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Abstract. Let n e I* and R be a ring which possesses a unit
element, a left ideal J, and a derivation d such that d™(J) # 0
and d™r) is O or invertible, for all r € J. We prove that either
R is primitive, in which case R is Di with 1 <¢1i < n+l, where
Di is the ring of ixi matrices over a division ring D, or else there
exist positive integers i, £ and p with p prime and
. £ .
2 ¢ ip” < n+l, such that R is Di[xl,x2,---,xe]/(xll),xg,---,xlz), where
D is a division ring with characteristic p, and furthermore there is a
derivation f of Di and apydg;"t 3y € ZDi’ the center of Di’ such

that if a ¢ Di then

-1 p-1 -1
d(a) = f(a.)xll) xg xlz :
-1.p-1 -1
d(xl) =1+ alxll) xg xg ,
and
-1.p-1 -1 -1_p-1 -1
d(xj) = xll) xg ---x?_l + ajxll) xg xlz

forall 2 ¢<j<¢
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Bergen, Herstein and Lanski [1] have related the structure of a ring R to the
special behavior of one of its derivations. More precisely they proved that if R is
a ring with unit and d # 0 is a derivation of R such that for every r € R,
d(r) = 0 or d(r) is invertible in R, then R must be a division ring D, the
ring D, of 2 x 2 matrices over a division ring D, or else D[x]/(xz) where D
has characteristic 2, d(D) = 0, and d(x) = 1 + ax for some a in the centre
of D.

For the entire paper we shall assume that n € Z*, R is a ring with unit, J
is a left ideal of R, and d is a derivation of R with dn(J) # 0 such that
for every re J, d*r) = 0 or d™r) is invertible in R. The results we will

obtain are similar to those of (1). In fact we shall prove the following:

THEOREM 1. Let n € I*, R be a ring with unit, J a left ideal of R, and d

a derivation of R such that d™(J) # 0 and d™r) = 0 or d™r) is invertible,

for every 1 € J. Then there ezists a division ring D such that R s either

1) Di’ the ring of i x i matrices over a division ring D with 1 < i < n+l,
or

2) Di[xl,xz,---,xz]/(xll),xg,---,x%) where i,Lp € I*, p s prime, 2 ¢ ipg < n+l,

and char D = p.
- Furthermore, there ezists a derivation f of Di and 31,8, "3y € ZD_, the
1

center of D, with d(a) = f(a)xll)'lxgql---xlz'l for all a € D,

and

d(xj) = xp—lxpnl---xlj)-i ¢ axP 1Pl 401 for j=23,---L

Let us start with an easy generalization of a lemma from [1].



Lemma 1: If 0fa€ R and d(a) =0 then a is invertible

Proof As d"™J) # 0 3r e J with d™r) # 0 so d™r) is invertible. Now

d%(ar) = _%O [11‘] " (a)dl(r) = ad™r) as 0 = d(a) = d%(a) = --.. Now

ar € J and ad™(r) # 0 because audn(r)(dn(r))_1 =a#0 so ad’(r) = d™ar) is

invertible. As d"(r) is invertible, a is invertible. g

Before our next lemma note that R is a ring with unit so R has a
maximal ideal I and R/I is primitive so we may let V be a faithful irreducible
left R/I-module with commuting division ring D. By the Jacobson density
theorem R/I is dense on V considered as a vector space over D. But then V
is an irreducible left R-module with Annp(V) = I where Annp(V) =
{r ER | IV = {0}} Note also that R and D commute and R 1is dense on
V considered as a vector space over D. From now on I, V and ‘D will be

fixed and let W be some finite dimensional D-subspace of V. If a € S define
i .

N Ker(da))| where d°(a) = a.
=1

It is not hard to show that for rs € R and i€ {0,1,2,---}, if

Wy(a) = W and for 0 <i, W, ,(a) =Wn

dj(r)w = dj(s)w YVO<j<i and we Wj(r) then Wi(r) = Wi(s).

Lemur 2. If O #a€J then W_ . (a)=0.

Proof Since d"(a) = 0 or is invertible it is clear from Lemma 1 that
R = Ra+ Rd(a) + -~ + RA™a). It is trivial that 0 = &d(a)W__ (a) for j =

0,1,-++,n so we have 0 = Ra W ,(a) + Rd(a)W_ ,(a) + --- + Rdn(a)Wml(a) =

RW_,.(a) so W__,(a) =0 because V is irreducible. g



LemMa 3. Let 0#r € R, 0#veV, and i€ {0,1,2,---,}. Then 3a € Rr with
a$ 0 such that dj(a)Wj(a,) C Dv for j=0,1,---

Proof Induction on i. If i =0 then Wj(a) = Wo(a) = W. Since W
is finite dimensional so is t™W. If W = 0 then trivially let a =r1r. If W +#0
then, by the density of R, choose b € R such that brW = Dv and set
a = br. Then aWgy(a) = aW C Dv and a # 0.

Suppose the result holds for i and choose 0 # s € Rr such that
dj(s)'vv"j(s) C Dv V0 < j<i Nowif di+1(s)Wi+1(s) = 0 C Dv then take a = s.
Therefore without loss of generality assume that di+1(s)Wi+1(s) #0. As W is
finite dimensional di+1(s)Wi+1(s) is also so by density 3b € R such that

bdi+1(s)Wi+1(s) = Dv and bv=v. Nowfor 0¢<j<i+tl and w € Wj(s) note
: iy s
that di(bs)w = 3 [ﬂ] I ¥v)aKs)w but if k < j then d¥s)w = 0 so

(1) d(bs)w = bal(s)w.

Now if j < i then dj(s)w € Dv so dj(s)w = av for some a € D. But then

from (1) we get
(2) d(bs)w = bdl(s)w = bav = abv = av = dI(s)w.

From (2) and the comment before lemma 2 we get that Wy (s) = Wy(bs)

VO < k < i+l. Now let a = bs. Then a € Rs C Rr, by (1) we get

i+1 1+1 i+1

d' ()W, ,(a) = bd'* ()W, ,(s) =.Dv £ 0 so a-# 0 and dljr (a)W,, ,(a) € Dv,
and if 0 ¢ j<i then from (2), dJ(a)Wj(a) = de(s)Wj(s) = dJ(s)Wj(s) ¢ Dv.

Therefore the result holds for i + 1.



Lewus 4 R/I¥ D, for some 1 <i<n+ 1 where i= dimp(V).

Proof. Let W be an arbitrary finite-dimensional D-subspace of V. As
d™J) #0, 3 anonzero reJ Also 3 anonzero veV sotake i = n and
a as in lemma 3. For 0 ¢ j < nm, dj(a) : Wj(a) -+ V is a D-linear map with

kernel Wj+1(a) and range contained in Dv. Hence

dimp(W) = dimp(Wq(a))
= dimD('W"l(a)) + dimD(aWO(a)) . dimD(Wn+1(a))

n
+_E

2z dimD(dj(a)Wj(a)) < dimp(W_,,(a) + 0 + L.

By lemma 2, W_ ,(a) =0 so 'dimD(W) <n+ 1. Since W is an arbitrary
finite dimensional D-subspace of V and V # 0 we have 1 ¢ dimp(V) <o+ L
Now take i = dimp(V) and by the density of R/I on V with V a faithful
irreducible R/I-module we get R/I ¥ D.. g

In all that follows i = dimp(V). If I =0 there is nothing left to prove so

we will assume from now on that I # 0. Note again that Annp(V) = I Now

i ]
define Ig=R andfor 0¢j L= 0 d K1) where a™¥(1) -

k=0
{r ¢ R|d5(x) € 1}. It is immediate that d(1) C Ly and that I is an ideal

At this point we will develop some properties of Ij'
Lewis 5. If j€ {012}, 1€R, ond ael\l, then d(RaR) n (1+1) # 0.

Proof. Let v : R - R/T by ¢(r) =r+ 1. Now ace€ Ij\Ij+1 S0 dj(a) g1

so @(dd(a)) # 0. As I is maximal R/I is simple so r + I € (R/I)o(dd(a))(R/T)



- o(R&(a)R) = p(d)(RaR)) because d)(IaR) C IdJaR) + I C I with a ¢ I, and
similarly d)(Ral) ¢ I .. dy(RaR) n (r+]) # 0. g

LEmMa 6. There is a largest m  such that I nJ ¢ 0. Furthermore 1 < m < n,

I_ . =0 andfor 0 <} dJ(I nJ) =

m+l J+1

Proof. 1f 0#4rel ,NJ then R=Rr+Rd(r) + -+ + Rd™(1) ¢ I so
since I is a proper ideal of R, In+1 nJ=20 As I0 NJ=J¢#0 we have

that m exists and 0 { m < n. LetJ =I nJ. Now IJ _m+1nJ—vO
so for j = 0, J+1dJ(I nJ) = 0. If J+1dJ(I NJ) =0 then 0 = (J+2dJ(J ) =
1 . .
J+2dJ’“ (J,) as d( J+2)dJ(J ) ¢ J+1dJ(J ). Thus by induction for 0 < j,
J+1dJ(I nJ) = 0. Now
=L, R=T (RI_+RA(I_)+-- +Rd™(JI ))
n
CIT  +Td(T Y+ -e-+1 4d"(J )=0
If Im+1 = In+1 =0 then m cannot be zero because I # 0 so we would finish.

Now let j be the largest j such that Ij # Ij+1' If j> m then by lemma 5

choose a € I\IJ+1 such that d¥a) e 1+ 1 As ae€ Lo ad™J_) = 0. As

for k < j, d(a)el we have

m

0= dad™(J ) = da)d™F ) = d®@)  (mod T)

and Jm c1I so 0 # Jm c1I N J =0. As this is impossible j < m.

m m+1
Therefore Ierl =1

From now on m and Jm will be as used in lemma 6.

n+1 and we are done. g



LemMa 7: R and D have characteristic p with p prime such that p/m+l.

Also 2 <{p <n + 1

Proof By lemma 5 3r € RJ_R C I = such that d™(r) € 1 + I. By lemma

6, dm_l(r) exists and 0 = dm'l(r)r. Now using the fact that Annp(V) =1
. _ ym+l,.m-1 _ mil m+1} ,2m-j; ] _ m; y.m
we obtain 0 = d° (d7 (V= X j d (r)d(1)V = (m+1)d"(r)d (r)V
j=0

= (m+1)V. But m + 1 € D so D has characteristic p such that p/m+l,

and as D is a division ring, p 1is prime. But then pV =0 so p € I which

gives p=0 by lemma 1. That 2 < p ¢ n+l is trivial. g

From now on p will be the characteristic of R. Now the lemmas will begin

to narrow in on the structure of R.

Lemma 8: If 0< j<m then 3 a function 6 : R/I - R such that
Or+I) € 1 + 1 and d(0(1+I)) € Ij for every 1 € R.

Proof Induction on j. If j = 0 then take any function 6: R/I = R
such that O(r+I) € r + I for every r € R, then d(f(r+I)) € R = I; so the
result holds. Suppose the result holds for some j with j < m. Then
39:R/I-R with 9(+I) e r + 1 and d(y(r+I)) € Ij for every r € R. Now
dm'j'l(Jm) is nonempty and dm’j'l(Jm) n (Ij+1\Ij+2) +0 sofor a€R
db € Ij+1 such that dj+1(b) €a+1 bylemmas .. 3 a function
Yp: R Ij+1 such that dj+1(¢’(a)) € a+ 1 for every a e R. Now take
Or+I) = A(r+I) - w(dj+1(’y(r+l))). Then for r € R, O(r+I) e r + 1 + Ij+1 =r1+1
and  d(0(z+1)) = d(y(r+I) - YA (o(+1)))) € I - d(I,;) = I; But d(d(0(x+1)))

: ) : ) J
= d*(o(esD)) - A (o) € (o) - (@A) < 1) = L



d(0(r+I)) € Ij+1' -

LemMa 9: R has a subring R’ with d(R’) ¢ I, R=R +L R nl=0,

and R’ © Di'

Proof. Apply lemma 8 with j=m tofind #: R/I - R such that
O(r+I) € r + 1 and d(0(r+])) € I forevery reR. Nowif re R and
Ity € T + 1 such that d(r;),d(ry) € I then 1, -I, €l ., =0 bylemma 6
50 1) =1y . H(r+I) is the unique element r; €r + I with d(ry) € 1.
Now define R’ = ((R/I). Then by the definition of R’, d(R’) C I, and as
0€e0+I=1 and d(0) =0€I , wehave R" nI=0. Nowif rseR
then O(r+I) + O(s+I) e r + s + I and d(0(r+I) + O(s+I)) € I, 80 Or+s+I) =
O(r+I) + O(s+I) by the uniqueness of t € r + s + I with d(t) € I Similarly
O(rs+I) = O(r+I)f0(s+I). .. 0 1is a ring homomorphism from R/I - R‘. Now if
Or+I) = 0 then 0O er+I=rel so 0 isa ring isomorphism. Using lemma 4,

R’ = 6R/I) ¥ D; so R’ ¢ D. and R’ is a subring of R. g

For convenience R’ will be called Di from now on. Also ZR will be the
center of R and Zpy, the center of Di' The function @ in lemma 8 will not
1
be used again.

Lemma 10: If 1 < j<m and r € R then Is € I such that d(s)Er+Ij.

Proof. Suppose that it is false and let j be the least j € {1,2,---,m} such
that 3r e R for which the result fails. By lemma 6, 0 ¢ m-1 so d™7L(J )
exists and dm"l(Jm) N (I;\Ly) # 8. Therefore lemma 5 can be applied to show
that j# 1. .. 1< j and 3a eI suchthat r - d(a) € Ij-l' As

d™ I ) n (I\I;,q) # 0, by lemma 5 3b ¢ RA™ IR ¢ I; such that



ddb) € A Mr-d(a)) + I Let s=a+bel Now r-d(s) = (r-d(a)) - d(b) e
I, end A3 (r-d(s) = 7 (r-d(a)) - AIb) €T s0 1 - d(s) € L. . j does
not exist by contradiction so the lemma holds. g

Lemua 11: If r € Zp then 3aeIn Zp with d(a) € r + 1 . If in addition
rel then P = 0.

Proof Apply lemma 10 to find a € I such that r - d(a) € I, Then
. < 1Dy -1, L ; o . ;o
r® €1 and d(rp) = prp d(r) =0 €l = because p 1s the characteristic of R

P =
so el ;=0 g

Suppose that Elxl,xz,---,x‘,z € I n Zp such that d(xl) €l+1I and
d(xj) € xll)"lxg'l xlj:% + 1 for every je€ {2,3,---,4}. Recall from number
theory that if k € {0,1,-- -,pg—l} then k has a unique representation as

-1 .
DO, g o DNy = DyHDeD + -+ DD with Dy, o0y € {0,1,---,p-1}. Now

define 6:{0,1,--- f—l} — R by dk) = 0n ceeng) = xnlxn2 xn(3 here
eane bbb y = A T X %y e v
1° is defined to be 1. Note that O(pjhl) = X Now lemma 12 is a technical
result that is crucial in finding the structure of R.

Lemma 12. If x £

(k) e I, nZ

1%gr" %y exist and 0 # X1:Xey "t Xy then Y0 < k < p~-1,

g ond dN(0(K)) s invertible

Proof Induction on k. If k = 0 then (k) = x(l)xg xcz =

1¢€ IO n ZR and is also invertible. Suppose the result holds for k and

4

k < p™-1. Note that @0(k+1) 1is the product of elements from ZR 80

O(k+1) € Z(R). To finish divide into cases.



10.

Case I. k+1 = pj_1 for some j € {1,2,--,4}.
Then O(k+1) = x; As the result holds for k, (k) € I, and dk(()(k)) is
invertible so 0 # f(k) € I, = k ¢ m. Now d(f(k+1)) = d(xj) €
-1_p-1 -1 j-2 -1
xll) xg ij)-l + 1= 0((p-1)(1+p+---+p)7)) + I, = 0(pd™"-1) + I, = 0k) +

I, so d(0(ks1)) €T, As O(kel) = x€ 1, O(el) € I p. As 0 # Okel) €

k+1 k k k
Lop kel &m so &7 (0(ke1)) € d(0(k) + I ) € d¥(0(k)+T, ) € d°(0(k)) + L

d*Y(g1)) = d¥(AK)) - 2 for some 2 € I As 0(k) € Zp, d(0K)) € Zp
m+l ¢ I,,1 =0 Since also (dkO(k))—a) divides

and a€l so a
(dk(ﬁ(k)))m+1 S g dk(ﬂ(k)) ig invertible, so too is dk+1(ﬂ(k+1)).

CaseIL k+14+plvicjce
-1 .
Let k+ 1= Iy + Mg + +=+ + 0D with DyNy, o0, € {0,1,---,p-1}.
Let {J17J27':JN} = {.] € {172)"';Z} I nj # 0} with ‘]1 < J2 < e <L JN Note
n.

that O(k+1) = xnlxn2 xnl = xnjl xnj2 cee X Iy Now O(k+1) € I, (k) €I
172 ¢ J1 7o gy’ ’

k
k+0 so o5 exists and oy is invertible as an element of D, (and therefore of
R), and dk(O(k)) is invertible so the lemma would follow if d(f0(k+1)) = njlﬂ(k).

Now suppose that 2 < M < N. Then

n; ony n
1 N

d(x. Mx, M Y e x, d(x: ) R

YRR Y| Ix 1y

n.
x?l x?z o X.JM—I
J1 Jg Ig-1

using that X Xg,"*+,Xy € Zp. But X d(xj )R e x! R + x. = 0 by lemmas 6

1 l ]
and 11 and the fact that j; < j, and the definition of d(xj ). Therefore
M

1Im



11.

d(k+1))
n. n. nj
= d(x.Jl x.32. ..x. N)
J1 J2 Ix
N n, n n n n n n
= ¥ 1,72 _M-1 d(x My  Mel TMe2 N

X. . . . .
v=1 J1 91 Im-1 Iy w1 Iy

. n.
= d/xr}jlxxr,ljt,,x.JN ¢ n(
Y31 Mg Jx it

However because k + 1 # p-]°1 V1 < j¢ £ we have trivially 2 < nj FN. oo

1 Jo

+1. and I _.I=0 so
IN m

.-1n. n. o,
a(0(k+1)) = m, ¥R P71 Lo (LI i L TN
3 1 72 Jl‘l Ji lg g IN

j1'2) il ji-1

nj 0((p-1)(1+p+---+p p + 1, p
1

3

= n, 0(-1+k+1) = n; (k).
1 h

Therefore the lemma holds. g

LEmMa 13. There ezists a largest £ € I"  such that X Xg,t 5 Xy all erist and are

12

nonzero. Furthermore m = p~ - L

Proof. 1 € ZR s0 by lemma 11, x; exists. By lemma 6, 1 < m so
d(x;) el +I1_ C1+1I and I¢#R 50 d(x;) # I » x; # 0. Now if there was no



12.

last ¢ such that X1,Xg,t*5Xy all exist and are nonzero then take ¢ = m and

then by lemma 12, 041 ,CI ., contrary ‘to lemma 6 so a last such ¢ exists.
P

4
But now take ¢ to be maximal and by lemma 12, dP —I(U(pé-l)) is invertible
¢ S LBy, ¢
and f(p~-1) € I , but d (0(p-1)) ¢ I so m > p~-1. However by
p-1

lemma 11 3x,, € InZp with d(x,,;) € 0p1) + I but ¢ is maximal so

L 1

Xp1 = 0 and O(pe—l) €l , from which m < p -l g

-1. Therefore m = p

/
Lemma 14. Let 0 < j < p*-1. Then 1j = I,

i1 + D300

i1 C Ij and Ij is an ideal,
L,y + Dé(j) € T; Now by lemma 12, d(8(j)) is invertible so 6(j) € L\L, ;.
Therefore if 1 € Ij then by lemma 5 3s € RO(j)R = RO(j) (because 6(j) € Zg)

Proof. By lemma 12, 4(j) E.Ij so as I

such that dj(s) € dj(r) + I. However s = (a+b)f(j) for some a € D; and
b el bylemma9. Butthen dl(bd(j)) eI so dl(r) € dad(j) + L As
r - af(j) € Ij this gives r - af(j) € Ij+1' o1 € alj) + Ij+1 C D,0(j) + I

L
I. ¢ Dy6(j) + I,

i € 1 50 Ij = Di0(j) + Ij+1‘ -

Now it is a matter of putting together the pieces.

Lemma 15. There ezists a derivation { of Di and a1,89," " *,8y € ZD_ such that
1
-1.p-1 -1 -1_p-1 -1
Va € D, d(a) = f(a)xll) xg x% d(xy) = 1 + alxll) xg xlé , and

-1.p-1 -1 -1 p-1 -1 .
d(xj) = xli xg x? 1 a.xll) xg x? for j = 2,3,---,L

Proof. Note that xll)—lxg'1 xlz'l = O(pl-l), and by lemma 13,

m = pl—l $0 by lemmas 6 and 14, Im = Di 0(p£—1). Now suppose that a,b € Di



13.

¢
and (a-b)0(p%-1) = 0. Then by lemma 98, 0 = dP “Y((a-b)a(pl-1)) ¢

(a—b)dpz'l(O(pz—l)) +1 so0 (a—b)dpe'l(O(pz—l)) € I s0 by lemma 12, a - b € I
But then by lemma 9, a -belIn D, =0 so a=b. Therefore if

a0(pe-1) = 0 then a = 0. Thus there exists a unique function f : D; -+ D, such
that if a € D; then d(a) = f(a)0(p*-1). Now if ab € D, then

Ha+b)0(pt-1) = d(a+b) = d(a) + d(b) = (f(2) + {(b))0(p’-1) so f(a+b) =

f(a) + f(b). Also f(ab)f(p’-1) = d(ab) = d(a)b + ad(b) = ((a)b + af(b))d(p’-1)

so f(ab) = f(a)b + af(b) so f is a derivation. Now as I, = DiO(pZ-l) by
lemma 14, from the definition of x; 3Ja; € D; with d(x;) =1 + alﬁ(pz-l). But

then by the definition of x;, x; € Zp so 1+ a10(p£—1) = d(x) € Zp s0
Va € D;, 0 = a(l+a; O(pz—l)) - (1+ay 0(p£—1))a = (aal—ala)O(pe-l) s0 aa;-a;a = 0.
a; € ZDi' Similarly if j = -,{ then d(x ) xll)_lxg'l g i
X { .
Lemma 16. R ¥ Di[YlJY21" ')yz]/(yll))y:gf "Jylz)‘
Proof. By lemma 11, 0 = 11) xg = xlz. so there is a unique ring

homomorphism w:Di[yl,yz, . ,yg]/( p . ,ye) - R with #(a) =a Vace D,
and ¢(yj) = X for j=1,2,---,£. Now ¢ is an epimorphism because by lemmas

14 and 13,

R:IO=Di+Il

D, + D, 0(1) «

¢
Iy =+ =D; + D, 0(1) + D, 0(2) + -~ + D, f(p"1)

m

WDy yg -y A/ (¥1:¥9: 7))

Now to finish it suffices to show that ¢ is one-to-one. Now suppose that

a € Dy[y,yg -y /(3}y, - -yh) and that 9(a) = 0. Formally, y(a) =



14.

ag + a10(1)+ +a\,p£_1 0(pZ_1) with aO,al,...,apz_l € Di‘ If some aj # 0 then
let j be the least j such that 3 # 0 and note that dj(w(a)) ¢ 1 contrary to
¥a) = 0. Clearly if 8,81, 8 are all 0 then a =0 so 9 is

p -1
one-to-one. g

Let us review what part of Theorem 1 we now know. For the case where
I =0, lemma 4 does the job. If I+ 0 then lemmas 15 and 16 give us most of
Theorem 1 and together with lemma 7 all that we do not know is 2 < ipl <{n+ 1.
However we have 1 < i< n + 1 from lemma 4, 2 < p <n + 1 {from lemma 7
and 1 < ¢ from lemmas 6 and 13. Thus we know that 2 < ipé. The rest of the
paper will show that ipl <{n+1

From lemmas 6 and 14 3b € D; such that 0 # bf(m) € I_ n J. By similar

. N PPN e
reasoning to lemma 3 30 # a € D:b such that dimp|f(a)] n Ker(f*(a))[| = 0
k=0
or 1 for j=1,2,---,n and dimD(aV) =0 or 1 also. Now define L0 =0
and for je IV, Lj = Dja + Dif(a) + -+ + Difj'l(a,). Therefore
. . !
LyC Ly €+ and f(Ly) € L;, f(L;) C Ly, f(Ly) € Ly,---. Now if N = jp‘k

with j € {0,1,2,--+} and k € {0,1,---,p"1} then define Z[N] = £(jk) =

RL. + 1 L. ,. Note that 0 # a € J and lemma 1 imply that
i pe—k—l i+l

R = Ra + Rd(a) + -+ + Rd™(a).

THEOREM 1. Let n € I*, R be a ring with unit, J a left ideal of R, and d
a derivation of R such that d"(J) # 0 and d%(r) = 0 or d™r) is invertible,
for every 1 € J. Then there ezists a division ring D such that R is either

1) Di’ the ming of 1 x i matrices over a division ming D with 1 < i < n+l,
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or
2)  D.[xq %, %)/ (xP %D, - xP) where i6p € I*, p is prime 5 ¢ ipf < n+1
ittt :[ 19 1£ Y H p ) S 1p 3 )
and char D = p.
Furthermore, there erists a derivation f of Di and 21,89, * ) € Zp, the
1
center of D., with d(a) = f(a)xlla'lxg'l---xlz_l for all a € Dy,

d(x;) =1+ alxll)-lxg'l---xlz—l, and

fO'I" .] = 2)3)"':£'

Proof. As has been noted all that is left is to show that ipz <n + 1. This
will be proved under the assumption d(.£[N]) C £[N+1] YN > 0, and then that
assumption will be proved.

Part 1. Assume d(Z[N]) ¢ #£[N+1] VN > 0.

Note that .#[0] C £[1] C +-- C #[n] and for N € {0,1,2,---}, d( 2[0]) ¢
ZIN. But af(p®1) e #[0] so RCR £[0] + R Z[1] + -+- + R Z[n] =
R.Z[n] C (Di+I)(Lj+I) C Lj +ICR so R= Lj+I. Now choose j, k with

{

0¢k<ptl with n+1=jplk and note that if c, € D; then ey € L+ 1

$O 3c2 € Lj with c;°Cy € Di NI =0 bylemma 9 and Lj C Di sO

D, = Lj = Dja + Dif(a) + --- + fj'l(a) so by the same reasoning as in lemmas 2
and 4, j dimp(V) =i but mel =jpl+k and 0 <k so j <2 so

p
ipe <n+ 1.

Part 2. Prove that d(.Z[N]) ¢ Z[N+1] VN > 0.

Induction on N. If N =0 then Z[N] = £(0,0)=RLj+1, L =
p-1
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I, L so d(£[N)CI, L +IdL) =RLy+1, L, = #[1] using that
St P L1 ]

d(L;) ¢ I . Now suppose that d(.#[N]) ¢ Z[N+1] and divide into cases.

Case I: N+1=jp£+k with 1$k<p£—1.

Then by lemma 14, Z[N+l1] = #(jk) = RL, + I L., =RL; +
N j

C ZIN+1, L. . d(Z[N+1]) ¢ d(L[N]) +

1
I, L. D.f(p™-k-1)L
pl #1 T (p L j+1 pfk-1 j+1

Case I: N +1 = jpbik with k = pb1
Then #(N+1) = RL; + Iyl ; = RLj,; because I =R. .. d(Z[N+1]) ¢
d(R)L.. . + Ra(p‘-l)f(Lj+1) C RL,

j+1 i1t ng_le+2 = Z(j+1,0) = ZL[N+2].

Case III: N+l=jp£+k with jeﬂ+ and k =

Then Z[N+1] = RL + 1 8 L., =RL

o1 = RLjp + IOLJ + Ipl_le+1 = Z[N] +

I o L;,;- Therefore d(¥ [N+1]) (_3 LIN+1] + Ipé’_zLjﬂ =RL, +1, L,

J pt-2 J
J(J) ) = {N+2]‘ -]

REFERENCES

[1] J. Bergen, I.N. Herstein and C. Lanski, Derivations with invertible values, Can.
J. Math. 35(1983), pp. 300-310.



