The main argument is as follows; we
restrict to the event that a bi-infinite path P passes through the origin, and fix ¢ > 0 small enough so
that there are infinitely many edges of flexibilities at least ¢ along both directions of P. Find the two
nearest ones to the origin and let Q be the portion of P between these edges of high flexibility. Next,
we let m denote the infimum of the optimality of the vertices along P, which is non-negative as argued
above. We further restrict to the event that the origin has optimality at most m + § with § < ¢/2 and
all the edges adjacent to vertices in Q except the origin are inaccessible. We show that this event has
positive probability. Now we decrease the weight of the origin by 25 to obtain a new collection of weights
J and new ground states M, M’. We prove that J is absolutely continuous with respect to J and with some
more work (J, M, M) is absolutely continuous with respect to (J, M, M’) as well.

The perturbation has the following effect; either the ground state changes, or it doesn’t. In the former
case, due to topological constraints, a monomer has to appear in MAM'. This is a contradiction as MAM’
cannot have a monomer with positive probability and the law of MAM’ is absolutely continuous with
that of MAM'. The crucial thing we need to rule out for this step is that lowering the weight of the origin
does not wipe out the entire bi-infinite path through it. This is guaranteed as firstly, any change in the
path cannot pass through the edges with high flexibility at both ends Q, and also cannot pass through
an inaccessible edge adjacent to Q. The first condition guarantees that MAM’ does not pass “through”
the edges with high flexibility. The second condition guarantees that MAM' does not “go around” the
edges with high flexibility. The only choice left for MAM' is to split into two one sided infinite paths
creating a pair of monomers in Q.

In the latter case, when there is no change to the ground state incurred by the perturbation, we
are on an event where the infimum of optimality over all the vertices in the bi-infinite path of MAM
passing through the origin is achieved at some vertex, an event that has probability 0 in MAM' because
of translation invariance. The contradiction again follows from absolute continuity.

The proof of Theorem 1.3 follows similar lines, except we are allowed to have finite components in
this setting. The proof of Theorem 1.4 uses the powerful normal approximation technique put forth by
Chatterjee [13], and the crucial input of Theorem 1.1, which yields a mild form of spatial decorrelation.

1.3 Outline of the paper

In Section 2, we derive some basic lemmas about the ground state in finite graphs. In Section 3.1, we
extend these properties to infinite graph ground states. In Section 4, we prove Theorem 1.2. In Section 5,
we prove Theorem 1.3. In Section 6, we prove Theorem 1.4. We finish with some discussion about
generalizations in Section 6.4 and some open questions in Section 7.

Notations

We denote by V, E respectively the vertex and edge sets of Z? and by V,, E,, the vertex and edge sets of
the torus (Z/nZ)?. Let ¥ = VUE and £, = V, UE, Let Q¢ be the set of matchings of a graph G. Let By
denote the box [k, k] n z¢.

2 Perturbation of the Ground State on Finite Graphs

In this section, we will provide certain basic lemmas that primarily concern the change of the ground
state when one or more of the weights are perturbed. The difference between two ground states is
clearly encoded in the symmetric difference between them. Throughout this section, we assume that
G = (V,E) is a finite, connected, simple graph, with ¥ = V UE. Sometimes we shall write w,, to be the
weight of (u,v) admitting an abuse of notation. We also denote by Q¢ the set of all matchings of G. A
collection of weights {wy}xex is said to be generic if for every finite set S ¢ £ and every collection of
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6 | K.Krishnan and G. Ray

Fig. 2. M is depicted on the left in blue, M, is depicted on the right in red. The symmetric difference M1 AM; is
depicted in the middle.

integers {ky}xes not all 0,

> ke # 0.

xeS

Throughout this section, we assume that the weight collection W = {Wwy}xes are deterministic and
generic. Clearly, the weights being generic guarantees the uniqueness of the ground state, and any
collection of ii.d. continuous random variables are generic almost surely. A simple, finite path is a
sequence (ur, (Ug, Up), ..., (Ur—1, Ur), Ux) in X so that and u;s are all distinct vertices. A simple loop is a
finite sequence of edges ((u1, Uz), (U, Us), ... (Ue—1, U1)) so that u;s are all distinct.

Given a finite, simple path P := (u1, (U1, U2), ..., (U1, Up), Ur), We can partition it into two subsets
P1 = {u1, (uo, us), (U, Us), . . ., (Uk—2, Up—1), U} and Py = {(U1, Un), (U3, Ua), ..., (Ue—1, Ux)}. Call the pair Py, P,
complementary matchings of P. Similarly, given a simple finite loop L = (u1,Us,...,Ux = U1), We can
decompose its edges into Ly := (U1, Up), (Uz, Ua), ... and the remaining L, := (Uy, U3), (U4, Us), . .., and call
the pair (L1, Ly) complementary matchings of L. Observe that if one of L; (or P;) is in a matching, we can
remove every element of L; (or P;) from it, and add back its complementary pair, to get another valid
matching. Let N(u) denote the neighborhood of v, which includes v and all the edges adjacent to v. We
start with a few elementary lemmas.

Lemma 2.1. The symmetric difference of any two matchings M, and M is a disjoint collection of
simple, finite paths and simple loops.

Furthermore, in each component, the set of edges and vertices in M, and those in M, form a
complementary pair.

Proof. This is elementary as for any vertex v, if N(v) N (M;AM,) # ¢, then exactly one of the following
two cases occur. Either v is occupied by one matching and exactly one edge adjacent to v is occupied
by the other; or v is occupied by neither matchings and exactly one edge adjacent to v is occupied by
M, and another different edge is occupied by M,. Thus the set of edges of M;AMj; is a subgraph with
degree either 0, 1 or 2. Furthermore if a vertex v has degree 0, both matchings occupy v, if it has degree
1, exactly one of them occupy v, and if it has degree 2, none of them occupy v. It is easy to see that these
constraints make every component of M1 AM; either a simple, finite path or a simple loop.

The second assertion is a straightforward from the definition of a complementary pair. |

In light of Lemma 2.1, we call each element of the disjoint collection of finite, simple paths and loops
a component of the symmetric difference between two matchings.

Lemma 2.2. Let M be the ground state and assume v € M. Suppose we change the weight at v to
Wy, so that it remains generic and the new ground state is M. Then the symmetric difference
MAM is either empty or is a simple, finite path beginning at the vertex v.

Proof. Using Lemma 2.1, another way to state the lemma is to claim that there is no component of MAM
that do not contain v, which is what we shall prove. Take one such component C. Since the weight of all
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the edges and vertices in C is the same for M and M, switching between the complementary matchings
of C either decreases the weight of M or M/, contradicting the minimality of their weights. |

Prior to completely delving into the issue of perturbations that cause the ground state configuration
to change, we state the following notion of gauge invariance.

Lemma 2.3. Let M denote the ground state associated to a system of weights {Wylxes. Letu e V
be a vertex, and let E, denote the collection of edges incident to u. For a fixed A € R, consider
the new system of weights given by

i Jwx+Arifxe{uUEy
wit =

wy otherwise.
The ground state Mg remains the same for the new collection of weights.

Proof. Note that every matching M € Q¢ must either contain u itself or exactly one edge contained in
E,. Thus, YM € Qg, H**(M) = H(M) + A, where H** is the energy functional defined with respect to the
new weights. Thus, although the energies have changed, the energy of every matching has been shifted
by 1, and the energy differences remain the same. M¢ remains to be the ground state. |

The question of stability of certain vertices and edges with regards to modification of the weights is
natural and central to our analysis, and we will explore this now. We write u ~ v if u is adjacent to v.

Definition 2.4. The optimality of v, denoted O(v) is defined as
O(v) := max (Wy + Wy —Wyp) . (2.1)
An edge e = (u,v) is called inaccessible if
We > Wy + Wy. (2.2)

Note that both the notions in Definition 2.4 are completely local, which will be useful later in the
infinite volume setup. The next lemma justifies the nomenclature.

Lemma 2.5. Letv € V,e € E. If e = (1, V) is inaccessible, then e is not in the ground state matching.
If O(v) < 0, then v must be in the ground state matching.

Proof. If e = (u,v) is inaccessible and is in a matching, then we can lower the energy by removing it and
adding back two monomers at u and v. Thus e cannot be in a ground state. If O(v) < 0 then all the edges
adjacent to v are inaccessible, and we apply the previous result. |

2.1 Excited States
For any S C £ we define the external boundary of S, denoted dex:S as the collection

OextS = {x:x €S x~yeSh

In the above definition, an edge is considered adjacent to a vertex if the vertex is one of the endpoints,
and an edge is adjacent to another edge if they have a common endpoint. We will define for any set S,

§ =SU E)extS.

Next, we consider configurations & : S — {0, 1}, which are valid in the sense that they are extendable
to yield a matching. That is, § is said to be valid if 3¢ € Q¢ such that ¢(x) = &(x) for all x € S. (For
example, we are not allowed to have a vertex v and all its neighborhood to be in S and empty.) Let V(S)
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8 | K.Krishnan and G. Ray

be the set of all valid configurations in {0, 1}°. We define Mg s to be the ground state with the constraint
Mg s (x) = £(x) for all x € S. More precisely,

Mg sg = argmin{H(¢) : ¢ € Q¢, {(X) = £(X)Vx € S}. (2.3)
Note that since the weights are generic, the constrained ground state is still unique. We also define
AH(G,S,&,8") = HMgsg) — HMcse)

to be the energy difference between two ground states with constraints £ and & on S. For a given S, the
energy difference enables us to examine how the ground state changes as {wx}xes are varied, with all
other weights remaining fixed. Consider the following two simple observations:

e For local configurations &, and &” € {0, 1}°,
AH(G,S,£,8) + AH(G,S,£',&") = AH(G, S,§,£"). (2.4)
* Mgss does not depend on the weights (W(X))xes.

Using these elementary properties, we can partition RS into sets where Mg = Mg s, as follows. Define

Z(G,S,&) = {ws : AH(G,S,§,&") > O forall ¢ e V(S),&" # &}.

Let B(n,S) = {ws € R® : AH(G,S,&,&") = O for some& # £',£,& € V(S)}. The following lemma is clear now
since the weights are chosen to be generic.

Lemma 2.6. {Z(G, S, &)}scvs) UB(G, S) is a partition of R® and furthermore ws ¢ B(D, S).

The following equality is clear from the definitions:

Mg = Z Ma s LusezGs6)- (2.5)
E€V(S)

The following elementary corollary will be useful later when we discuss absolute continuity of
limiting measures on matchings.

Corollary 2.7. Let {wx}xex be a collection of generic weights and S C T be a finite subset. Let
f: RS — RS be a measurable function such that the new weights defined by Wy = f(wy) for all
x € S, all other weights unchanged, remain generic. Then the ground state with respect to the
new weights is given by Mg s where ¢ is such that

f(ws) € Z(G, S, ).

Another extremely convenient feature, when it comes to taking the infinite volume limits is the
tightness of AH(G, S, &, ') in the size of G (which will be applied later to a growing sequence of tori). To
that end, we first need the following combinatorial lemma, which essentially says that two different
valid configurations in S can be extended to be the same outside a small neighborhood of S.

Lemma 2.8. Let §,§’ € V(S), which are extendable to G. Given any extension m; of &, there exists
an extension m; of £ such that m;Am C S.

Proof. Define mg ¢ as follows. We begin with m¢ and replace the configuration for all x € S with &'. If at
the end of this replacement we are left with a valid matching, we are done. If not, firstly, consider all
vertices v € VN S such that §'(v) = 0 and &’(e) = 0 for all e € ENS where v is an end point of e. For every
such v € S, we add an edge (v, w) for some w ¢ S, and w uncovered by any dimer adjacent to S. Such a w
will always exist, because otherwise & would not be extendable. The introduction of these edges, as well
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as the prior replacement can result in adjacent dimer pairs or an adjacent monomer dimer pair. Such
defects may at most extend to dex:S, and we deal with them now. For every covered edge e connecting a
vertex in dextS and dex:S, we perform a regularizing procedure. If both endpoints of e are covered by other
monomers/dimers, we remove e from the configuration. If only one endpoint is otherwise covered, we
remove e and place a monomer at the now uncovered remaining vertex. Next if U € 8ex:SU dextS, 15 @
vertex that is covered by a monomer as well as an adjacent dimer, we remove the monomer from the
configuration. |

Let Mg s¢ ¢ be a matching, which is defined as in Lemma 2.8 for m¢ = Mg . The following trivial bound
now holds:

|AH(G, S, §,8) < max{[HMgsge) — HMgse)l, IHMgsee) — HMesel} < Z (Wl (2.6)
X€§
Let us now focus on the case where S is a single x € %. In this case, the partition in Lemma 2.6 is
simply two intervals of the form (—oo0,Kgx) U (Kgx, 00) U {Kcx} Where K¢« is called the transition point
at x. Using this notation, (2.5) takes the following simple form:

Mg = Mg x,0lw,>ke, + Mox,1lw, <Kox (2.7)

Definition 2.9. For any x € =, we define flexibility of x to be F¢(x) := |[Kgx — Wx| = |AH(G, %, 0, 1)|.

Both nomenclature of the transition point and the flexibility follows the usage of Newman and Stein
[27]. In fact, it is not too hard to see that we can write down the following formula for K¢ :

Kgx = HMg x,0) — H(Mgx,1) + Wx. (2.8)

We note some elementary properties of Fg(x), whose proofs are straightforward applications of the
definition, so we skip them.

Lemma 2.10. Fixx € X.

1. Kgx if a function of {wy : y € T\ {x}}.
ii. x is in the ground state if and only if wy < Kg .

Now let us argue that perturbing the weight of an edge or a vertex by a quantity smaller than the
flexibility of x € ¥ will not change the status of x. This lemma justifies the use of the nomenclature
“flexibility”.

Lemma 2.11. Suppose M is the ground state and x € . Suppose the weight of some y € ¥ is either
increased or decreased by ¢ < F(x), to get a possibly new ground state M. Then x ¢ MAM.

Remark 2.12. Note the lemma when applied to x = y simply yields MAM = @.

Proof. We observe from (2.8) that changing the weight of a vertex or an edge by ¢ changes K¢ x by at
most e. Indeed, if y = x, K¢« is unchanged. On the other hand, if y # x then if y is present in both Mg x1
or Mg, or if it is present in neither, K¢ x does not change. However, if it is present in one of Mgy 1 or
Mg x0, Ko x changes by at most ¢ and wy does not change. Now we can use Lemma 2.10, item ii. and
conclude. ]

The next lemma is fairly intuitive, we include it for the sake of exposition. It concerns the robustness
of the flexibility with regards to the raising of the weights of edges (or vertices) not selected by the
ground state.

Lemma 2.13. Let M be the ground state, let S ¢ ¥ such that no element of S is in M. Consider new
weights w), > wy for all y € S. Then the ground state is unchanged and furthermore for any
X € %, Fg(x) for the new weights cannot be strictly smaller than that for the old weights.
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10 | K.Krishnan and G. Ray

Proof. If x € M, then M = Mg 1 and by Lemma 2.10, item ii. F5(x) = Kgx — Wy. Using the formula (2.8)
of K¢ x, clearly K¢ x cannot decrease by the given change of weights and hence w, remains smaller than
K¢ x for the new weights. Thus the ground state remain unchanged.

Note that (2.8) also entails that Fo(x) = HMgx0) — HMgx1) if x € M and Fs(x) = HMgx1) — HMcx,0)
otherwise. It is easy to see from this formula that F¢(x) cannot decrease. [ |

We conclude this section with a lemma that perhaps seems contrived right now, but will be a crucial
ingredient of the proof of Theorem 1.1.

Lemma 2.14. Let S := (u1, (U1, Ua), - - ., (Up—1, Up), Ux) be a simple, finite path andlet 1 <j < kbe an
integer such that the following conditions hold

e The edges of S are alternatingly occupied by dimers corresponding to the ground state M.
* (U, Uj41) is occupied by a dimer.
® Fo((Up—1,Ur)) > ¢ for some e.

Let Es be the set of edges adjacent to (up, us, ..., Uji_1, Ujs1, ..., Uk—1), Which are not in S. Let {Ux}xex
denotes a new set of generic weights defined as follows:

* W, = w, + zp for all e € Es, zs > 0 chosen to make every edge in Es inaccessible
o '(I](m v) = Wwyv) + E/ZVU ~ U
e All other weights are unchanged.

Let M be the ground state with respect to the new weights. Then O(u1) = O(u1) — ¢/2, and the
following dichotomy holds for MAM. Either

e MAM =g, or,
e MAM = (W, (Uj, Ujs1), - - -, (Up—1, Up), Up) for some p <k —1.

Proof. The order of changing the weights in this context does not matter as the ground state is unique.
We first apply a gauge transformation at us, and add &/2 to the weights at u; as well as all adjacent
edges. This of course preserves the ground state by Lemma 2.3. We next change the weights for all the
edges in Es. We choose

75 = max Y —wi - w4V, (29)
where V is a uniform [0, 1] random variable, and define W, for this choice of zs. V is included so that
the system of weights {Wy} remains generic. It is a consequence of Lemma 2.13 that the ground state
remains unchanged, and it is immediately clear that all e € Es are inaccessible as per (2.2). Next, we
decrease the weight of u; by £/2. The fact that O(u;) = O(u1) — &/2 is trivial and follows directly from
the definition of optimality (2.1). Since we are changing the weight of the vertex u,, we know that if
MAM # ¢, u; € MAM, and furthermore MAM must be a simple, finite path beginning at u; by Lemma 2.2.
We denote this path by Q. Since (u1, uy) € M, we must have that u; € M and thus the path Q begins at
u, and contains the edge (u1, Uz). Now, none of the other edges that are adjacent to u, can be in MAM/,
since the adjacent weights are unaffected and they remain inaccessible. Therefore, the path Q must
proceed along the path S. Finally, by Lemma 2.11, (up_1, Ux) ¢ Q since Fg((Ue—1, Ug)) > &. Thus, Q must
terminate before reaching u,_;. This completes the proof. |

3 Ground State on Infinite Graphs and Modifications
3.1 Defining the ground state

In this section go back to the Euclidean lattice Z? and their approximations by tori T¢. We will use the
notations from Section 2, with G = T¢. For notational simplicity we will replace T¢ by simply n. We will
prove Theorem 1.1 for weights with good distribution, and will remark later how this can be generalized.

Definition 3.1. Let] be a random variable where {x : p(x) > 0} 2 (8, 00) where B8 € {—oo} U R. Let
g, denote the Radon-Nikodym derivative of the distribution X + z with respect to that of X for
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some fixed z > 0, that is, g,(x) = p(x — 2)/p(x). We say that the distribution of J is good if p(-) is
continuous and there is some « > 1 such that

C@z,a) = / (9:(0)“p(x)dx 3.1)
B
is finite and continuous in z.

To see that the goodness condition is rather broad, observe that it applies to Gaussian, Exponential
and several families of power-law distributions, covering the spectrum in terms of tail. We do not know
if Theorem 1.1 holds for any nonatomic weight distribution, and we do not pursue such avenues in this
article.

A collection of ii.d. random variables coming from a good distribution is of course, almost surely
generic. Given a matching M of Z4, its energy is now undefined. Nevertheless given two matchings M
and M’ such that MAM' is finite, we can define the energy difference between M and M’ as HM)—-H(M') :=
Dxemar Jx — 2yennly- We say M is a ground state of J if there is no other matching M’ such that MAM'
is finite and H(M) — H(M') > 0.

One way to construct ground states is to consider the a.s. unique ground state M, of J, := (Jx)xex, . Let
M, be the periodic extension of M, to all of Z¢. Then the collection {(J,, Mn)}n>1 form a tight collection of
random variables with range R* x Q. For any subsequential weak limit (', M), the following properties
hold:

¢ J' has the same law as ],
e M is a ground state matching with respect to ] almost surely,
e The law of (', M) is invariant with respect to translations of Z?.

The final item above holds simply because we took limits along tori. See Section 6.4 about other
possibilities.

Recall the definition of the excited states from Section 2.1 and the notation (M,s¢) from Equation
(2.5). Let M,, denote the vector

(Mn5.£)5c5,,51<00£€V(S) -

Of course, this includes M, as a marginal, corresponding to S = ¢. Let AH(n, S, §,£’) be as in (2.6) (but
with G = T9). Let AH be the vector

AH = (AH(n,S,&,8"))sc 5, 151<00.£.£7€V(S) -

Here V(S) is the set of valid configurations on S in Z¢. We point out here that a configuration is valid in
T4 for a large enough n if and only if it is valid in Z%, see Lemma 2.8. Since we are only interested in the
limit, this slight abuse of notation is unambiguous.

Tightness of AH is guaranteed by (2.6), and hence we can take a further subsequential limit such
that the vector (J,, My, AH,) weakly converges to (J,M, AH). We emphasize that the limit at this point
depends on the subsequence chosen, although it is not reflected in the notation. We will use different
notations for different subsequential limit in later sections.

For later use, we list the following observations:

e The vector (J, M) includes the limit M as a marginal by taking S = ¢.

e The flexibility vector (Fn(X))xes, 1S a continuous function of (J,, M,, AH,) and hence converges in
law, call the limit (F(x))xes.

e For every S, ¢ as above, Mg is independent of Js since this is true in finite volume. Using this fact
and the continuity of the distribution of Jy, we conclude that for every x € %,

P(F(x) > 0) = 1. (3.2)

e By an application of the Skorokhod representation theorem and Fatou's lemma, the infinite volume
version of Equation (2.4) is also true almost surely. Now observe that since the weights come from
a continuous distribution,

{J: AH(S,§,&) #0forallSc £,|S| < 00,§,& € V(S), & #&'}
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12 | K.Krishnan and G. Ray

is a set of probability 1. This allows us to define the following set:
IS, &) ={s:AHS,&,&) <Oforallé € V(©S)), (3.3)

which partitions a set of probability 1. Consequently, (1j.ezse))scs,si<ooev(s) 1S an almost surely
continuous function of (J, M, AH). Thus, (2.5) also translates in the infinite volume to the following
equality that holds almost surely:

M= D" Mselgenss (3.4)
£ev(S)

It is a standard measure theoretic fact that the conditional law of M given an a.s. sample of J exists,
call it yy (the regular conditional probability exists for random variables on Borel spaces, see [20]). It
is also standard that we can write M = ®(J, U) where ® is a measurable function and U is a Uniform
random variable independent of J (again, this follows since the spaces are Borel, and there exists a
measure isomorphism between [0, 1] and Q). Since Mg is independent of Js, we can actually write
Ms = ¢s¢ (s, U). Applying (3.4), we conclude that

M=o(,U)= > ¢s:0s, Uljezees. (3:5)
E€V(S)

For a given finite set S, by the joint convergence of (J,,, M,), Corollary 2.7 extends in a straightforward
manner to the infinite lattice setting.

Corollary 3.2. Suppose S C %, is finite. Let f : RS — RS be a continuous function, and consider a
new system of weights J, such that J,s = f(s) and J, 5,\s =Jn s Similarly define J such that

Js = f(s) and jz\s =Jss. Let M, denote the ground state with respect to J,. Define M = Ms,
where £ is such thatfs € Z(S,€). In other words

M= Z Ms gLz s
£€V(S)

Then
UnoJns Mo, My, AHp) — (], M, M, AH)

inlaw where the limit can be taken along any subsequence along which (J,,, M,, AH,) converges.
Consequently, we can write

M = (I)(j’ U) = Z ¢’S,E (jSCv U)ljseI(S,E)‘ (36)
£eV(S)

for some measurable functions ¢s¢, ® and U ~ Unif [0, 1].
The point of the above corollary is that we can write M as the same function of (J,U) as that in
(3.5), which will allow us to conclude absolute continuity of (J, M) with respect to (J, M) from absolute

continuity of J with respect to J.

Proof. Observe thatfn is a continuous function of J,,. Furthermore, by Corollary 2.7, M, satisfies

My = Z Mnsels, sezms -
£eV(S)

This ensures that M, is an a.s. continuous function of (J, M, AH). Combining these two facts, the corollary
is immediate. u
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Lemma 3.3. LetS = (us, (U1, Ua), . .., (Uk—1, Uk), Ur), Es, u; be as in Lemma 2.14. Let R(S, ¢) denote the
following event

e The edges of S are alternatingly occupied by dimers corresponding to the ground state M,
* (U, Ujp1) isin M,
® F((Ug-1,ux)) = ¢

Let zs := maxvyees Vv —Ju —Jul +V as in (2.9), where V is an independent uniform [0, 1] random
variable. Define the weights J°¢ as follows:

&

B =Je 4725 - lrseVe € ES’]Eﬁi,m =Juv + 7

“lrseoVYU ~ U1,

all other weights remaining unchanged. Let 0% denote relevant optimalities computed with
respect to J5¢. Let

S .
M= Z MA.El}ifeI(A,sw
£€V(A)

where Mag is as in (3.4) and A = Es U {u1}. Consider the events

Ai(S,e) 1= IoSf(uo =0(ur) - g]
Ay(S,¢e) = IAH edges e € Es are inaccessible],
A3 (S, &) := {MAM®® = ¢ or MAM>* = Q C (us, (U1, Ua, - - ., (Up_1, Up), Up)) for some p < k — 1},
where Q is a simple finite path. The event
A, e) = A1(S,e) N A, (S, e) N A3(S, &)

holds with probability 1 given R(S, ¢), that is

P(AGS, e)|R(S,¢) = 1.

Proof. Pick n large enough so that S c ’JI‘?I. Let Rn(S, ¢) be the same event as in R(S, ¢) with M replaced
by M, and F replaced by F,. Then define Aif,Aﬁ*g to be the same events as A>*, i € {1,2,3}, 4% but
with M replaced by M, and M5 replaced by M>* where My* is the ground state for J°¢ in T4, Merely as
a consequence of the definitions,
P(An1|Rn(S,8)) = 1.
Again, merely as a consequence of definitions we know that if R, (S, ¢) holds,
Tty = Jof = J5¢ > OVe = (u,v) € Es.
Of course, this is exactly the condition for all e € Es to be inaccessible and thus
P(A2(S,8)IRa(S, 8)) = 1.

It is a corollary of Lemma 2.14 that

P(An3IRA(S, 8) = 1.
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Thus,
P(A(S,8)IRn(S,8) = 1.

It remains to be shown that these sequences of conditional probabilities do in fact converge to
P(A(S, ¢)|R(S, ¢)). This convergence is guaranteed as we can verify that R, (S, ¢) is a continuity set for
the probability measure induced by (J,, M,, AHy). The second coordinate is equipped with the discrete
topology. Thus, it is not hard to see that the topological boundary 9R(S,¢) is defined by the same
conditions as R(S, ¢), except with the terminal edge satisfying F((Ur_1, Ux)) = &, which we know holds
with probability O as the flexibility is a continuous random variable, and moreover remains a continuous
random variable for any subsequential limit. Furthermore, by continuity of the transformation J ~ J**
on Eg, Corollary 3.2 applies. By the Portmanteau theorem, for any weak limit, we now know that

P(AGS,e)|R(S, ) = 1.

This completes the proof. n

4 Proof of Uniqueness

Now, suppose we have two distinct subsequential limits (J, M) and (J', M'). Since J and J' have the same
distribution, let u; denote the conditional law of M given an a.s. sample of J and let ; be the conditional
law of M’ given an a.s. sample of J. Let M ~ y; and M’ ~ pj and assume they are independent (given J).
The tuple

g8:=(,MM)

defines a coupling between M and M'. By construction (since we took the weak limit of the ground states
on tori), the law of & is invariant with respect to translations of Z?.

An infinite path is an infinite sequence (v1, (U1, V2), (U2,V3),...) such that v;s are all distinct and v; ~
vi;q for all i > 1. A bi-infinite path is a bi-infinite sequence of edges (..., (V_2,U_1), (V-1, Vo), (Vo, U1),
(V2,V3),...) such that v;s are all distinct. An analogue of Lemma 2.1 in the infinite setup is that the
symmetric difference of two matchings in Z¢ is a disjoint union of simple loops, finite simple paths,
simple infinite, and bi-infinite paths.

Lemma 4.1. Let M and M’ be two ground states in Z? for a collection of almost surely generic
weights J. Then MAM' is a disjoint union of simple infinite and bi-infinite paths.

Proof. There cannot be a finite, simple path or a simple loop in MAM' as we can switch between the
complimentary matchings of one such component and lose energy, which is impossible as both M and
M’ are ground states. |

Definition 4.2. A vertex v is a start point (SP) of MAM' if v € MAM'.

If v is a start point then by Lemma 4.1, the connected component containing v is an infinite simple
path with endpoint v.

Lemma 4.3. P(There is a starting point of MAM') = 0.

Proof. The proof follows from a version of the Burton-Keane argument. We do not know that the law of
E is ergodic with respect to translations of Z¢; nevertheless, we can restrict to its ergodic components.
Let & = (J, M, M) be such an ergodic component of &. Let

« :=P(0 is a starting point of MAM).

Let N¢ denote the number of starting points of MAM' in Bx. Observe that by ergodic theorem, almost
surely, Ny > %(ZK)d for all large enough positive K. On the other hand, the number of vertices in 39Bg
that the component containing a starting point intersects is at least 1, and no vertex in 9By belong to
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two different such components. Thus |dBx| > N for all K > 0. Combining the two observations, we see
that |0Bg| > %(ZK)d for all large enough K. Since |8Bg|/K? — 0 as K — oo, @ must be 0. Since the choice of
the ergodic component was arbitrary, the lemma is proved. |

Because of Lemmas 4.3 and 4.1 if MAM’ is non-empty with positive probability then it must be the
case that it has contains one or more bi-infinite simple paths with positive probability. We say a bi-
infinite simple path passes through a vertex x if one its edges has x as one endpoint. In the next section,
we show that the probability of such a path passing through 0 is 0, which will conclude the proof of
Theorem 1.1.

4.1 Nonexistence of bi-infinite paths
We know from Lemma 4.3 that MAM' consists of bi-infinite paths only. The strategy now as described in
Section 1.2 is to do an absolutely continuous modification to the weights and arrive at a contradiction.
To achieve this, the strategy is to perform a modification of a sensitive vertex weight on the path
that changes each ground state in a controlled manner. By prior edge weight modifications, we will
force the changes to occur along the bi-infinite path. We will do this by first finding two edges of high
flexibility along the path such that the high sensitivity vertex is sandwiched between them, and then by
making any edge neighbouring the path that is not occupied inaccessible. Of course, such a region with
a sensitive vertex sandwiched by high flexibility edges has to be shown to exist with positive probability.
Let P be the set of matchings m, m’ of Z¢ such that mAm’ contains an infinite path through the origin
0. On the event MAM' € P, we refer to the path going through 0 as P. Recall the definition of optimality
from (2.1). We define the key quantity

m = inf OW) - Iyamrep + 00+ 1MAM’§!’P~ (41)
P passes through v
Observe that on the event that P passes through v, O(v) > 0 almost surely. Indeed, otherwise, all the
edges adjacent to v are inaccessible for any ground state, which is a contradiction as P passes through
v. Thus m > 0 almost surely.

Lemma 4.4. Assume P(MAM' € P) > 0. For all ¢ > O there exists a ¢ > 0, such that P(MAM’ €
P,00) <m+e)>cC

Proof. Suppose there exists an ¢ such that P(MAM' € P,0(0) < m + ¢) = 0. But on the event MAM' € P,
by definition of infimum, there exists a vertex x such that P passes through it and such that O(x) < m+e.
This contradicts translation invariance. [ |

Lemma 4.5. P(MAM € P,3uniquev € P,O(v) =m) =0

Proof. Send mass 1 from x to y if a bi-infinite path P’ in MAM' passes through both of them and y is the
unique vertex such that O(y) = infp passes through v O(V). The mass out is at most 1, while the mass in is
infinite on the event that 0 is the unique vertex in P with O(0) = m. This is a contradiction if the latter
event has positive probability, therefore the latter event must have 0 probability. The lemma follows by
translation invariance. u

Let us colour the edges belonging to M as red and those belonging to M’ as blue. Recall that P is
composed of alternating red and blue edges. Furthermore, on the event MAM' € P, the path P can be
split at the origin into two single directional infinite paths one of them starting with a red edge, and
another with a blue edge. Call the former the red direction and the latter the blue direction of P. Let us
denote by Fu(x) (resp. Fir (X)) the flexibility of x corresponding to (J, M) (resp. (J, M)).

Let G = G(¢) be the following event:

¢ MAM' € P occurs.

e 0(0) <m+ /4.

e there exists infinitely many red edges e in P in the red direction with Fy(e) > ¢, and infinitely many
blue edges e’ with Fir (€') > ¢ in the blue direction.
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Lemma 4.6. Assume P(MAM' € P) > 0. Then There exists an ¢r > 0 such that

P(G(ep) > 0.
In what follows, we do not need the full strength of the last item in the above event.
Proof. We already know from Lemma 4.4 that we can choose &1 > 0 such that
P(MAM € P,0(0) <m+¢g1) >c> 0.

Let £(¢) be the event that there are infinitely many red edges e in P in the red direction with Fy(e) > e.
We now claim that there exists e, > 0 such that

P(MAM € P,0(0) < m+e1,E(e2)) < %. 4.2)
Let F be the event that the red edge e adjacent to the root has Fy(e) > ¢. Using (3.2), we can choose ¢
small enough such that P(F¢) < ¢/10. Let &, be the choice of ¢. We now claim

P(MAM € P,0(0) < m + &1, E(e5), F) = 0. (4.3)

Let B be the event inside (4.3) and we prove (4.3) by contradiction. To that end, assume P(8) > 0. On B
there is a “last vertex” v whose red direction does not contain any edge e with Fy(e) > ¢, in the following
sense. For x € V, let £(x) be the event that a bi-infinite path in MAM’ passes through x, 0(0) < m + &;
and the red edge e adjacent to x is the only edge in the red direction with Fy(e) > &;. By translation
invariance in law of &, we conclude that P(£(0)) > 0 as the probability P3x, £(x) occurs) > P(B) > 0.
For any u,v define a mass transport sending mass 1 from u to v if a bi-infinite path in MAM’' passes
through both u and v, and £(v) holds. Clearly, the mass out of the root is at most 1 by definition. On the
other hand, on the event £(0), 0 gets mass 1 from every vertex through which its blue direction passes,
hence expected mass into 0 is infinity. This contradicts mass transport principle, thereby proving (4.3).
Thus we get

PMAM € P,0(0) < m + ¢&1,E%e2)) = PIMAM € P,0(0) < m + ¢1,E(er), F) < 1—CO
as desired.
Exactly similar bounds for the 7 other combinations in the third item of G, and choosing ¢r to be the
infimum of the ¢s chosen along with an union bound will gives us

8
PGer) > ¢ 75 = ¢ > 0

as required. |

Remark 4.7. Both Lemmas 4.6 and 4.5 can be proved by appealing to the amenability of Z¢, but
we prefer to use mass transport principle as it avoids using amenability.

On G(er) denote by eq the closest red edge in the red direction with with min{Fy(e1)} > er and similarly
define e, to be the closest blue edge in the blue direction with Fyy(e2) > er. Let Q be the set of vertices
incident to P between them. To be more precise, Q consists of the endpoints of the component of P\{e1, e5}
containing 0. Note here that this component of P containing 0 might not have a single edge in which
case Q is the singleton 0. Let Eg denote the set of edges adjacent to Q except those adjacent to 0.

In what follows we will take a union bound over Q = S for all possible potential finite paths S passing
through the origin and consider perturbation over the set EsU{0}. This motivates the following definition.
Now define

zs = max {Juvy —Ju—=ll} +V,

e=(u,v)eEs
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Fig. 3. The set up for the event G. The edges in Eq are marked in gray.

where V is an independent uniform [0, 1] valued random variable just as in (2.9). Consider a new
collection of weights 15 = (5)xes defined as follows:

}X"FZS if XGES
3= {x+e/2 ifx=(0,v),u~0 (4.4)

Jx otherwise.
Now define
G(e)=gn{Q=5}
and note that
G(e) S UsG (S, 9)

where the union runs over all finite subsets of E. Note that by Corollary 3.2, we can consider the
perturbed ground states coupled with the original one:

X = (,M, AH,J%*, M5¢)
X' = (,M, AHJ*%, (M)5).

Finally, conditioned on J,J°¢ we can independently sample the remaining coordinates of X, X’ to
construct a coupling of X, X":

€:= ()% .M, AH, M, AH', M*>*, (M)**) (4.5)

Lemma 4.8. Fix S, a finite path passing through 0 and ¢ > 0. Then g%, M5 (M)5#) is absolutely
continuous with respect to that of (J, M, M').

Proof. The transformation that is applied to J to obtain J>¢ when restricted to S is a continuous
transformation, thereby Corollary 3.2 is applicable to each of X and X’ defined above. Furthermore,
since the ground states conditioned on J,J5¢ are sampled independently, we can use two i.i.d. Uniform
variables U, U’ in the formula (3.6). Applying this, we get

M = (%, U), M=o(J,U)

M) =95, U, M =e'(,U)

GZ0Z J8qWIBAON g0 UO Jasn salieiqi BLOIDIA 10 AlsioAiun AQ L6069 18/69 LIBUL/Z1/SZ0Z/3191./ulwi/Wwod dno olwapeoe//:sdiy Wol) papeojumMo(]



18 | K.Krishnan and G. Ray

for some measurable functions @, ®'. It suffices then to verify that (>, U,U’) is absolutely con-
tinuous with respect to (J,U,U’). This is standard, we postpone the proof of this to the appendix
(see Lemma A.2). |

We now introduce a quick piece of notation: on G(er), let Q, C Q be the simple, finite path starting at
0 and ending at e; (excluding e;) and define Q, C Q to be the simple, finite path starting at 0 and ending
at e, (excluding e).

Lemma 4.9. Let Ds be the event that

e either there exists a monomer in M3 A(M')3#F or,
o M5 AMM)>* € P and infp passes through v O (V) is achieved for some unique vertex through which P
passes where OS¢F is the optimality is calculated with weights J>*.

P(G(S, er) < P(Ds) = 0.

Proof. We work with the coupling E as in (4.5). Let R(Q,, er) and A(Q;, er) be the events described in
Lemma 3.3 for X and R/(Qy, er) and A'(Qy, sr) be the same events for X’. Note that since G(S,er) C
R(Q, er) and G(S,er) C R'(Qy, er), we know that P(A(Q, er)|G(S, r)) = 1 and P(A (Qp, &p)IG(S, &p)) = 1.
Thus,

P(G(S, er) = PGS, &), AQ, &), A'(Qy, &F)). (4.6)

However, if all of G(S, r), A(Qy, er), A'(Qp, er) occurs and one of MAMS# =: R or M'A(M")# =: R’ is
nonempty then a monomer must appear in M>#A(M)5#. Indeed, R ¢ Q, on A(Qy,¢) and R € Q, on
A'(Qyp, ¢). Thus R, if nonempty, will have a monomer at the the endpoint, which is not 0. If both R and
R’ are empty, then the optimality of 0 decreases to m — /2 for J° whereas OS¢ (w) for all w outside Q
remains unchanged and hence are at least m. Thus the infimum of the optimality of the vertices is
achieved for some vertex in Q. Overall, Ds has occurred.

The fact that P(Ds) = 0 follows from the fact that the same event for (J, M, M’) has probability 0 using
Lemmas 4.3 and 4.5, and the absolute continuity result of Lemma 4.8. [ |

Proof of Theorem 1.2. If P(MAM' € P) > O then P(G(er)) > 0 using Lemma 4.6. On the other hand, using
Lemma 4.9,

P(G(er) < D G(S,er) =0
S

where the sum is over all finite subsets S ¢ E. This is a contradiction, and hence P(MAM' € P) = 0.
Combined with Lemma 4.3, we see that MAM' = @ almost surely, as desired. [ |

5 Perturbation of Ground States

In this section we prove Theorem 1.3. The proof essentially follows the same ideas as in Theorem 1.2,
except in this case there can be finite components. Nevertheless an identical application of Burton and
Keane (Lemma 4.3) almost surely rules out the existence of starting points in MAM(p). Thus we are left
to rule out existence of bi-infinite paths in MAM(p). Thus we let P be the event as in Section 4.1 and
assume P(MAM(p) € P) > 0. On P, let P denote the path passing through 0 as in Section 4.

Let Oy(v) denote the optimality of v for the weights J. Define

my = inf Oy(v).
] v passes through P y(v)

The following lemma has identical proofs as Lemmas 4.6 and 4.5.
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Lemma 5.1. Assume P(MAM(p) € P) > 0. For all ¢ > 0 there exists a ¢ > 0 such that
PMAM(p) € P,05(0) <m+¢) >c.

Furthermore,

P(MAM(p) € P,3unique v € P,0;(v) =my) = 0.
As before, we consider the metastates by taking possibly subsequential limits:
J,M, AH), 7,J,M(p), AH(p)).

This allows us to consider the flexibilities Fy, Fy).
Let us color the edges of M red and M(p) blue and define the red direction and the blue direction of
P as before on the event MAM(p) € P. Define G = G(¢) to be the following event:

o MAM(p) € P,

. O](O) <my+¢/4.

¢ there exists infinitely many red edges e in P in the red direction with Fy(e) > ¢, and infinitely many
blue edges ¢’ with Fy,(¢') > ¢ in the blue direction.

Under the assumption P(MAM(p) € P) > O, there exists an er > 0 such that
P(G(er)) = . (5.1)
On the event G(er), let Q, Eq, G(er, S) be as in Section 4. Now define

Zs = mMax {U(u,u) _]u _JU|, Uzu,u) _}1’,{ _J/ul} +V~

e=(u,v)es

where V ~Uniform[0, 1] independent of the rest. Consider a new collection of weights J5° = (J3%)xex
defined as follows:

Jx+zs if xe8§
5% = 1)k +e/2 if x=(0,v), u~0 (5.2)
Jx otherwise.

s
and J”* as

Ji+zs if xeS$

IR = (>:3)

J, otherwise,

which allows us to define (J(p))*>* in the obvious manner. We can now define

Se _
M = D" Mselpeezse
EeV(S)

MP)** = D" Mselgpseezss
)

and exactly as in Lemma 4.8, we get that (J,J(p), M, M(p)) is absolutely continuous with respect to
that of (()%¢, J(p))>¢, M>¢, (M(p))>*). Since the perturbation makes sure that the edges in S are made
inaccessible for both M5, (M(p))*>*, we conclude in the same way that on the event G(S),

* either there is a monomer in M>¢ A (M(p))*®), or,
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e M5¢ =M and (M(p))>* = M(p) and infimum of Oyys. (v) over all vertices v through which P passes is
achieved for some vertex.

By absolute continuity and Lemma 5.1, the latter event has probability 0. This renders P(G(e)) = 0,
which is a contradiction to (5.1). Thus MAM(p) has finite components almost surely, as desired.

Now let us show that MAM(p) — @ in law as p — 0. To that end, it is enough to show that for any
sequence p; — 0, there exists a subsequence py, along which P(0 € MAM(py,)) - O as | - oc.

To that end, using compactness choose a sequence py, such that (J(py), M(py,)) converges in law as
| - oco. Call the limit (J, M(0+)) where we use the obvious fact that the marginal of J(py,) converges to ] in
law. Observe that there exists a slowly growing function  : N — {kj};>1 such that J(p,m), Mn(Pym)) —
(J, M(0+)) in law. Furthermore, (J, M(0+)) is translation invariant in law and M(0+) is a ground state of J.
Thus we are exactly in the setup of the proof of Theorem 1.2 except we sample M, M(0+) conditionally
independently of J. Since M(0+) is obtained as a weak limit, the results of Section 2 applies, particularly
Lemmas 2.14 and 3.3. Running the same argument as in Section 4, we obtain MAM(0+) = # almost
surely, as desired.

6 Central Limit Theorem

In this section, we will be working under the additional assumption that E|J;|**® < oo for some
8§ > 0. The Central Limit Theorem for the ground state energy is obtained via an application of
Chatterjee’s powerful method for normal approximation [13]. While the ground state M, can be sensitive
to perturbation of the weights, the ground state energy H(M,) is quite robust in the following sense. Let
X € Zp. If we modify the weight of x, that is we consider the ground state with the new weight J, = Jx + ¢,
then we have that |[HM),) —H(M,)| < . In particular, the ground state energy is a 1—Lipschitz function of
the weights J. The uniqueness of the ground state enables an adaptation of Lam and Sen'’s application
of Chatterjee’s method for the central limit theorem of the free energy in the zero temperature setting
considered here. The following definitions for independent perturbations of our weights J will be useful.

(a) J° is the random vector obtained when all the weights corresponding to S C £, that is {Jx}xes are
replaced by independent copies {J}}xes. J* is the same random vector defined above for singletons
S ={x}.

(b) For a measurable function g : R® — R, &g := g(J) — gJ%).

(c) For S C =, not containing x, 8:g5(J) := g(J°) — gg>'*h.

Chatterjee’s result, as stated and used in [24], bounds the Kolmogorov-Smirnov distance ds(:, -)
between a scaled and centered version of g and a standard Gaussian random variable Z as follows:

E V2 E 1 1/2
dKS (Myz) < o_— (ZC(X,)’)) +3/2(ZE|8X9|3) i (61)
9g X

g 9 \ %y
where

092 :=Var(g) and c(x,y) := max Cov(dxg - 9x9°, 3yg - dyg"), (6.2)

for all S not containing x and all T not containing y. The function g for our purposes is H(M,) where
recall that M, is the a.s. unique ground state.

6.1 Variance Bounds

A variance lower bound is key to the application of (6.1), it is a necessary ingredient in showing that the
error terms vanish as n — oo.

Lemma 6.1. There exist constants C; and C, such that

Ccin? < Var(H(My)) < Cont.
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As is usually expected, the lower bound is less straightforward to obtain as compared to the upper
bound. Recall from (2.8) the definition of the transition point for x € £y, Ky x. By definition,

{Knx >Jx} = {x € My} and {Knx <Jx} = {x ¢ My}.

The following lemma is obvious from the convergence of K, x and its independence with respect to Jy.
However, the following quantitative version of the proof is instructive.

Lemma 6.2. Let x € =,. Let J; be the weight associated to x and J}, be an independent copy. Then

P(max{ly,J,} < Knx) > ¢1 > 0 uniformly in n.

Proof. The probability of the event {x € My} admits entirely local bounds that are independent of n.
When x is a vertex, observe:

Ay ={0(x) <0} = {m%%f (Ju +Jx _}u,x) <0} € {x € Mn}. (63)

Likewise, if x = (4, V) is an edge,

Bei=Uuw < 0 Gou =t +ow = JuwJow = +JuJou =Je +Jo.Ju +J0)) € (X € My}

We provide the proof for the vertex case as it is more convenient to write, the same principle applies
to the edge case. If A] is the analogous event defined with only J, replaced with J;, then

P(Ax N A;) < ]PU;()JX < Kn,x)»

Since all our weights have continuous distribution with full support, it follows that 3c; > 0 such that
P(Ax N A)) > ¢q. Clearly, since the event Ay depends only on the immediate neighbourhood of x, ¢; is
independent of n. |

Note that the same method used to prove Lemma 6.2 can be used to show that the event {Jy < K;x <

J.} has strictly positive probability, uniformly bounded away from zero in n. Restriction to the event
described in Lemma 6.2 enables an easier computation of the variance lower bound.

Proof of Lemma 6.1. The upper bound follows via a straightforward application of the Efron-Stein
inequality. Let x € Z,, and consider the ground state that rises from independent replacement of the
weight Jy with an independent copy J;. Since the energy of the ground state is a 1—Lipschitz function of
the weights, we know that

[Hn (M) — HaMDI < Ux = Jl-

Thus, by the Efron-Stein inequality,

1 1
VarHMy)) < 5 - BH M) = HiM)® < 5 > B =7,

XeXy XeXy

which immediately implies that there is a constant C; such that

Var H(M,) < Cin®.
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For the lower bound, we will employ a martingale approach. Let us enumerate the vertices in V.
Consider the sequence of filtrations Fj := o ({J1,J2,J3 . . .Jj}). We use this filtration to define a martingale

Hyj == EHM)IF),
and corresponding martingale differences
AHHJ = HHJ+1 — Hng

Adding up the martingale differences and using the fact that the variance is always bounded below by
the variance of the conditional expectation, we get

nd—1
Var H(My) > VarH,« = »_ Var AH,;.

=0

Let]J;,, denote an independent copy of Ji;1, let MI* be the ground state obtained after the replacement
of J_1. We may express the martingale difference in terms of independent replacement as

AHyj = EHM)IF 1) — EHM)IF) = EHM,) — HMS )| Fj0).
Thus,
Var(AH, ) = E(EHM,) — HMJ )| F,1))
By a combination of Jensen'’s inequality and the tower property,
EEHM,) — HMI™)F)?) > EEHM,) - HM))?)
= % EEHM,) — HM ™), J, )0

We may further bound below by restricting to the event Uy < Knjrad 0 U < Knjpad-

EHM™) — HMn)? > EHM™) — HM0)?1,,, (6.4)

J)/+1<Km+1

On this event,
HM) = HM)Y 1y = 0 =) Ly =i, (6.5)

Note that J' = J with probability 0. If E(’ — J)?14 = 0, then it must be that P(A) = 0. Thus, ]EU}K -
]j)Qlj),J]<K(j) > C, for some C; > 0 by Lemma 6.2. In turn, this tells us that Var(AM,;) > ¢, and finally on
adding up the martingale differences,

Var M, > Cond. m

There are two error terms in (6.1), which we need to show vanish in the limit. The variance lower
bound is adequate to show that the latter of the two vanishes when g(J) = HM,(J)). Indeed, thanks to
the finite fourth moment assumption,

1/2 12
1 5 1 , 5 Cd/?nd/?

ROTTmED ( > ElaH0My)| ) < G (Z Uy = Jxl ) < (6.6)

X

xeVyUEy
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6.2 Transition Point Convergence
We now upper bound the first term on the right hand side of (6.1).

Lemma 6.3. There exists a constant C and e(n, R), which decays to 0 as R — oo and n — oo where
R << n, such that for every R > 1 and c(x,y) as in (6.1),

>ocxy) < CIEy) - (Rin? +ne® m).
X,y

We will be defining the sequence &(R,n) to be the deviation in a certain sense, of a ground state
configuration that arises from the restriction to a box Bz. We define M, x to be the ground state of the
monomer dimer model defined on Bg(x) N £y with periodic boundary conditions for R < n. Observe that

HMn) = Uy =01, <k + Knx —J0) <kt (6.7)
+ 5 = Kn) L << (6.8)
Define
Kyx — ' — K,
Exna = M%mmdg and Exp = Jx,iwljgdq,xdy (6.9)
Je = Jx J = Jx

We define E, g1 and Exr» analogously using Kgx instead of K, x. Observe that |E...| < 1 almost surely,
and further

|Ex,n,- - EX,R,-l < 2.

In extracting a bound for the c(x, y), we will be replacing axH(M,) with its corresponding local version, and
then show that the error of replacement is small. In particular, we seek a bound on dyH(M,) — dxH(Mn g).
We may express (6.7) in terms of the random variables defined in (6.9), as

axH(Mn) = (J; _}X) (:]-}XJ’X<K,1‘X + Ex,n,l + Ex,n,z) .
Thus,
a:HMy) — 0:H(Mg x) = (T}, *}x)((lw;&w =15 5 <ke,) + Exnt — Exr1) + (Exn2 — Ex,R,z))-

For convenience, we define
A1(0, R, X) =1y, g <k — gk (6.10)
Ar(n,R,X) :=Exn1 — Exr1
A3(n, R x) = Ex,n,Q - EX,R,Z-

To reiterate, |A1], |A2], |As| < 2 almost surely. By Holder’s inequality, withp = 1+ % andq=1+ %,

E [0H(M,) — 0HMg)|* < (B, —J0*) 4 (B Ay + Ay + Ag)16+49/)Y ¢

(6.11)
The reason for the marginally higher moment requirement as compared to [24] is now apparent, the
finite temperature version is appropriately “smoothed out”, enabling the use of § = 0, and consequently
q = oo. We define

§/(4+5)
) .

e, R) = (E|A + Ay + A3|16H4908 (6.12)

Proving the CLT comes down to showing that e(n, R) vanishes in an appropriate sense.
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Lemma 6.4. Asn,R — oo, for every § > O,
P(IKnx — Krx| > 8, max{Knx, Kr x} > ) — 0.

where g is the lower bound of the support of J.

Proof. By Theorem 1.1, we know that the triple (J, My, Mg) converges in law to (J, M, M) where M is a
measurable function of J. Thus for any x € %,

IP(}X € (min{Knyx,KR‘X}, maX{Kn,x,KR,x})) =Px e MyAMg) - 0 (6.13)

as n,R — oo, where the symmetric difference is appropriately defined via periodic extension. Define
Anrs = Ux € Knx, Krx), [Knx — Krxl > 8, max{Kyx, Krx} > B}, (6.14)
and for M e Rand y > 0, define
Anrsmy = Anrs N {—=M < Knx, Knx < M} N {max{Kny, Kex} >y + B}

Now, using the independence of Jy and (K, x, Kz x), We can estimate

]P(-AH,R,&,M,y) 2 ]P(|Kn,x - KR,X| > 4, maX{KH,XY KR,X} € B+ Y, M), min{Kn,xY KR,X} > *M) . PM,y

where
Pyy = min{p() : z € [max{p +y, —-M}, M]}

and p(z) is the density of J. Observe that p(z) > 0 on (8, oo) by hypothesis, and thus Py;y > 0 by continuity.
Thus,

]P(An,R,B,M,y)

P(‘Kn,x - KR,xl > 5,/3 +y< maX{Kn,x,KR,X} < M, min{Kn,XyKR,x} > _M) < Py
Y

Now, let & > 0 be fixed. Since Ky x and Kg x are both tight, we may find an M, such that P(max{K,x, Krx} >
M,) < ¢. Further, since the sequence of sets A; rsumy is nested and increasing as y | 0, we may also find
a y, sufficiently small such that P(Apgrs \ Angrsy.) < ¢ Thus,

]P(-AYI,R,B,M“YE)

P(Knx — Krxl > 6, max{K,x, Krx} > B) <
PMg,yg

+ 2e.

Next, by (6.13), we know that for n, R sufficiently large, P(Anrsm.y.) < Py, - €. Thus, for every § > 0 and
e > 0, for n, R sufficiently large,

IP(IKYI,X - KR,X‘ > 4, maX{Kn,xy KR,X} > B) < 3e.

If —oo < B and p(B) > 0, the step involving y, can be avoided. [ |

Corollary 6.5. Let R(n) be a sequence increasing to infinity such that R/nis o(1). As n — oo,

E(A1P) + E(A2P) + E(|AsfP) — 0
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forall 1 < p < oo. Thus,
e(n,R(n)) — 0.
Proof. Forie {1,2,3},
Ai(n, R) - Tmax(kyy krx)<p = O-
It follows from definition (see (6.10)) that
[A(, R < 2+ Tmax(Ky o Kee)> 8-
We may now apply the dominated convergence theorem and Lemma 6.4 to conclude that
EJAi(nRIP -0

as n,R(n) — oo. The decay of e(n, R(n)) follows from Jensen's inequality. |

Corollary 6.6. Letx1,Xy € ,, such thatd(xq, x2) > 2R. Then the following bound on the covariance
holds:

Cov (1,em,, Ixyem,) < 8EJA1(M, R)| + 4EA1(1,R)? < 12e(n, Y7,
where A1(n, R) is defined in (6.10). Consequently,
Cov (1X1€Mn s 1X2€Mn) — 0

asn,R — oo with R = o(n).

Proof. Using the bilinearity of the covariance, we can expand the covariance as follows:

Cov (1X1€My|y 1xzeMn) = Cov (1xleMR, 1X2€MR) + Cov(A1(n, R, x1), 1xzeMR)

+ Cov(Lyemy, A1(M, R, X2)) + Cov(A1(n, R, x1), A2(1, R, X2)).

Note, since d(x1,Xx2) > 2R, the tori of side length R centered at x; and x, are disjoint. Therefore, the
ground states defined on the respective boxes are independent, since the corresponding weights are
independent. This tells us

COV(1X1 eMpg» 1X7 EMR) =0.
The following bound is straightforward since 1.em, is bounded above by 1;
Cov(A1(n, R, x1), Ly,emy) < 4E A1 (1, R)].

Of course an analogous bound follows when the roles of x; and x, are swapped. Next, as a consequence
of the Cauchy-Schwarz inequality, we find that

Cov(A1(n, R, x1), A2(n, R, %)) < 4E(A1(n, R))?.

The final bound follows from Jensen's inequality. |
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6.3 Proof of CLT

We emphasize now that 3,H(M,) and 8,H(M,)° are identically distributed, so any moment calculations
directly carry over. We will write, for convenience

Grsx i= 0H(Mp)® — 3H(Mp)®. (6.15)
and
GR,X = GR,(?F,X~
Proof of Lemma 6.3. The primary ingredient in this proofis a double application of the Cauchy-Schwarz

inequality. Note, for S not containing x and T not containing y, we need to evaluate the following
covariance:

Cov(axH(MR,x) + GR,X) : (axH(MR,X)S + GR,S,x)y (ayH(MR,y) + GR,y) . (3yH(MR,y)T + GR,T,y))<

There are 16 terms that arise on expansion of the product. First, observe that for any monomial that
contains a G term, that is Cov(XY,ZW) where at least one of X,Y,Z, or W is one of the error terms G,
we have that

Cov(XY, ZW) < Ce(n,R).

We obtain this bound by applying the Cauchy-Schwarz inequality twice and using (6.11). We still need
a bound on the expectation of the unique monomial containing all non-G terms;

Cov (3 HMg ) H(Mrx)°, 3y HMz )3, HMz ). (6.16)

In this case, note that the expectation vanishes unless y € Br(x), or equivalently x € Br(y). This is because
if xand y are separated by a distance greater than R, then Mz x and My, are independent. We know that
His 1-Lipschitz, and thus,

|loxHMR)[* < Uy = J5l*
This is bounded in expectation since we know that |[J| 4+s < oo. Thus, (6.16) is bounded above by
16C8(Yl, R) + C21yeBR(x)<

Summing over x,y completes the proof. |
Lemma 6.3 was the last piece required to prove Theorem 1.4.

Proof. We have already shown that

1/2
1
W( > ElaxH(Mn>|3> -0

xeV,LE,

The only step remaining is to specify the R in Lemma 6.3. The only requirementis thatR — coasn — oo
and R/n = o(1). A valid choice is yielded by R = |v/n]. It is clear then that

1/4
1
D x| < Ce(n, VM) —0.
/Var H(My,) (va )

6.4 Generalizations

We have defined the finite model on the torus and then taken a large n limit so that translation
invariance is guaranteed from the start. However, the methods described will work for any weight
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independent boundary condition (with suitable averaging over translates to yield translation invariance
in limit). This method can also easily be adapted to the setting of amenable, unimodular, transitive
graphs. This is because translation invariance and the Burton-Keane argument are the key steps. Our
methods should also be generalizable to obtain a “1 or co” type result for the cardinality of G(J) in the
spirit of [6]; however, we do not pursue this in this article.

Another direction in which our results can be generalized is related to the support of the distribution
of the weights on the monomers. Our methods (directly) cover the important case of the weights on the
edges being random variables with good distribution taking values in [8, 00) where 8 < 0, but for the
vertices the weights are identically 0. This is because in the perturbation step Equation (4.4), we only
perturb the edge weights, and hence absolute continuity for this case still holds. Another observation
is that this case is equivalent to studying the minimum weight independent set on the line graphs of
transitive, unimodular, amenable graphs, which is perhaps of independent interest. Our results directly
imply uniqueness and a CLT for ground states of independent sets on such graphs.

7 Open Questions

One obvious direction of generalizing Theorem 1.1 is to extend the result for weights distribution given
by any nonatomic measure. One particular case that is interesting is that of Uniform(0, 1), which our
results do not cover. In particular, the step of making many edges inaccessible in the perturbation step
breaks down in this setup.

Let M be the infinite volume ground state for J. A critical droplet for x € % is the set MAM’ where M
is the ground state for J and M’ is the ground state My, where ¢ = 1if M is 0 at x and vice-versa. In other
words, we flip the status of M at x and ask how the ground state is changed.

Question 7.1. [s the size of critical droplet at 0 finite almost surely?

The next question is about the size of MAM(p). Although Theorem 1.3 yields that MAM(p) has finite
components almost surely, the method is not quantitative.

Question 7.2. Let L be the size of the component containing 0 of MAM(p). What can be said about
the tail of L?

Question 7.3. What can be deduced about the rate of convergence to N(0, 1) in the Central limit
Theorem 1.47 This question is intimately tied to the rate of correlation decay of the ground
state (Corollary 6.6).
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Appendix
A.1 Mass Transport Principle

In the study of translation invariant processes the mass transport principle (MTP) is a crucial tool. We
state it below in the form used here, and refer the reader to [4, 26] for more details.

Let us consider a random function X : ¥ — I' where I' is some complete separable metric space. Let
us assume X is translation invariant in law. We will apply this for X = & or X = X where E and X are as
in (4.5). A function g : Vx V x I'’> — [0, oc] is said to be invariant under diagonal action of Z? if for every
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o €7 andevery ¢ : ¥ — T,

9x,y,6) =gx+a,y+a,§+a)

where § + o : £ — E is defined as (¢ + )i, = & foralli e . The function g(x,y, §) can be thought of as
the “mass sent from x to y”. The mass transport principle states that in expectation (over the law of X),
the total mass out of the origin is the same as the total mass in.

Lemma A.1 (Mass transport principle). Let g be a function as above, which is invariant under the
diagonal action of Z%. Then

E (ng, y,X>) =E (Zg(y,o,X>) :
y y

A.2 Absolutely Continuous Perturbations

In this section we finish the proof of Lemma 4.8. Let ¥ be a countable set. Recall the definition of g,
from Definition 3.1, as well as C(z, @).

Lemma A.2. Consider (J,U,U) € [8,00)* x [0, 1]?, where (U, U’) are independent uniform random
variables, which are independent of J. Let S ¢ ¥ be a fixed subset. Let Z € [0,00)* depend
measurably on (J, U, U’') and assume that Z is identically 0 outside S, thatis, Zy = 0 for all x ¢ S.
DefineJ by settingjX =Ju+Zy for all x € ¥. The distribution of (J, U, U’) is absolutely continuous
with respect to the distribution of (J, U, U).

We state the following measure theoretic fact before proving our lemma. Let z € [0, 00)* be such
that it is 0 except at a finite fixed collection of indices S ¢ X. The following equality is a standard
computation for any Borel set A C [, 00)® and measurable F such that the expectations are finite on
both sides:

E(FG + 2)1}+zeA) = ]E(F(J)]']G.A H 9z, Ux)) (A1)

XEX
Note that g, (Jx) = 1if x ¢ S.

Proof of Lemma A.2. Let A be a Borel subset of [8,00)%, and B be a Borel subset of [0, 1]?. For fixed
z € [0,00) and & > 0, let B,(z) denote the ball of radius ¢ centered at z, appropriately truncated at the
boundary. We know that

P (0,0,0) € AxB,20,U,0) € B.@)

=P (J,U,U) e (A-2Z) x B,Z(,U,U) € B.(2))
= E(la.U,U’)E(A—Z)xB : 1ZeBF(z))

= E(la,U,U’)eAxB Azen - [ | 92 Ux)).

xeS

By Hdlder's inequality, we obtain an upper bound given by

yeB:(2)

1/a
max ]E(H g5, (Jx)) P(J,U,U) € Ax B« D
xeS

< max C(y, ) . P(J,U,U) e Ax B)S .
yeB:(2)

This is sufficient to conclude thatif P((J, U, U’) € A x B) = 0, then P((J, U, U’) € A x B) =0 by a standard
limiting argument involving z. |
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