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ABSTRACT

This thesis presents a full-vectorial mode matching method for whispering gallery

microcavity analysis. With this technique, optical properties such as resonance wave-

length, quality factor and electromagnetic field distribution of an arbitrarily shaped

microcavity can be computed with high accuracy. To illustrate this, a mode match-

ing analysis that involves a single propagating whispering gallery mode is performed

on a microtoroid in the presence of individual nonplasmonic nanoparticle on its sur-

face. This method is also extended to the analysis of cavity adsorbed by a plasmonic

nanoparticle at a wavelength close to plasmon resonance where the resulting field

distortion invalidates other approaches. The simulation demonstrates high efficien-

cy and is in close agreement with experimental measurements reported in previous

work. Furthermore, we extend our mode matching analysis to the case where multiple

whispering gallery modes are involved in the course of light propagation. The new

formalism is performed on a cavity-waveguide coupling system to investigate the light

delivery from a tapered optical waveguide to a microcavity at high precision. A novel

hybrid integration scheme to implement an ultra-high quality factor microcavity on

a silicon-on-insulator platform is proposed based on the related modelling results.
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Chapter 1

Introduction

The whispering gallery in St. Paul’s Cathedral Church, London, has been known for

its phantom phenomenon to deliver a whisper tens of meters away since its conse-

cration in 1708. Such phenomenon, later explained by Lord Rayleigh [1] in 1878, is

a result of low energy loss occurred during the propagation of sound wave along the

gallery wall in a manner similar to light propagating in a modern optical waveguide.

Thanks to the rapid advancement of micro/nano fabrication technologies, an optical

mimic of the whispering gallery, named as whispering gallery mode (WGM) micro-

cavity, has emerged as a powerful photonic device since last centaury [2, 3, 4, 5]. In an

optical WGM microcavity, photons circulate along the cavity edge. When the round

trip time the photon travels coincides with an integer multiple of the photon oscilla-

tion period, resonance occurs. Under the resonance condition, a WGM microcavity

can confine photons within a volume as small as thousands of cubic microns in the

proximity of the cavity edge for a long time typically exceeding 1 microsecond [6, 7].

In the event when a nanoparticle adsorbs to the cavity surface, the photon will travel

at a longer path. This causes a detectable shift of cavity resonance wavelength. This

unique feature can be utilized for nanosensing [8, 9]. In addition, it has been recently

reported that a localized surface plasmon resonance (LSPR) can largely enhance the

sensitivity of a microcavity [10, 11] by increasing the field intensity around bound

plasmonic particles. To design and optimize such plasmonic structures on WGM cav-

ities, numeric modelling tools are in need. In addition, light needs to be delivered

to a WGM cavity through eg. a tapered waveguide [12]. An efficient and robust

coupling scheme between a well-designed tapered waveguide structure and a cavity

plays a critical role in integrating a cavity on a silicon photonic platform. To develop

such scheme, a suitable numeric tool is also required [13].
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In the past, researchers have developed several numeric tools to meet the neces-

sity of WGM investigation. The first step in the numeric interrogation of a WGM

cavity is to develop a tool that can calculate the electro-magnetic field distribution of

an unperturbed whispering gallery mode and corresponding parameters such as the

resonance wavelength and quality factor (Q). Such tool is known as a WGM mode

solver. Up to date, a finite element method (FEM) mode solver [14] is among the most

popular ones to simulate the mode of an ideal or perfectly axisymmetric WGM cavity

with high accuracy while a less accurate finite different mode solver is also available

for its simplicity of implementation[15, 16]. In the second step, changes of the optical

properties need to be estimated when the cavity is perturbed by, eg. a nano particle

or a tapered waveguide. In the case when the perturbation does not significantly alter

the field distribution of an unperturbed cavity, a perturbation approach is sufficient

to predict the changes [17, 18]. This technique yields highly accurate results for sim-

ulating the resonance wavelength shift caused by individual dielectric nanoparticles

binding onto the surface of a mcircavity. However, it is less accurate for the design

of cavity enhanced plasmonic nano-antennas, in which case the local field is strongly

distorted by the local surface plasmon. Such inaccuracy is worsened when the cavity

resonance wavelength is close to the resonance wavelength of the plasmonic structure

on the cavity. Alternatively, one may choose first-principle techniques that directly

solve Maxwell’s equations in all three dimensions. However, such techniques require

extensive computational resources compared to the mode solver based techniques due

to the increase in grid points by one dimension.

Mode-Matching Method (MMM), typically formulated in a Cartesian coordinate

system, is a computational electro-magnetics modeling technique that simulates the

propagation of wave by expanding the electro-magnetic field onto the eigen modes in

the local cross section. It has been widely used in modeling and designing straight

waveguide discontinuities, junctions, and filters in Cartesian coordinates [19, 20]. In

MMM, the optical structure is divided into a number of slices along the propagation

axis (typically longitudinal). In each slice, the electromagnetic field is expanded onto

a complete orthonormal set of eigen modes of the local cross section. Scattering

matrix is computed by applying the continuous relation between two neighboring

slices. In this work, we partition a WGM system along the azimuthal direction and

obtain full-vector WGM modes at each slice. Mode matching between neighbouring

slices is then performed in a cylindrical coordinate to emulate the wave propagation

in the WGM cavity. Optical properties such as the resonance wavelength and quality
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factor are calculated accordingly.

In this thesis, a less accurate yet highly efficient single mode-matching formulas for

a whispering gallery mode-nanoparticle (WGM-NP) hybrid system is first presented.

A multi-mode MMM formulas is then illustrated in the case where multiple WGMs

are involved in the light propagation. With this technique, we demonstrated that a

robust whispering gallery mode-silicon on insulator waveguide (WGM-SOI) coupling

scheme is achievable.

1.1 Thesis Outline

The thesis is structured as follows:

Chapter 2 provides a basic theory of whispering gallery modes, their applications

followed by an introduction of whispering gallery mode simulation history.

Chapter 3 demonstrates a mode-matching-method in cylindrical coordinates that

involves a single WGM. An example of a WGM cavity with surface binding

particles is analyzed with the developed formulation. Simulation results are

presented, discussed and compared with published measurements.

Chapter 4 demonstrates a multi-mode mode-matching-method by considering the

mutual coupling between modal field. A test case of a WGM-SOI waveguide

system is analyzed.

Chapter 5 concludes the thesis and the main contribution to the area.
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Chapter 2

Background

The term whispering gallery refers to the whispering gallery under the dome of St.

Paul’s Cathedral in London (Fig. 2.1(a) [21]). It is famous for the acoustic phe-

nomenon that a whisper against any point of the gallery wall can be heard on the

opposite side as far as 34 meters away. Such phenomenon has also been shown

by many other monuments, such as the Temple of Heaven in Beijing and the (Fig.

2.1(b) [22]) Gol Gumbaz in Bijapur. It was first studied by Lord Rayleigh [1] and he

concluded that the acoustic wave travels along the curved surface of the whispering

gallery wall in a manner nowadays known as waveguiding effects. While in free space,

propagating acoustic wave decays proportionally to the square of the distance, in

the whispering gallery, the wave decays only directly proportionally to the distance,

making it possible to be heard tens of meters away.

(a) (b)

Figure 2.1: Whispering gallery monuments. (a) The whispering gallery under the
dome of St. Paul’s Cathedral in London. (b) The whispering gallery of the Imperial
Vault in the Temple of Heaven in Beijing.
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In the 20th century, electromagnetic whispering gallery mode was found in dielec-

tric spheres and cylinders. As early as in 1980s[4], researchers started to investigate

optical whispering gallery resonators and their applications [23, 24]. Light circulates

inside a whispering-gallery cavity with total internal reflection. The cavity can confine

light so well that a Q-factor as large as 108 is achievable [5, 25]. Currently, studies of

whispering gallery mode cavities are on research hotbeds for their unique combination

of ultra-high Q-factor, small mode volume, ease of fabrication and on-chip integration

to silicon photonic platforms.

In this section, the basic theory of the whispering gallery mode is presented from

a view of classic electrodynamics, followed by an introduction of the fundamental

parameters of WGM optical cavities. Applications of WGM cavities and cavity en-

hanced localized surface plasmon hybrid sensors will be introduced. Finally, a review

of the history of the simulation of the WGM cavities will be given, together with a

detailed introduction of two most widely used models.

2.1 Whispering-Gallery-Mode Microcavities

2.1.1 Whispering Gallery Mode

Whispering-gallery-mode cavities confine photons for a long time (exceeding 1 mi-

crosecond [5]). The general principles of a WGM cavity can be explained by the

geometrical optics. As illustrated in Fig. 2.2, WGM cavity with a refractive index n1

is surrounded by medium with a refractive index of n2 < n1. When the light incidents

at an angle larger than the critical angle defined by Snell’s law:

θc = sin−1(
n2

n1

) (2.1)

total internal reflection will occur and the ray will experience no loss from refraction.

If the optical path length the ray travels after a full loop coincides an integer times

of its free space wavelength, constructive interference occurs and high optical power

will build up.
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n1

n2

θ

Figure 2.2: Schematic illustration of total internal reflection at the interface of a
dielectric WGM cavity and the surrounding medium, as described by ray optics.

While the geometrical optics view gives an intuitive picture, a more quantitative

description of the WGM is given by the Maxwell’s Equations:



∇ ·D = 0 (2.2a)

∇× E = −∂B

∂t
(2.2b)

∇ ·B = 0 (2.2c)

∇×H =
∂D

∂t
(2.2d)

Here we assume there are no free charges and current density inside the cavity. It

is demonstrated in [26] that by including the appropriate boundary conditions, the

source-free Maxwell’s Equations can describe a general resonator driven by sources.

The electrical field E, electrical displacement field D, magnetic field B, and magnetic

field strength H in (2.2) are related to each other by the permittivity ϵ = ϵ0ϵr and

permeability µ = µ0µr according to:

D = ϵE

B = µH
(2.3)
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Taking curl of (2.2b) and (2.2d) we obtain:

∇×∇×

{
E

H

}
= −µϵ

∂2

∂t2

{
E

H

}
(2.4)

Using the identities ∇ × ∇ × A = ∇(∇ · A) − ∇2A in the absence of external

stimuli ∇ ·D = 0, ∇ ·B = 0, (2.4) becomes

∇2

{
E

H

}
= µϵ

∂2

∂t2

{
E

H

}
(2.5)

E and H are functions of time and space and can be solved by separation of

variables. To illustrate this approach, we assume the field is monochromatic and the

dielectric constants are independent of time,

{E(r⃗, t),H(r⃗, t)} = {E(r⃗),H(r⃗)} ejωt (2.6)

This leads to the Helmhöltz equation:

[
∇2 + n2(r⃗)k2

0

]{ E(r⃗)

H(r⃗)

}
= 0⃗ (2.7)

k0 = ω/c is the vacuum wave number and n(r⃗) is the complex refractive index

profile whose imaginary part denotes material loss. We also assume all the materials

are non-magnetic such that µ = µ0. Inspired by the axisymmetry of the cavity

geometry, a cylindrical coordinate system concentric with the cavity as shown in

Fig.2.3 is adopted.
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z

x

y

(ρ,z,ϕ)

ϕ ρ

Figure 2.3: A cylindrical coordinate system used to describe the whispering gallery
mode mathematically.

The Helmhöltz equation in the cylindrical coordinate system is:

[
∂2

∂ρ2
+

1

ρ

1

∂ρ
+

1

ρ2
∂2

∂ϕ2
+

∂2

∂z2
+ n2(r⃗)k2

0

]{
E(ρ, z, ϕ)

H(ρ, z, ϕ)

}
= 0 (2.8)

For an ideal WGM cavity, its refractive index profile is independent of the az-

imuthal angle ϕ,

n(r⃗) = n(ρ, z) (2.9)

We may further separate the transverse and azimuthal dependence of the field as:{
E(ρ, z, ϕ)

H(ρ, z, ϕ)

}
=

{
E(ρ, z)

H(ρ, z)

}
V (ϕ) (2.10)
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Substitute (2.10) into (2.8) we can obtain:

1

V (ϕ)

∂2

∂ϕ2
V (ϕ) = constant ≡ m2 (2.11)

Thus, the WGM is characterized by:{
E(ρ, z, ϕ)

H(ρ, z, ϕ)

}
=

{
E(ρ, z)

H(ρ, z)

}
ejmϕ (2.12)

(2.12) is analogous to a straight waveguide mode in Cartisian coordinates: E(x, y, z) =

E(x, y)ejβz in which case β is the propagation constant of the guiding mode along z

direction. In our case, m is the azimuthal mode order, which in general is a com-

plex number m̃ = mr + jmi. The real part of m corresponds to the phase change

of the mode over certain ϕ angle and the imaginary part of m corresponds to the

cavity loss. Similar to the geometrical optics analysis, when mr is an integer number

mr = M , mode returns to the same place with the same phase after one round trip

and constructive interference will build up inside the cavity.

2.1.2 Orthogonal Condition

To demonstrate the orthogonality of WGMs, we start with the second vector Green’s

theorem:

∫
[B ·∇×(∇×A)−A ·∇×(∇×B)]dV =

∮
[A×(∇×B)−B×(∇×A)] ·dS (2.13)

We make the substitution,

A = êν , B = ê∗µ (2.14)

êν and êµ are two solutions to (2.8) and the integration in (2.13) is carried out

over the entire volume.

Generally speaking, the boundary S of the problem can be divided into a perfect

electric conductor (PEC) S’ and a perfect magnetic conductor (PMC) S” [26],

n× E = 0, n ·H = 0 on S’

n · E = 0, n×H = 0 on S”
(2.15)
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On the PEC S’, êν is normal to the surface. Thus êν × (∇× ê∗µ) is tangential and

the surface integral goes to zeros. On the PMC S”, ∇× êν , which is proportional to

the magnetic field, is normal to the surface thus the integral equals to zeros as well.

As a result, the surface integral on the right-hand-side of (2.13) vanishes:∮
[êν × (∇× ê∗µ)− ê∗µ × (∇× êν)] · dS = 0 (2.16)

On the right hand side, substitute (2.7) we obtains,

∫
[ê∗µ · ∇ × (∇× êν)− êν · ∇ × (∇× ê∗µ) =

∫
[ê∗µ ·

ω2
ν

c2
ϵrêν − êν ·

ω2
µ

c2
ϵrê

∗
µ]dV (2.17)

where ωµ and ων are the angular eigen-frequencies of the two modes and ϵr = n2

is the relative permittivity profile. By Combining (2.16) and (2.17) we reach:

ω2
ν − ω2

µ

c2

∫
ϵrêν · ê∗µdV = 0 (2.18)

and conclude that, ∫
ϵrêν · ê∗µdV = 0, ων ̸= ωµ (2.19)

Mode patterns with different eigen-frequencies are orthogonal in the sense of

(2.19). If there is a case that two modes have the same eigen-frequency ω, it is

called degeneracy. However, one can always construct an orthogonal mode set even

in a degenerate case by linearly combining the degenerate modes. The orthogonal

mode set can be further normalized so that the energy stored in each mode is unity.

Finally, the orthonormality of the WGMs are expressed as,

1

2

∫
ϵrϵ0êν · ê∗µ = δνµ (2.20)

2.1.3 Resonator Parameters

Quality Factor

Quality factor is one of the most important parameters that describes the performance

of any resonators. It is a dimensionless parameter that describes the loss property:
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Q = ω0
Energy Stored

Power Loss
= ω0τ =

ω0

∆ωFWHM

(2.21)

ω0 is the resonance angular frequency and τ is the cavity ring down lifetime (the

amount of time it takes for the field intensity inside the cavity to decay by a factor

of e). ∆ωFWHM = 1/τ is the full width at half maximum of the resonance peak that

describes the linewidth or the ’uncertainty’ of the resonance frequency.

Usually, a Q-factor between 103 and 106 is called a ’high Q-factor’ and a Q-factor

larger than 107 (which was predicted [27] and observed [28] for optical WGM micro-

resonators) is called ’ultra-high’.

(2.21) can be interpreted in several ways. Firstly, Q-factor measures the char-

acteristic time of the exponential field decay in terms of the oscillation time. This

means that for higher Q-factors energy can be stored in the cavity for a longer time.

On the other hand, Q-factor quantifies the field intensity stored inside the cavity

at equilibrium in terms of the power pumped into the resonator from an external

source in the time of one full oscillation. This means for a higher Q-factor, with the

same pumping power level one can achieve higher circulating field intensity. Ultra-

high Q optical resonators can thus possess extremely strong field intensity even with

moderate pumping power (in the range of milliwatts) which provides an optimistic

way to study extreme nonlinear optical effects.

Q-factor is a description of the loss mechanism of the cavity. Field attenuation, on

the other hand, can also be described by complex refractive indices or, in terms of the

WGM characteristic equation (2.12), by complex angular frequencies ω̂ or complex

mode numbers m̂ [29, 30],

Q =
Re[ω̃]

2Im[ω̃]
=

Re[m̃]

2Im[m̃]
(2.22)

The Q factor of a WGM resonator can be decomposed into the contribution from

different loss mechanisms,

1

Qtotal

=
1

Qabs

+
1

Qrad

+
1

Qsc

+
1

Qss

+
1

Qcoup

(2.23)

where Qtotal is the total Q factor. Terms in (2.23) are known as follows.

Qabs comes from the absorption loss, or material loss that arises from the intrinsic

absorption of electromagnetic wave from the medium. For WGM cavities with relative

large diameters (around 100 µm) as are mostly used in our lab, Qabs is demonstrated
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to be the most critical factor to the total Q-factor [13]. Qabs can be quantified by

[13],

Qabs =
wπn

λα
(2.24)

where α is the attenuation coefficient of the material. For silica ring resonators,

material loss from silica is at a low level. The attenuation coefficient of fused silica is

6 dB/km at a 633-nm wavelength and 0.35 dB/km at a 1550-nm wavelength (left axis

of Fig. 2.4). WGM micro-resonators in air were demonstrated to be able to reach a Q

factor as high as 1010 at a wavelength of 633-nm [27] under ideal condition. In reality,

however, due to the moisture layer developed at the cavity surface, Q may drop to

below 109 under lab condition. When the resonator is placed in aqueous solution,

the Q-factor will further drop as a result of enhanced absorption by surrounding (cf.

Fig. 2.4). Typically, the highest Q-factor of a WGM microcavity in water is around

108 at a 633-nm wavelength and several 106 at a 970-nm wavelength.

Qrad, known as the radiation loss or bending loss, arises from the fact that the

total internal reflection at the curved interface is never complete and will result in a

transmitting mode on the low refractive index side. Qrad is strongly related to the

radius of the cavity. Usually a larger cavity radius results in smaller radiation loss

and thus larger Qrad.

Qsc is the quality factor that origins from the surface contamination (for exam-

ple due to adsorbed water layer). Qss is the surface scattering loss due to surface

imperfection in the form of surface roughness.

Qabs, Qrad, Qsc, and Qss together make the intrinsic Q-factor of the cavity and

Qcoupling is usually known as the external Q-factor. Qcoupling corresponds to the loss

the system suffers when coupled to an external mode (i.e. a waveguide that delivers

light in and out of the cavity).

Mode Volume

Mode volume is defined as the ratio of the total energy stored inside the cavity and

the maximum of the energy intensity [29]. It approximates the volume of the space

that photons are packed at the edge of the cavity.

V =

∫
ϵE · E∗dV

max{ϵE · E∗}
(2.25)
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Figure 2.4: Attenuation Coefficients of silica (left) and water (right).
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Mode volume is related to the lasing characteristics of a resonator as both the

spontaneous emission and the stimulated emission is inversely proportional to the

mode volume [31]. A small mode volume is desirable for biosensing applications.

2.2 Optical Coupling

The most commonly used input/output coupling scheme for WGM cavities is evanes-

cent coupling. Evanescent coupling is achieved by placing a waveguide structure that

possesses evanescent field close to the cavity so that the light tunnels to the cavity

as shown in Fig. 2.5. Evanescent coupling can be much more efficient than free wave

coupling. The most efficient way to evanescently couple light with a WGM resonator

is by using a tapered fiber [32, 12]. A tapered fiber is an optical fiber that is thinned

in one part (in the coupling region) through a process of heating and stretching.

Figure 2.5: A schematic drawing of evanescent coupling between an optical fiber and
a ring resonator.

Additionally, the critical coupling condition has to be satisfied to gain efficient

coupling. The condition of critical coupling is a fundamental property of a matched

waveguide-cavity system which requires that the intrinsic loss of the cavity equals to

the coupling loss. This way at the output end a transmission of zeros will be observed
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when the cavity is on resonance and all the power pumped to the waveguide will be

coupled to the cavity.

2.3 Localized Surface Plasmon

2.3.1 Surface Plasmon Polaritons

Surface plasmon polaritons (SPPs) are commonly described as an electromagnetic

excitation that propagates along the interface between a metal and a dielectric. Fig.

2.6 shows a popular schematic of SPPs. z>0 is filled with a dielectric with a permit-

tivity of ϵd while the other half space is filled with a metal of ϵm. In the visible regime,

ϵm is a complex number with a negative real part Re[ϵm] < 0. The imaginary part of

ϵm is small compared with its real part, standing for the lossy property of metal that

arises from free-electron and interband damping [33]. For a typical metal that is going

to be under investigation in this work, gold, the relative permittivity at a 633-nm

wavelength is −11.753 + 1.260j [34]. Thus there is a flip of sign of the real dielectric

constant across the metal-dielectric interface which will cause a phase change of π.

The SPP arises from the coupling of the electromagnetic wave to the oscillation of the

conductor’s electron plasmons. As shown in Fig. 2.6, the free electrons in the metal

creates a positive and negative charge distribution and forms a polarized propagating

wave. SPPs exist only for TM polarization [35].
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Figure 2.6: Schematic illustration of a surface plasmon polariton along the interface
of a metal and a dielectric

Assuming the TM mode has only a y magnetic component, it can be obtained by

solving the Helmhöltz equation (2.7) along the interface [33]:

Hy(x, z, t) = ejβx−kdxejωt, z > 0

Hy(x, z, t) = ejβx+kmxejωt, z < 0
(2.26)

where kd,m is the decaying term of the wave away from the interface and β is the

propagation constant along the interface. The rest of the field (The E field) can be

solved combining (2.26) and the Maxwell’s equations (2.2). The expression of the

propagation constant β is called the dispersion relation of SPPs [35],

β = k0

√
ϵmϵd

ϵm + ϵd
(2.27)

(2.27) describes a propagating mode for ϵm < −ϵd, neglecting the small imaginary

part of ϵm. The propagation constant β gives an effective refractive index, neff = β/k0

that is larger than that of the dielectric. This indicates that the wavelength of an

SPP is smaller than that of a plane wave in the dielectric. In the limit of considering

only a negative, real ϵm, β approaches infinite when ϵm + ϵd reaches 0. In such a
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case, the mode has a group velocity of 0 and can be viewed as electrostatic, called

surface plasmon (SP). In a real case that ϵm is complex, traveling SPPs are damping.

The propagation length is L = (2Im[β])−1 [33], commonly 10 ∼ 100 µm in visible

regime [33].

2.3.2 Localized Surface Plasmons

While SPP is a propagating electromagnetics wave coupled to the electron plasmons

of the conductor, localized surface plasmon (LSP) is the non-propagating excitation

of electrons coupled to the electromagnetic field. LSP can arise naturally from the

scattering problem of nano-scale metal particles. Fig. 2.7 shows the scattering prob-

lem of a nano-scale metallic sphere with a radius a placed in a homogeneous isotropic

dielectric medium. The permittivity for the medium and for the sphere are ϵm and

ϵp respectively. Again, ϵp is a dispersive complex number with a negative real part.

Such a nano-scale optical scattering problem of a sphere can be solved analytically by

applying the quasi-static approximation, provided that a << λ. When the particle

size is much smaller than the wavelength, the phase difference of the harmonically

oscillating electromagnetic field across the particle can be neglected. Thus the s-

cattering problem can be simplified as an electrostatic problem to solve the Laplace

equation of the electric potential (2.28). The quasi-static approximation is adequate

for nano-scale particles of sizes below 100-nm.

∇2Φ = 0

E = −∇Φ
(2.28)
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Figure 2.7: Schematic illustration of a nanosphere placed in an electrostatic field

The harmonic time dependence can then be added to the calculated field distribu-

tion. In Fig. 2.7 we assume the bead is placed in a static electric field Ein = E0ẑ and

is located at the origin. Taking advantage of its geometrical symmetry and apply-

ing the continuous relation at the metal dielectric interface, (2.28) has the following

solutions [36],


Φ = − 3ϵm

ϵp + ϵm
E0rcosθ, r ≤ a (2.29a)

Φ = −E0rcosθ +
ϵp − ϵm
ϵp + 2ϵm

E0a
3 cosθ

r2
, r > a (2.29b)

We notice that Φr>a describes the superposition of the input field and a dipole

placed at the center of the sphere. The dipole moment p can be achieved by rewriting

(2.29b) as,


Φ = −Ein · r+

p · r
4πϵmr3

, r > a (2.30a)

p = 4πϵma
3 ϵp − ϵm
ϵp + 2ϵm

Ein (2.30b)

Thus a dipole moment arises inside the sphere upon the applied field. Introducing
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the definition of excess polarizability α,

p = αE (2.31)

we obtain,

α = 4πϵma
3 ϵp − ϵm
ϵp + 2ϵm

(2.32)

In (2.32) the real parts of ϵp and ϵm are opposite in sign and the imaginary part

of [ϵp] is negligible, we can see that the excess polarizability α will reach a resonance

when Re[ϵp(ω)] = −2ϵm. Fig. 2.8 and Fig. 2.9 shows the calculated spectral excess

polarizabilities of a gold and silver spheres with 25-nm radii in water using (2.32).

The optical constants of gold and silver are taken from [34] and that of water is

taken from [37]. The curve of the gold bead experiences a maximum around 540-nm

wavelength while that of the silver gold bead has a peak around 380-nm. The LSP

resonance of a gold bead in water is located closer to the visible regime. The LSP

resonance is independent of the size of the particle.
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Figure 2.8: The excess polarizability of a gold nanosphere at different wavelengths.
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Figure 2.9: The excess polarizability of a silver nanosphere at different wavelengths.

A full-vector FEM simulation of the optical scattering of a 25-nm radius gold bead

in water at a 540-nm wavelength is displayed in Fig. 2.10. Fig. 2.10(a) shows the

modeling of the bead. The gold bead is placed at the origin and surrounded by water.

A perfectly matched layer (PML) is placed outside the computing window (computing

sphere in this case) to absorb any outgoing wave. A plane wave Ein = ẑexp[j(ωt+βy)]

illuminates the computing window. The electric field intensity |E|2, the transverse

electric field Ez and Ex are displayed in Fig. 2.10(b), (c) and (d), respectively. The

longitudinal electric field component Ey is much smaller than the transverse field thus

is not plotted in the figure. It can be seen from Fig. 2.10(b) that the field at the

surface of the bead is enhanced about 7 times with respect to the incident wave. Such

enhancement can be further amplified by cascading smaller and smaller particles and

over 1,000 times electric field enhancement has been calculated in previous work [38].
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Figure 2.10: (a) 3-D modeling of a 25-nm radius gold bead sitting in water. A PML
is set up at the outer boundary of the computing window to absorb outgoing waves.
(b)(c)(d) Scattering patterns (electric field intensity |E|2, transverse field components
Ez and Ex, respectively) of the gold bead when a plane wave Ein = ẑexp[j(ωt+ βy)]
illuminates the bead.

2.3.3 Cavity Enhanced Surface Plasmons

As shown in previous sections, SPPs and LSP are evanescently bound to the surface

of metal and they are extremely sensitive to surface perturbation. SPPs and LSP can

be used to detect the molecular adsorption to the surface. SPP resonance sensing has

been widely used in chemical and biological species detection [39]. Meanwhile, LSP

resonance sensing has small detection volume and is able to detect local environment.

This also reduces the limit of its application and gives greater flexibility [40].

On the other hand, the fact that SPP and LSP strongly enhance the near-field
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intensity on a metal conductor surface makes them widely applicable in areas such as

nonlinear optics [41], surface Raman-enhanced Raman spectroscopy [42, 43], optical

trapping and manipulation [44], and enhanced fluorescence and absorption [45].

In order to detect individual aqueous-borne bio-nanoparticles such as virus and

protein (10-nm size), recently it has been proposed to combine LSPs with an ultra-

high Q whispering-gallery mode sensor to enhance the detection signal [46, 11]. A hy-

brid photonic-plasmonic whispering-gallery mode occurs when a plasmonic nanopar-

ticle ’antenna’ bound to the cavity surface and the cavity is tuned close to plasmon

resonance of the nano antenna. While the cavity still maintains a high Q factor

(106) [47, 10], the nano antenna creates hot spots that attract the bio-nanoparticle

in the solution [48, 46]. Due to the strong local field enhancement of the LSP, the

bound bio-nanoparticle will be more strongly polarized compared to a ’pure’ WGM

sensor and a more significant resonance shift of the hybrid cavity will be witnessed.

Currently, most commonly used nano antenna configurations for hybrid WGM-LSP

biosensors are gold nanospheres and silica-core gold nanoshells. Gold nanospheres

are easy to prepare and a sensitivity enhancement of 4− 9× 104 is predicted [49]. On

the other hand, the LSP resonance of a plasmonic nanoshell with a dielectric core is

tunable by the shell thickness thus more flexibility can be achieved [50].

2.4 WGM Cavity Analysis Techniques

Experiments are related to physics laws, which are expressed in terms of equation-

s. On the other hand, computational simulations of the equations can predict the

properties of an unrealized experiment and largely reduce the experimental effort.

There have been efforts to simulate the WGM cavities for decades. By ’separat-

ing the variables’, one can obtain analytical solutions of WGM cavities of certain

shapes, like spherical [51] and cylindrical WGM cavities [52]. For an arbitrary shaped

axisymmetric cavity, one has to solve the Maxwell’s equations (2.2) numerically. Sev-

eral numerical techniques have been developed so far to accurately simulate the WGM

cavities including, 1) the finite difference time domain (FDTD) method [53], 2) the

boundary element method (BEM) [54, 55, 56, 57, 58], 3) the Ritz-Rayleigh variational

methods [59, 60], and 4) the generalized Lorenz-Mie theory method [18].

The finite element method (FEM) is a numerical technique to transform the partial

differential equation into a set of linear algebraic equations to obtain approximate

solutions. Since the method first came out in 1943 by Courant [61] and first applied
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to microwave engineering in 1969 [62], it has become a powerful numerical technique

in computational electromagnetics. Nowadays, FEM is widely used as a design tool

for antennas and microwave devices.

With the transverse approximation, solutions of the WGMs can be obtained using

FEM by solving the scalar Helmhöltz equation [63]. Under such approximation, the

field (either the electric field or the magnetic field) is assumed to be polarized along

the rotational axis of the cavity (ẑ direction). Since then, efforts have also been made

for more accurate, full-vector solutions [64, 65]. Taking advantage of the azimuthal

dependence of a WGM, E(ρ, ϕ, z) = E(ρ, z)ejMϕ, the modal can be reduced to 2D

and thus is highly efficient.

In this section, the mode analysis method of a widely used full-vector weak-form

FEM modal proposed by Mark Oxborrow [14] for a perfectly axisymmetric dielectric

cavity is going to be introduced. The model can be easily configured in a commercial

software COMSOL Multiphysics. An example of simulating a silica microtoroid in

water (as in our lab environment) will be presented.

Furthermore, the wave analysis methods developed for WGM cavities with an axial

asymmetry will be introduced. An example of the first order perturbation method,

which will be used as a comparison in later chapters, will be demonstrated in details.

2.4.1 Mode Analysis Techniques

In this section, we consider the perfectly axial-symmetric whispering-gallery-mode

cavities with an example of a microtoroid (Fig. 2.11) sitting in aqueous environment

that possesses no defections (slightly elliptical shape, surface roughness, etc.).
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Figure 2.11: A silica toroidal microcavity with a perfect axial symmetry.

The electromagnetic field inside the cavity is governed by the sourceless Maxwell’s

equations (2.2). The cavity material and its surrounding medium is assumed to be

isotropic and non-magnetic. As a result, the magnetic field across all the interfaces is

continuous and it is more convenient to solve for the magnetic field H. H is governed

by the Helmhöltz equation (2.7),

∇× (
1

ϵr
∇×H)− α∇(∇ ·H) +

1

c2
∂2H

∂t2
= 0 (2.33)

where ϵr is the relative permittivity. An extra term −α∇(∇ · H) is the penalty

term to suppress the spurious solutions. Spurious solutions are a set of fake modes

that arise in FEM simulation from the ’local gauge invariance’ [66], a feature of the

curl operator. Spurious modes are found to have non-zero magnetic divergences [67],

thus the magnetic divergence term ∇ ·H is used to suppress the spurious solutions.

The constant α acts as the weight of the penalty term with reference to the other two

terms.

Then Galerkin’s method of weighted residuals is used by introducing a ’test’ field

strength H̃
∗
. Dot product (2.33) with H̃

∗
and perform a volume integral over the

whole space one obtains,

∫
V

[(∇× H̃
∗
)
1

ϵr
(∇×H)− α(∇ · H̃∗

)(∇ ·H) +
1

c2
H̃

∗ · ∂
2H

∂t2
]dV = 0 (2.34)
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For a whispering-gallery-mode, H can be written in the form of,

H(r) = ejMϕ{Hρ(ρ, z), jHϕ(ρ, z), Hz(ρ, z)} (2.35)

That is to say, there are three unknown quantities to be solved on the ρ−z plane.

The problem is reduced from 3-D to 2-D. As the azimuthal component is 90 degrees

out of phase with the transverse components, an extra j ≡
√
−1 is inserted to the

Hϕ term so all the solved quantities are real. By substituting (2.35) into (2.34) we

got the scalar partial differential equations need to be solved which are ready for a

direct configuration into the commercial software COMSOL Multiphysics.

In COMSOL, the piecewise inhomogeneous refractive index profile is defined by

setting different sub-domains. The physical constants (refractive indices, optical con-

stants, attenuation coefficients, etc.) as well as the governing equations of each domain

are configured individually. Besides, one need to define the boundary conditions of

the structure. As shown in Fig. 2.12. Geometry boundaries are divided into segments

with labels. Continuous boundary condition is applied to the silica-water interface

4, 6, 9, 10, 11 and 12. For the computing window boundaries 1, 2, 3, 5, 7, and 8,

a ’radiation match’ boundary condition [14] is applied. Alternatively, one can use a

perfectly matched layer (PML) [68] to absorb the outgoing waves when necessary.

When the modal is configured properly and ready to be solved, the whole structure

will be broken down into triangular meshes (Fig. 2.13). Since the accuracy of FEM is

associated with the approximate representation of the solution on the mesh, adaptive

mesh is adopted to optimize the mesh size and element orders to improve modal

accuracy and efficiency. First, an initial mesh is generated. Then the refined mesh is

created by solving the PDE on the initial mesh. When solving the PDE, the residuals

in the equations are computed for all mesh elements. A refinement of the mesh is

generated based on the local error indicator. The aim is to refine the mesh most where

errors are largest. Fig. 2.13(b) shows a typical adaptive mesh solution by COMSOL

based on the fundamental WGM mode of the toroid.
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Figure 2.12: Geometric representation of the toroid in COMSOL. The whole structure
including the computing window is divided into 2 sub-domains and the boundary is
divided into 11 segments.
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Figure 2.13: An adaptive mesh solution of a microtoroid by COMSOL Multiphysics.

The silica microtoroid under investigation has a major radius of 40-µm and a

minor radius of 5-µm. The surrounding environment is filled with water. The system

is simulated over a spectrum from 230-nm to 1080-nm. Complex refractive indices of

silica and water are adopted [69, 37] to represent the lossy property of the materials.

The computation time and resources it takes depends on the setting of the mesh

scheme. Denser mesh scheme returns solutions with higher accuracy but in turn

consumes more computing resources and time. Optimized by the adaptive mesh, one

typical run with 4 mesh refinements and a total mesh element number of 6296 takes

about 1 min on a conventional computer with 1.73 GHz CPU and 4 GB memory.
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(a) (b)

(c) (d)

Figure 2.14: The 636th fundamental quasi-TE mode of a microtoroid with a resonant
wavelength of 632.74-nm: (a) Electric field intensity |E|2. (b) axial electric field
component Ez. (c) radial electric field component Eρ. (d) azimuthal electric field
component Eϕ.
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(a) (b)

(c) (d)

Figure 2.15: The 636th fundamental quasi-TM mode of a microtoroid with a resonant
wavelength of 632.41-nm: (a) Electric field intensity |E|2. (b) axial electric field
component Ez. (c) radial electric field component Eρ. (d) azimuthal electric field
component Eϕ.

The returning of the mode solver is a set of modes corresponding to the given
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mode order M . Fig. 2.14 and Fig. 2.15 show the mode patterns of the 636th funda-

mental modes with the electric field intensity (|E|2) distribution as well as all three

electric field components Ez, Eρ and Eϕ. The displayed mode patterns are normalized

according to (2.20). Both of the fundamental modes have small azimuthal compo-

nents (carrying power smaller than 0.1%) and are called fundamental quasi-TE and

fundamental quasi-TM modes respectively. The fundamental quasi-TE mode has

an electric field mainly polarized along the rotational axis (ẑ direction), while the

fundamental quasi-TM mode has a magnetic field mainly polarized along ẑ.

Figure 2.16: A 1D cross-sectional intensity plot of the fundamental modes along the
ρ axis. While the toroid sits at the origin, the toroid surface ends at ρ = 45-µm. The
insert provides a zoomed-in view of the intensity across the silica-water interface.

Fig. 2.16 provides a 1-D cross-sectional plot of |E|2 along the radial axis of the

toroid. The toroid is placed at the origin and the silica-water interface locates at

ρ = 45-µm. The field intensity experiences a peak value at about 0.5-µm away from

the toroid surface. The insert gives a zoomed-in plot at the silica-water interface.
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Since the quasi-TE mode is mainly polarized along the direction tangential to the

interface, no significant discontinuity is observed. The quasi-TM mode, however,

has an electric field oscillating along the direction normal to the interface and a

discontinuity is observed.

For a microtoroid with a diameter of 90-µm, its Q-factor is mainly determined by

the material loss. The Q-factor of the toroid is calculated using (2.24) from 230-nm

to 1080-nm and is plotted on the left axis of Fig. 2.17. A Q-factor of 6.6×109 is

calculated at a wavelength of 530-nm and drops to below 107 at 970-nm. On the

right axis of Fig. 2.17, the spectrum attenuation coefficient of water is plotted. It is

observed that the attenuation coefficient curve of water resembles the inverse of the

Q-factor plot. The Q-factor of a microtoroid in an aqueous environment is largely

affected by the water absorption.
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Figure 2.17: Q-factor of the fundamental quasi-TE and quasi-TM mode of a micro-
toroid at different wavelengths.
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Fig. 2.18 displays the mode volumes calculated for the investigated toroid at

different wavelengths. The fundamental modes of the toroid have mode volumes of

a few hundred cubic micrometers. It is observed that the mode volume varies nearly

linearly with wavelengths.
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Figure 2.18: Mode volume of the fundamental quasi-TE and quasi-TM mode of a
microtoroid at different wavelengths.

2.4.2 Wave Analysis Methods

While Oxborrow’s weak form FEM modal simulates a perfectly axisymmetric WGM

resonator with high accuracy and efficiency, numerical techniques are required for the

analysis of the WGM resonators that do not possess axial-symmetries, such as WGM

cavities bound with surface nanoparticles [70, 10], elliptical ring resonators [71], spiral

cavities [25], and helical cavities [72]. In this section, several wave analysis methods

attempting to solve these problems will be introduced.
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First Order Perturbation Method

The first order perturbation method was developed to calculate the resonance shift

of a WGM cavity upon surface bound nanoparticles [70, 17] with the assumption

that the perturbation the surface inhomogeneity brings to the field is negligible. It is

widely used for the ease of numerical application.

Starting from the Helmhöltz equation (2.7),

∇2E+
ω2
0

c2
· ϵrE = 0 (2.36)

binding events are introduced as a perturbation to the field:

∇2(E+ δE) +
(ω0 + δω)2

c2
(ϵr +∆ϵr)(E+ δE) = 0 (2.37)

ω0 is the unperturbed resonance angular frequency and δω is the shift of angular

frequency when perturbation occurs. The perturbation of the field is introduced by

a surface inhomogeneity profile δϵ which in this case is in a small volume.

Expand (2.37), introduce (2.36) and omit second order small terms. (2.37) be-

comes,

∇2(δE) +
ω2

c2
ϵr∆E+

ω2

c2
(∆ϵr)E+ 2

ω∆ω

c2
ϵrE = 0 (2.38)

By subtracting E∗·(2.38) from δE·(2.36), and integrating over the entire space,

we obtain:

∫
V

∇(δE·∇E∗−E∗∇(δE))·dV −ω2

c2

∫
V

∆ϵr|E|2dV − 2ω∆ω

c2

∫
V

ϵr|E|2 ·dV = 0 (2.39)

The first term in (2.39) can be further written as,∫
V

∇(δE∇E∗ − (∇ · δE)E∗) =

∫
S

(δE · ∇E∗ − E∗∇(δE)) · dS (2.40)

In (2.40) the first term δE · ∇E∗ contains the divergence of the mode, which is

zero by definition. For the integration of the second term E∗∇(δE), we divide the

boundary of the region S into two parts for generality: a perfect electric wall S’ and

a perfect magnetic wall S” (2.15).

Integral
∫
S
(∇δE)E∗ · dS is zero on surface S”, over which the electric field is

tangential to the surface. Meanwhile, the contribution from the surface S’ is propor-
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tional to the net flux of the mode passing through the surface S’. As there is no net

electron in the region and there is no flux escaping from S”, this flux must be zero on

S’, resulting, ∫
S

(δE · ∇E∗ − E∗∇(δE)) · dS = 0 (2.41)

Finally, by substituting (2.40) to (2.39) we obtain

−∆ω

ω
=

∫
V
∆ϵr|E|2dV

2
∫
V
ϵ|E|2dV

(2.42)

that describes the resonance shift of a single mode cavity upon small surface

inhomogeneity. It is worth noting the numerator corresponds to the extra portion of

energy it takes to polarize the binding particle. Thus, (2.42) can be interpreted as

that the fractional resonance shift equals to the ratio of the energy it takes to polarize

the surface inhomogeneity and the total energy stored in the cavity,

When the binding particle is small (under 100-nm, e.g.), the field over the binding

particle can be further approximated as uniformly distributed. (2.42) can be further

written as,

−∆ω

ω
=

α

2

|E(rNP )|2∫
V
ϵ|E|2dV

(2.43)

where α is the excess polarizability of the binding particle and E(rNP ) is the

electric field at the particle.

(2.42) and (2.43) are easy to implement with the FEM modal introduced in the

previous session. Since (2.42) considers the field variance over the bead and conse-

quently is more accurate than (2.43), an example of calculating the resonance shift

due to polystyrene (PS) nano-beads of different radii using (2.42) will be given at an

operational wavelength of 680-nm. To perform the volume integral, one first needs to

recover the 2-D field solved by the mode solver back to 3-D by adding the azimuthal

dependence ejMϕ back to the field. A 3-D geometry is built in COMSOL consisting a

3-D toroid and a sphere on its equator. Fig. 2.19 shows the 3-D work plane with an

insert of a zoomed-in plot around the bead. The 2-D cross-sectional WGM is then

projected to the 3-D structure using ’extrusion coupling variables’ in COMSOL. Fig.

2.20 shows the projected field intensity on the midplane of the 25-nm radius bead. It

is observed that there is about 30% variance of field intensity within the bead.
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Figure 2.19: 3-D modeling of a microtoroid with a bound nanosphere on the equator
in COMSOL. The insert provides a zoomed-in view of the sphere.

Figure 2.20: 2-D cross-sectional plot of the fundamental quasi-TE electric field inten-
sity |E|2 projected to the bead sub-domain.
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Fig. 2.21 shows the calculated resonance wavelength shift together with a compar-

ison of the reported measurements in [9]. A wavelength shift of 19.42-fm is predicted

by the perturbative method for a 50-nm radius PS bead and a shift as small as 0.42-

fm is predicted for a 12.5-nm radius PS bead. The results given by the first order

perturbation method is in close agreement with the reported measurements.
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Figure 2.21: Binding shift due to a bound PS sphere for different radii at 680-nm.
The black curve is calculated by the first order perturbation method and the red
curve was reported in previous publication.

Other Methods

While the first order perturbation method yields highly accurate results for dielectric

nanoparticles that do not trigger significant distortion to the cavity modal field. In

the event that plasmonic nanoparticles land on the surface of a WGM cavity, the

associated plasmonic effects focus the light around the bead, hence yielding larger

inaccuracy. Such inaccuracy invalidates the perturbation approach in the case of

large metallic beads or at a wavelength close to the plasmon resonance [18].

To circumvent this problem, a refinement scheme for the first order perturbation
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approach was proposed [10, 73] to model the WGM cavities with bound plasmonic

particles. By approximating the WGM using a polarized plane wave, such a scheme

employs an additional optical scattering solver to refine the field surrounding the

bound particles. While such a refinement scheme provides an effective solution to

nanoscale plasmonic and non-plasmonic binding problems, the plane wave approxi-

mation approaches its limit for larger particles when the field across the particle is

no longer uniform. Further, perturbative approaches cannot simulate the resonance

wavelength and the quality factor of a WGM cavity that does not exhibit axisymmetry

under the current formalism [74, 75].

Alternatively, one may choose first-principle techniques that directly solve Maxwell’s

equations, Helmhöltz equations or Green functions with numerical techniques such

as Finite-Difference, Finite-Element or Boundary-Element [76, 77, 54, 55, 56, 57, 58]

methods to perform a full wave analysis over the three-dimensional WGM microcav-

ities. Unfortunately, such techniques require the discretization of the WGM along all

three spatial dimensions. This necessitates extensive computational resources com-

pared to 2-D mode solver based techniques due to orders of magnitude increase in

grid points. To accommodate such difficulties, first principle techniques are com-

monly used in conjunction with the effective index technique to approximate the

three-dimensional WGM as a two-dimensional one. In [77], a new approach is pro-

posed to simulate a WGM with a localized perturbation by treating the perturbed

section of the WGM as a three-dimensional closed cavity, where artificial boundary

conditions such as a perfect electrical wall are imposed at the input and output ends

of the section. A three-dimensional mode of this perturbed section is then computed

with the finite element method to approximate the distorted WGM field and other

corresponding parameters. Such a method can yield better accuracy compared to a

perturbation approach by applying a correction to the WGM field distorted by the

bead. In this case, the number of grid points per computation step that are involved

is larger than the perturbation approach yet fewer than first principle techniques. On

the other hand, the boundary condition imposed in[77], as pointed out by the authors

of that article, is based on the assumption that the light scattered by the adsorbed

bead will quickly ”heal” within the perturbed section and that the model ”represents

a resonator with many particles [located periodically] along the circumference.” Such

an assumption no longer holds for the binding of larger beads or for beads that are

located at random positions, thereupon introducing a significant phase shift and am-

plitude distortion of the otherwise unperturbed WGM field. The field obtained from
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this method is a standing wave pattern of the cavity, which departs from the realistic

situation where a travelling wave is involved. Furthermore, the multi-scale nature

of a WGM-nanoparticle system introduces additional challenges with these methods.

For a large size perturbation such as a fiber taper placed close to the cavity, a large

section is needed for the model. This causes the resulting mesh to become too large

for a conventional computer to handle.
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Chapter 3

Single-Mode Mode-Matching

Analysis for Whispering Gallery

Microcavities

To circumvent the problems encountered in the last section of the previous chapter,

in this chapter the mode-matching formulas will be presented in the cylindrical co-

ordinates for whispering gallery mode cavities. This formulation is fully vectorial,

highly accurate, computationally efficient and able to deal with a general form of

axial asymmetry.1

3.1 Mode-Matching Method

Mode-Matching Method is a computational electromagnetics modeling technique with

high accuracy [79, 80]. MMM has been used in modeling waveguide discontinuities[81,

19, 79, 82], filters[20], fiber optics and optical devices[83].

MMM simulates the propagation of the electromagnetics (EM) field by expanding

it onto a set of local eigenmodes at the cross section of the structure. For efficiency,

only a subset of eigenmodes are usually used in MMM analysis. On the other hand,

MMM can be fully vectorial for higher accurate.

Scattering matrix (S-matrix) technique can be further implemented to join the

different parts of the waveguide. The scattering matrix of the two sides of a discon-

tinuity can be calculated by examining the continuity relation of the electric field (E

1The work presented in this chapter was published in [78]
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field) and the magnetic field (H field). For a continuously varying structure along

the propagating direction like a tapered fiber, the device needs to be dicretized into

different sections.

L R

z=0

z
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b
i

L

a
j

R

b
j

R

Figure 3.1: A 3-D waveguide structure with a discontinuity at z=0. EM wave prop-
agates bidirectionally inside the waveguide.

Fig. 3.1 shows a 3-D waveguide discontinuity at z=0. The left-hand section of the

discontinuity is named L and the right-hand section is named R. êLi and ĥ
L

i (êRj and

ĥ
R

j ) form the orthonormal eigenmode set of L (R). Here i and j are the mode indices.

The orthonormality of the waveguide modes can be expressed as [79],

1

2

∫
(êi × ĥj) · ẑ · dS = δij (3.1)

In Fig. 3.1, ai denotes the complex amplitude of the forward propagating mode

and bi indicates that of the backward propagating mode. The EM field on the left hand

side can be decomposed into the basis set of eigenmodes (êLi ,ĥ
L

i ) in the cross section

of L while on the right hand side the field can be decomposed into the eigenmodes

(êRj ,ĥ
R

j ) in the cross section of R.

for z<0
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
EL =

N∑
i=1

(aLi e
−jβL

i z + bLi e
jβL

i z)êLi (3.2a)

HL =
N∑
i=1

(aLi e
−jβL

i z − bLi e
jβL

i z)ĥ
L

i (3.2b)

for z>0 
ER =

N∑
j=1

(aRj e
−jβR

j z + bRj e
jβR

j z)êRj (3.3a)

HR =
N∑
j=1

(aRj e
−jβR

j z − bRj e
jβR

j z)ĥ
R

j (3.3b)

at z=0, the continuity of the tangential E field and H field requires that EL
t = ER

t

and HL
t = HR

t .



N∑
i=1

(aLi + bLi )ê
L
it =

N∑
j=1

(aRj + bRj )ê
R
jt (3.4a)

N∑
i=1

(aLi − bLi )ĥ
L

it =
N∑
j=1

(aRj − bRj )ĥ
R

jt (3.4b)

Here t denotes the transverse components of the field. By taking the cross product

of (3.4a) with ĥ
L

it and (3.4b) with êLit, performing a surface integral at the cross section

z=0, and utilizing the orthonormality condition (3.1) we obtain,


aLi =

N∑
j=1

aRj

⟨êRj , ĥ
L

i ⟩+ ⟨êLi , ĥ
R

j ⟩
2

+
N∑
j=1

bRj

⟨êRj , ĥ
L

i ⟩ − ⟨êLi , ĥ
R

j ⟩
2

 (3.5a)

bLi =
N∑
j=1

aRj

⟨êRj , ĥ
L

i ⟩ − ⟨êLi , ĥ
R

j ⟩
2

+
N∑
j=1

bRj

⟨êRj , ĥ
L

i ⟩+ ⟨êLi , ĥ
R

j ⟩
2

 (3.5b)

Here we define the inner product as,
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⟨ê, ĥ⟩ = 1

2

∫
ê× ĥ · ẑdS (3.6)

We can write the transmitting equations (3.5) in the matrix form as,(
AL

BL

)
=

(
T11RL T12RL

T21RL T22RL

)(
AR

BR

)
= TRL

(
AR

BR

)
(3.7)

whereAR,BR,AL andBL are the mode amplitude vectors (aR1 , a
R
2 , ...a

R
N), (b

R
1 , b

R
2 , ...b

R
N),

(aL1 , a
L
2 , ...a

L
N), and (bL1 , b

L
2 , ...b

L
N), respectively. TRL is the transfer matrix across the

discontinuity z=0. The scattering matrix technique can further be applied by rewrit-

ing (3.7) as, (
AR

BL

)
=

(
TLR RRL

RLR TRL

)(
AL

BR

)
= SLR

(
AL

BR

)
(3.8)

This way the scattering matrix across the discontinuous interface is constructed.

The complete scattering matrix of the whole device, which may contain multiple

discontinuities or periodic structure, can be acquired by cascading the scattering

matrices across the junctions and the propagation matrices[84, 85].

3.2 MMM analysis of WGM Cavities

3.2.1 Ideal Whispering-Gallery-Mode Microcavities

An ideal or axisymmetric whispering-gallery-mode microcavity has a complex refrac-

tive profile ñ(ρ, z, ϕ) independent of the azimuthal angle ϕ (ie. ñ(ρ, z, ϕ) = ñ(ρ, z))

in a concentric cylindrical coordinate system, as shown in Fig. 2.3. The electric field

Ẽ(ρ, z, ϕ) of light at wavelength λ0 that propagates inside the cavity has the form

Ẽ(ρ, z, ϕ) = Ã(ϕ) · ˆ̃e(ρ, z) (3.9)

where ˆ̃e(ρ, z) is the whispering-gallery-mode profile obtainable from the corresponding

mode equations[
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

∂2

∂z2
+

(
k2
0ñ

2(ρ, z)− m̃2

ρ2

)]
ˆ̃e(ρ, z) = 0 (3.10)



43

The mode profile is normalized according to the area integral at the cavity cross

section normal to the ϕ̂ direction. That is, 1
2η0

∫
ñr(ρ, z)ˆ̃e

∗
(ρ, z)ˆ̃e(ρ, z)dσ = 12 such

that the field amplitude square Ã(ϕ)∗ · Ã(ϕ) represents the power at ϕ in units of

Watts. Here η0 = 377 Ohms is the free space impedance and ñr(ρ, z) is the real part

of the refractive index at ϕ. m̃ = m̃r + jm̃i is a constant complex number whose

real part m̃r encompasses the phase change of the wavefront and the imaginary part

m̃i characterizes the loss of the wave along the propagation direction. In the case

of an ideal WGM cavity, Ã(ϕ) = Ã(ϕ = 0)ejm̃ϕ. When λ0 coincides with the cavity

resonance wavelength λ̃res, m̃r becomes an integer M whose value determines the

azimuthal order of the mode. The loss of the cavity can be estimated by the quality

factorQtot = M/2m̃i with the value contributed by cavity material absorption (Q̃abs =

M/2m̃abs), radiation loss (Q̃rad = M/2m̃rad), surface roughness (Q̃surf = M/2m̃surf ),

and cavity to tapered waveguide coupling (Q̃couple = M/2m̃couple). In summary,

1
Q̃tot

= 2m̃i

M
= 1

Q̃abs
+ 1

Q̃rad
+ 1

Q̃surf
+ 1

Q̃couple

m̃i = m̃abs + m̃rad + m̃surf + m̃couple

(3.11)

3.2.2 Non-ideal Whispering-Gallery-Mode Microcavities

In general, a whispering-gallery-mode microcavity may have a ϕ-dependent refrac-

tive index profile n(ρ, z, ϕ) if particle binding occurs, surface imperfections exist, a

waveguide taper is placed close to the cavity, or other geometrical disturbances are

introduced. For simplicity, we drop ˜ symbols for all the physical quantities to distin-

guish them from those defined in an ideal WGM.

2In this work presented in [78] a plane wave approximation is applied. Latter it is discovered that
the normalization condition 2.20 for cavity modes gives more rigorous results as will be presented
in chapter 4.
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ϕ

δϕ

Figure 3.2: Light propagating from ϕ to ϕ+ δϕ as it passes by a bound particle.

At an azimuthal angle ϕ0, the electrical field distribution at the cross section

E(ρ, z, ϕ0) can be expanded onto the normalized WGM mode ê(ρ, z, ϕ0) at ϕ0 accord-

ing to

E(ρ, z, ϕ0) = A(ϕ0) · ê(ρ, z, ϕ0) (3.12)

Note that by analogy to the MMM in Cartesian coordinates, we may obtain a complete

set of orthogonal modes at the azimuthal angle ϕ0 that satisfies the mode equation

of a perfect WGM cavity[
∂2

∂ρ2
+

1

ρ

∂

∂ρ
+

∂2

∂z2
+

(
k2
0n

2(ρ, z, ϕ0)−
m(ϕ0)

2

ρ2

)]
ê(ρ, z, ϕ0) = 0 (3.13)

where both the mode profile and m have become ϕ-dependent. Additionally, given

that (3.13) is identical to (3.10) for any fixed angle ϕ0, one may find the M th order

resonant wavelength λr(ϕ) at ϕ0 by replacing k0 with 2π/λr, m with M , and solving

the mode equation above using a two-dimensional mode solver for ideal WGM’s (such

as that in[14]). Note λr(ϕ) is also a ϕ-dependent quantity. After propagating an

infinitesimal azimuthal angle δϕ (Fig. 3.2), we obtain the electrical field at ϕ0 + δϕ
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E(ρ, z, ϕ0 + δϕ) = A(ϕ0) · ê(ρ, z, ϕ0)e
jm(ϕ0)δϕ (3.14)

Under the approximation that, on average, photons in the mode travel the same

optical path length and experience the same loss as those at the resonance wavelength

λr(ϕ0), we can obtain the real mr and imaginary mi part of m(ϕ0) after infinitesimal

rotation δϕ via

mr(ϕ0) = M λr(ϕ0)
λ0

mi(ϕ0) = mabs(ϕ0) +mrad(ϕ0)
(3.15)

Here, we ignore mcouple and msurf for a purpose explained in a later section. On the

other hand, E(ϕ0+ δϕ) can be expanded onto the normalized eigen mode ê(ρ, z, ϕ0+

δϕ), defined at ϕ0 + δϕ,

E(ρ, z, ϕ0 + δϕ) = A(ϕ0 + δϕ) · ê(ρ, z, ϕ0 + δϕ) (3.16)

By equating the right hand sides of (3.14) and (3.16), multiplying both sides by
1

2η0
nr(ρ, z, ϕ0 + δϕ)ê(ρ, z, ϕ0 + δϕ), and integrating over the cross section at ϕ0 + δϕ,

we obtain the evolution of A(ϕ0 + δϕ) according to

A(ϕ0 + δϕ) = A(ϕ0) · ej[M+δm(ϕ)]δϕ (3.17)

We may then obtain an additional loss term mm(ϕ0) characterized by

mm(ϕ0) = − lim
δϕ→0

1

δϕ
ln

[∫
nr(ρ, z, ϕ0 + δϕ)

2η0
ê∗(ρ, z, ϕ0 + δϕ)ê(ρ, z, ϕ)dσ

]
(3.18)

arising from the mode mismatch between ê(ϕ0 + δϕ) and ê(ϕ0) in addition to the

absorption and radiation loss derived from mi. For simplicity, we redefine mi(ϕ0) =

mm(ϕ0) + mabs(ϕ0) + mrad(ϕ0) and define a mode order detuning term δm(ϕ) =

[mr(ϕ)−M ]+ jmi(ϕ). Consequently, the field E(ρ, z, 0) = A(0)ê(ρ, z, 0) propagating

from ϕ = 0 to an azimuthal angle ϕ0 can be expressed as

E(ρ, z, ϕ0) = A(0)ej[Mϕ0+
∫ ϕ0
ϕ=0 δm(ϕ)dϕ]ê(ρ, z, ϕ0) (3.19)

To satisfy the resonance condition, the overall phase change of the field after

propagating through a 2π azimuthal angle should be 2Mπ:
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∫ 2π

ϕ=0

mr(ϕ)dϕ = 2Mπ (3.20)

Together with (3.15) we obtain the resonance wavelength of the whispering-gallery-

mode microcavity λres by simply taking the arithmetic mean of the resonance wave-

lengths λr(ϕ) at each cross section of the cavity, where λr(ϕ0) at each ϕ0 can be

obtained from the WGM mode solver for the case of an ideal WGM whose cross-

sectional refractive index profile is identical to that at ϕ0.

λres =

∫ 2π

0
λr(ϕ)dϕ

2π
(3.21)

It is worth emphasizing that the simple expression in (3.21) is valid for all whispering-

gallery-mode microcavities, including those with or without axisymmetric properties,

those that are subject to dielectric or metallic particle binding, or those in the pres-

ence of a tapered fiber or any other structures. The equation above can be further

simplified if the perturbation or non-axisymmetric parts of the microcavity are local-

ized to a small region, as is demonstrated in the application section below. Similarly,

one may derive the overall quality factor of an asymmetric or perturbed WGM cavity

from the algebraic average of the imaginary part of δm as

1
Qtot

=
2
∫ 2π
0 [mm(ϕ)+mabs(ϕ)+mrad(ϕ)]dϕ

2πM

= 1
Qm

+ 1
Qabs

+ 1
Qrad

(3.22)

As can be seen, in the absence of the axisymmetry, an additional loss term from the

mode mismatch between neighbouring cross sections occurs. This yields the decrease

of overall Qtot factor from the inclusion of the mode mismatch Qm.

3.3 Simulation Procedure

In this test case we examine the resonant wavelength shift and decrease of Q-factor

when N nanoparticles land on the surface of a WGM cavity. Here we assume each

nanoparticle i occupies a space lying between ϕi and ϕi+∆ϕi. From (3.21) and (3.22)

we derive that the particle induced resonance wavelength shift ∆λ and quality factor
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Q change follows the expression

∆λ =

∑N
i=1

∫ ϕi+∆ϕi

ϕi
[λr(ϕ)− λ̃res]dϕ

2π
(3.23)

1

Qtot

− 1

Q̃tot

=
2
∑N

i=1

∫ ϕi+∆ϕi

ϕi
[mm(ϕ) +mabs(ϕ) +mrad(ϕ)− m̃i]dϕ

2πM
(3.24)

Equations (3.23) and (3.24) are numerically verified at an operational wavelength

around 633-nm on a silica microtoroid platform [86]. The silica microtoroid under

investigation has a major radius of 40-µm and a minor radius of 5-µm. The sur-

rounding environment is filled with water. Polystyrene (PS) beads and gold (Au)

beads are individually placed on the toroid equator and the refractive indices of silica

(1.457+(6.95 × 10−11)j), water (1.33168+(1.47×10−8)j), PS (1.583+(5.29×10−4)j),

and Au (0.1834+3.433j) are taken from literature [69, 37, 87, 34]. We employed a full

vector finite element whispering-gallery-mode solver according to [14] to obtain the

mode at each cross section. The computation domain was meshed adaptively in order

to improve the accuracy of the calculated eigen value. The trapezoidal rule is imple-

mented to perform the integral (3.23) and (3.24) numerically to get the total resonant

wavelength shift and Q factor degradation of the hybrid cavity mode. Note that for

the same mesh density,[77] requires approximately 90 times more grid points than

MMM in each computation step assuming a minimum-size slice of a half-wavelength

in length along the cavity edge was adopted in [77]. It is demonstrated that one typi-

cal MMM simulation of a hybrid WGM-nano particle system for a 20-nm radius gold

bead takes 33 seconds for a relative error of the calculated resonance shift around 0.3

when only two slices along the azimuthal angle are involved. Higher accuracy can be

achieved with more densely packed slices along the azimuthal direction and a more

accurate mode solver.

3.4 Simulation Results

Figure 3.4 shows the intensity of the normalized toroid-bead hybrid modes at the

azimuthal cross section, where the center of the beads is located. As shown in Fig. 3.3,

where a polystyrene bead was adsorbed at the equator of the toroid, the intensity
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around the bead (c.f. Fig. 3.3 insets) displays little distortion from the unperturbed

toroid mode. In this case, the resulting resonance shift of the cavity can be extracted

with sufficient accuracy using first order perturbation theory [17]. Fig. 3.4 shows

the WGM-SP hybrid mode excited at the gold-dielectric interface. As shown in Fig.

3.4’s insets, there is strong field intensity stored in the surface plasmon resulting in

two hot spots aligned along the same direction as that of the electric field (along the

ẑ direction for the TE mode and ρ̂ direction along the TM mode). Such significant

distortion to the WGM precludes the treatment of such problems with first order

perturbation theory. On the other hand, MMM intrinsically incorporates the change

in mode field distribution and yields accurate evaluations of the perturbed system.

(a) (b)

Figure 3.3: The fundamental (a )quasi-TE and (b) quasi-TM mode intensity distribu-
tion of a silica microtoroid with a polystyrene bead bound to the equator at a 633-nm
wavelength. The modes are plotted at the azimuthal cross section where the center of
the bead is located. The insets provide a zoomed-in view of the intensity distribution
around the beads.
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(a) (b)

Figure 3.4: The fundamental (a) quasi-TE and (b) quasi-TM mode intensity distri-
bution of a silica microtoroid with a gold bead bound to the equator at a 633-nm
wavelength. The modes are plotted at the azimuthal cross section where the center of
the bead is located. The insets provide a zoomed-in view of the intensity distribution
around the bead.

Fig. 3.5 shows the one-dimensional (1-D) intensity plots along the -axis of the

fundamental mode for gold and PS binding particles. It is observed that, due to the

coupling of the WGM and surface plasmon, the field intensity outside the cavity is

stronger than the field intensity inside the cavity.

Fig. 3.6 and 3.7 illustrate the calculated terms mr, mm, and mabs arising from

the PS (Fig. 3.6) and gold (Fig. 3.7) nanoparticles. It is observed that the mode

mismatch loss dominates the degradation of the Q factor over material absorption in

both cases.
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(a)

(b)

Figure 3.5: 1-D cross sectional intensity plot: (a) intensity profile of the fundamental
quasi-TE and quasi-TM modes for a 25-nm radius gold nanoparticle at λ = 633-nm.
The toroid surface ends at 45-µm.(b) the same as (a) for a 25-nm radius polystyrene
nanoparticle.
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Figure 3.6: The real and imaginary part of the mode order m along the propagation
direction when a 50-nm radius PS bead is placed at ϕ = 0.
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Figure 3.7: The real and imaginary part of the mode order m along the propagation
direction when a 50-nm radius Au bead is placed at ϕ = 0.



52

3.5 Numerical Error
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Figure 3.8: Shift and Q factor vs. grid spacing δϕ along the ϕ̂ direction for a 50-nm
radius gold bead. The last point is omitted for the creation of the line of best fit.
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In Fig. 3.8 we further investigate the convergence rate of the calculated shift and Q-

factor as a function of azimuthal angle discretization in the case of a 50-nm radius gold

bead binding to the toroid. The percent error was calculated by comparing the results

of each δϕ to the expected result obtained through the Richardson extrapolation

procedure (Appendix A.1). One can observe that the simulated resonance wavelength

shift converges on the order of O(δϕ2) (black line in Fig. 3.8(a)) while the convergence

rate of Q is O(δϕ0.9)(black line in Fig. 3.8(b)). A higher convergence rate is possible

by implementing higher order integration procedures to evaluate (3.23) and (3.24).

3.6 Comparison with The First Order Perturba-

tion Method
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Figure 3.9: Binding shift and Q factor degradation due to a bound PS sphere for
different bead radii.
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Figure 3.10: Binding shift and Q factor degradation due to a bound Au sphere for
different bead radii.

In Fig. 3.9 and 3.10, we display the resonance wavelength shifts and the degraded Q

factors due to the binding of a polystyrene and gold bead, respectively, of different

radii, where an unperturbed toroid has a resonant wavelength of 632.747-nm and a

theoretical Q factor of 1.65× 109. The resonance shifts predicted by MMM (red sol-

id square markers) are compared with those predicted by a first order perturbation

method (black plus symbol markers). For PS beads, MMM predicts wavelength shift-

s which are in good agreement with those predicted by the first order perturbation

method. The quality factor (blue solid circle markers) of the toroid is unaffected

when a bead with radius smaller than 5-nm is attached to the surface, yet there is

a drop to approximately 107 if a 50-nm radius bead is attached instead. The calcu-

lated wavelength shift and quality factor degradation is in line with the experimental

observation reported in [9].

For the case of a gold bead simulation, the excess polarizability is given by α =

4πR3ϵm(ϵp− ϵm)/(ϵp+2ϵm) [33] where ϵp and ϵm are the permittivities of the particle

and the medium, respectively. MMM predicts resonance shifts from 2×10−2 to 359-fm

and Q factor degradation from 3×108 to 7.5×104 when the attached gold bead radius

increases from 2.5-nm to 50-nm. As expected, at an off-plasmon resonance wavelength



55

of 633-nm, the perturbation method matches the MMM results when the bead size is

below 20-nm yet for large beads yields greater errors due to the non-negligible field

distortion from the bead.

In Fig. 3.11 we also compared the shifts calculated by the two methods as a

function of wavelengths. As illustrated, near the surface plasmon resonance of a gold

nanobead (540-nm, as shown in the insert), the accuracy of the perturbation method

drops below 50% due to the strong surface plasmon effect that was similarly observed

in [18].

To verify our formulation we further compared our results with reported experi-

ments. We simulated the binding of 27.5-nm gold beads to a 50-µm radius microsphere

with a 4-nm inter-particle gap as reported in [11, 47]. In this simulation, we obtained

a resonance wavelength shift of 32.6-fm per bead adsorption. Compared to the total

resonance shift in Fig. 1(d) of [11], we predict that a total of 10 beads are adsorbed

to the microsphere surface. Knowing that an unperturbed cavity quality factor of

3 × 106 was reported in the same paper, we estimated that the quality factor will

drop to 5.8×105 by the adsorption of 10 beads. This value is in good agreement with

the reported experimental value on the order of 105.

It is worth noting that the MMM developed in this paper assumes that the cav-

ity operates in a single whispering-gallery-mode. In practice, a WGM may contain

multiple propagating modes and so omitting the coupling between different modes

could decrease the accuracy of the model. A MMM formulation involving multi-

ple WGM modes is possible, albeit at the expense of higher computational resource

requirements.
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Figure 3.11: Cavity resonance shifts as a function of wavelengths for a 25-nm ra-
dius gold bead. The insert shows the excess polarizability of the bead at different
wavelengths.
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Chapter 4

Multi-Mode Mode-Matching

Analysis

The single mode mode-matching-method presented in the previous chapter provides

a simple, elegant, rigorous, and highly efficient solution for WGMs and WGM-nano

particle hybrid modes. The coupling between different modes in the later case is

negligible due to small sizes of the bound particles. For the purpose of generalization,

in this chapter the mode matching method analysis involving multiple modes will

be developed. To do so, the complete mode set is adopted in the local eigen mode

expansion process. A numerical modal of a microtoroid resonator coupled to a silicon

on insulator (SOI) waveguide will be presented. The example shows strong mutual

coupling between the modal field.

4.1 Theoretical Formulations

Assume a M th-order whispering gallery mode of an ideal or axisymmetric whispering-

gallery-mode cavity has an electrical field distribution ê′M whose amplitude is normal-

ized such that the energy stored in the cavity is 1 Joule. The resonance wavelength of

this mode is λ0 and the intrinsic quality factor is Q0. If the axisymmetry of the cavity

is perturbed between the azimuthal angle ϕ0 and ϕ0 +∆ϕ, the cavity will witness a

shift in resonance and a degradation in the Q-factor. In the subsequent treatment, we

presume that the light at a wavelength λ̃ close to the unperturbed cavity resonance

wavelength is propagating inside the cavity.

For convenience, we further assume the light propagating in the M th-order mode
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in the unperturbed region of the cavity with an electrical field distribution E(ρ, z, ϕ) =

aê′MejMϕ and |a|2 is the total energy stored in the cavity in the units of Joules. At the

entrance angle of ϕ = ϕ0 of the perturbed region, the electrical field can be expanded

onto the normalized eigenmodes êl(ρ, z, ϕ0) at ϕ0 according to:

E(ρ, z, ϕ0) =
∑
l

Al(ϕ0)êl(ρ, z, ϕ0) (4.1)

Note here in contrast to the mode of the ideal cavity ê′M , êl(ρ, z, ϕ0) is a complete set

of orthonormal hybrid modes of an artificial ideal WGMs whose refrective index at

any azimuthal cross section is identical to the profile at ϕ = ϕ0. The orthonormality

condition of the eigenmodes, for a Kronecker delta δlk with eigenmode indices l and

k, is

1

2
ϵ0

∫
ϵr(ρ, z, ϕ0 + δϕ)êl(ρ, z, ϕ0) · ê∗k(ρ, z, ϕ0)2πρdρdz = δlk (4.2)

After propagating an infinitesimal azimuthal angle δϕ, we then obtain the electric

field at ϕ0 + δϕ by propagating the eigenmodes:

E(ρ, z, ϕ0 + δϕ) =
∑
l

Al(ϕ0)êl(ρ, z, ϕ0)e
jml(ϕ0)δϕ (4.3)

where ml is the complex azimuthal mode order of the lth mode at the operating

wavelength. Its real and imaginary parts are [78],

Re{ml(ϕ0)} = M
λres,l(ϕ0)

λ̃

Im{ml(ϕ0)} = mabs,l(ϕ0) +mrad,l(ϕ0) + ...
(4.4)

On the other hand, E(ρ, z, ϕ0+δϕ) can be expanded onto the new set of orthonor-

mal modes at ϕ0 + δϕ:

E(ρ, z, ϕ0 + δϕ) =
∑
l

Al(ϕ0 + δϕ)êl(ρ, z, ϕ0 + δϕ) (4.5)

By assigning a distinct mode index to (4.3), equating the right hand sides of (4.3) and

(4.5), taking the dot product of both sides with 1
2
ϵ(ρ, z, ϕ0+ δϕ)ê∗k(ρ, z, ϕ0 + δϕ), and

integrating over the whole space, we obtain the evolution of Ak(ϕ0+ δϕ) according to

Ak(ϕ+ δϕ) =
∑
l

Al(ϕ0)e
jml(ϕ0)δϕCk,l(ϕ0) (4.6)
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where Ck,l(ϕ0) is the coupling coefficient between the lth mode at ϕ0 and the kth mode

at ϕ0 + δϕ:

Ck,l(ϕ0) =
1

2
ϵ0

∫
ϵr(ρ, z, ϕ0 + δϕ)êl(ρ, z, ϕ0) · ê∗k(ρ, z, ϕ0 + δϕ)2πρdρdz (4.7)

Thus the coefficient vector Ã(ϕ0 + δϕ) = [A1(ϕ0 + δϕ)A2(ϕ0 + δϕ)...] can be cal-

culated from previous cross-sections as

Ã(ϕ0 + δϕ) = C̃(ϕ0) · D̃(ϕ0) · Ã(ϕ0) (4.8)

where C̃(ϕ0) is the coupling matrix defined in (4.7) and D̃(ϕ0) is a diagonal propa-

gation matrix with nonzero elements defined as

Dkk(ϕ0) = ejmk(ϕ0)δϕ (4.9)

By propagating the field one round trip, one can calculate the overall resonance

wavelength and quality factor of the cavity. For simplicity, a single mode ê1 serves

as the input at ϕ = 0. After N = 2π/δϕ steps (i.e. one round trip), the field can be

computed by cascading (4.8):

Ã(2π) = [
N−1∏
i=0

(C̃i · D̃i)] · Ã(0) (4.10)

It is shown in (4.10) that there are multiple modes existing in the resonator due to

modal coupling from ϕ0 to ϕ0 +∆ϕ; however, all modes other than the input mode,

as will be shown later, are at low energy levels. For the input mode, specifically, we

can write

A1(2π) = ejm̄12πA1(0) (4.11)

m̄1 is the overall complex mode order of the input mode after one round trip. The

resonance wavelength λres and quality factor Q of the input WGM can be calculated

using the complex mode order m̄1 as follows:

λres = λ̃
Re{m1}

M
(4.12)
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Q =
M

2Im{m1}
(4.13)

4.2 Simulatoin Results

(a) (b)

(c) (d)

Figure 4.1: Coupling light into an on-chip microtoroid resonator using an SOI waveg-
uide. (a) and (c) provides an isometric view of a straight and a convex bent waveguide
configuration, respectively. (b) and (d) provides a top view.

In this test case we examine the coupling Q-factor of a microtoroid coupled to an

SOI waveguide in air, as shown in Fig. 4.1. Such a coupling scheme is a promising

avenue for on-chip integration of WGM microresonators. Equations (4.7-4.13) are
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Figure 4.2: Evolution of the amplitudes |A1| and |A2| for the first two modes (i.e.
the 289th fundamental modes) along the propagation direction when a straight SOI
waveguide is placed at the equator of a silica microtoroid. A fundamental quasi-TE
cavity mode (mode 1) is launched at ϕ = −0.34 rad and propagates along the ϕ̂
direction. Strong coupling between the 2 modes is witnessed from ϕ = −0.06 to
ϕ = 0.06.

numerically verified at a wavelength of 1500-nm for a microtoroid with a major radius

of 45-µm and a minor radius of 5-µm. The SOI waveguide under investigation has

a width of 500 nm and is formed by an upper silicon layer of 220-nm thickness

and a lower SiO2 layer of 2-µm thickness. The refractive indices of silica (1.44462)

and silicon (3.48206) are taken from literature [69, 88]. Two configurations for SOI

waveguides are investigated: a straight SOI waveguide placed near the toroid (Fig.

4.1(a)(b)) and a concentric convex SOI waveguide placed at the toroid’s equatorial

plane (Fig. 4.1(c)(d)).

The first scenario consisting of the straight SOI waveguide contacting the mi-

crotoroid’s equator is analyzed. The 289th fundamental quasi-TE toroid mode is
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(a)

(b)

Figure 4.3: Field pattern for a straight fiber-toroid coupling system, where (a) is the
top view and (b) is the cross-sectional view.
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Figure 4.4: Coupling Q-factor of a microtoroid when a straight SOI waveguide is
situated in the equatorial plane and separated from the cavity at different distances.
The red dot-dashed line indicates the intrinsic Q-factor of the cavity.

launched at ϕ = −0.34 rad, wherein the waveguide is 3 wavelengths away from the

cavity. Beyond that point, the coupling between the cavity and the waveguide falls

to a negligible level (with Q degradation below 10−8%) and so it is disregarded. Fig.

4.2 shows the amplitudes of the first two modes during propagation. The first mode

at the input and output is the fundamental quasi-TE mode and the second mode at

the input and output is the fundamental quasi-TM mode. In the intermediate region

(around ϕ = −0.06 rad to ϕ = 0.06 rad), these two modes become hybrid WGM-SOI

modes and strong coupling takes place between them. Fig. 4.3 shows the field distri-

bution in this region. Fig. 4.3(a) shows a top view of the cavity-waveguide coupling

while Fig. 4.3(b) shows the cross-sectional field pattern.Energy is coupled back and

forth between the first and second mode in a similar manner as that of a direction-

al coupler. At the output end, the field is carried by both modes with A1=0.9928

and A2=0.0256 (i.e. energy carried by higher-order modes is further diminished),

corresponding to a coupling Q-factor of 105.
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θ

Figure 4.5: The angle θ used to specify the location of the contacting waveguide when
it is placed off the equatorial plane.

We then shift our attention to the second scenario, wherein the SOI waveguide

is displaced in the equatorial plane to determine a minimum gap distance between

the waveguide and the toroid. The goal is to find the optimal location that satisfies

the critical coupling condition, which in turn requires that the coupling Q-factor

be equal to the intrinsic Q-factor of the cavity. Fig. 4.4 shows the coupling Q-

factor as a function of the minimum gap distance. A Qcoupling of 105 is computed

when the waveguide touches the cavity surface and 1010 is computed at a gap size

of 2.5 wavelengths. When the WGM resonator is placed in air, the absorption from

the silica is small and consequently Qcoupling = 1010. This Q-factor is in reality

smaller than those due to other loss mechanisms, such as surface scattering and surface

contamination (via water layer adsorption, etc.). An intrinsic Q-factor of 2×108, as

has been measured in our group’s laboratory, is adopted here. For a waveguide sitting

in the equatorial plane, a gap size of 0.75 µm is also desirable in establishing critical

coupling.

The precise control of gap sizes, however, can be challenging to accomplish in

the fabrication process. Alternatively, one can keep the waveguide in contact with

the cavity and move it vertically by adjusting the thickness of the insulator layer as

to tune the value of the coupling Q-factor. In such configuration, we may pinpoint

the location of the waveguide via an angle θ in respect to the equatorial plane, as

illustrated in Fig. 4.5. The Q-factor as a function of θ is shown in Fig. 4.6, wherein
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Figure 4.6: Coupling Q-factor of a microtoroid when a straight SOI waveguide me-
chanically contacts the cavity surface at different angles in respect to the equatorial
plane. The axis to the right shows the reciprocal of the field intensity of the funda-
mental quasi-TE mode at different θ.

a Q-factor of 3 × 105 is calculated at θ = 0. It is also worth mentioning that the

θ = 0 position (corresponding to the top surface of the SOI waveguide being aligned

with the equator) is different from that in the previous case (i.e. the midplane of the

silicon layer being aligned with the equator). At a larger θ, the local field intensity

of the cavity mode is smaller. As a result, coupling between the cavity and the

waveguide is weaker and a larger coupling Q-factor is observed. The right axis of

Fig. 4.6 represents the inverse of the field intensity on the surface of the cavity at

different θ. It is important to note that the Q-factor function resembles the intensity

curve. For a straight SOI waveguide physically touching the toroid surface and that

is placed below the equator, a waveguide location at θ = 65◦ is favourable for critical

coupling purposes.

For the convex SOI waveguide configuration, a search is conducted to determine

the optimal gap size when the waveguide is concentric with the microtoroid resonator
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and situated in the equatorial plane. A coupling Q-factor of 2.7× 104 is computed at

a gap size of 0 and rises to 3.75×1 016 at a gap size of 2.5 wavelengths. An optimized

gap distance for critical coupling is 1.1 µm in this case.
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Figure 4.7: Q-factor of a silica microtoroid when a concentric convex SOI waveguide
is situated in the equatorial plane at different gap sizes in respect to the resonator.
The red dot-dashed line corresponds to the intrinsic Q-factor of the cavity.

4.3 Numerical Error

In Fig. 4.8 we inspect the convergence rate as a function of azimuthal angle dis-

cretization for a straight SOI waveguide at the toroid equator. The present error

was estimated by comparing the results of each δϕ to the expected result obtained

through the Richardson extrapolation procedure. One can observe that the Q-factor

convergence rate is O(δϕ0.79) (depicted by the black line in Fig. 4.7).

Further, in Fig. 4.9 we investigate the convergence rate as a function of number of

modes included in the calculation. Same as previous set up, a straight SOI waveguide

is placed at the equator of the cavity. A convergence rate of O(δϕ0.84) is observed.
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Figure 4.8: Q-factor versus grid spacing δϕ along the ϕ̂ direction for a straight SOI
waveguide placed at the equator of a microtoroid. The last two points are omitted
for the creation of the line of best fit.
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Figure 4.9: Q-factor versus number of modes involved in the calculation for a straight
SOI waveguide placed at the equator of a microtoroid. The first point is omitted for
the creation of the line of best fit.
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Chapter 5

Conclusions

5.1 Summarization

A finite-element-method based mode-matching analysis for whispering-gallery-mode

cavities has been developed. By expanding the total field onto the eigenmodes in

each transverse cross section, such a method can simulate how light circulates inside

the cavity. Firstly, it is demonstrated that the method is able to describe an ideal

axisymmetric whispering-gallery-mode cavity, a case that has been thoroughly studied

in previous work. All the conclusions from previous work can be repeated by the

mode-matching formulations. Moreover, the method shows the capability to solve

whispering-gallery-mode cavities that do no possess axial symmetries, a problem that

has been haunting the academy for decades. By discretizing the 3-D structure over

the azimuthal dimension, only 2-D mode solvers are required to search the local eigen

modes. This way, the technique is highly computationally efficient. To verify the

theory and formulations, two test cases are studied numerically.

Firstly, a single mode-matching analysis have been performed by tracing the fun-

damental mode in the cavity. The method shows an ease of numerical application

and demonstrates high efficiency by reducing the consumed memory by a factor of 90

compared with a 3-D FEM modal [77]. To demonstrate the validity of the method,

numerical results for a microtoroid bound with a plasmonic and non-plasmonic bead

are presented. Results obtained from the simulation are consistent with those ob-

tained through a first order perturbation method and experimental demonstrations.

Finally, the numerical error that origins from the discretization of azimuthal direction

ϕ̂ is discussed.
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Furthermore, a multi-mode matching analysis has been developed by considering

the coupling between modal field. The method is applied to design a whispering

gallery cavity-silicon on insulator waveguide system. Two different SOI waveguide

configurations are investigated and a set of optimum designs for critical coupling are

discussed. A whispering gallery mode cavity-silicon on insulator waveguide coupling

scheme is demonstrated to be achievable through the analysis.

Overall, the mode-matching-method for whispering-gallery-mode cavities devel-

oped in this thesis is demonstrated to be a powerful tool for the research and ap-

plication of whispering gallery mode cavities. Current problems in this area that

can be modeled by this technique includes: modeling a surface binding event [9, 70],

designing a nano antenna-whispering gallery cavity bio-senser [50, 47], designing an

optimum cavity-waveguide coupling system [32, 12], analyzing non-axisymmetric cav-

ities [71], such as elliptical microcavities and spiral microcavities [25], and designing

micoricavity arrays [89].

5.2 Future Work

A bi-directional mode-matching method needs to be developed to include both for-

ward propagating and backward propagating modal field. Back scattering inside a

whispering-gallery-mode cavity origins from the surface roughness and Rayleigh s-

cattering. Because of the high Q property of the cavity, back-scattered light can

build up high energy level. A bi-directional mode-matching-method will be able to

modal the ’split frequency’ phenomenon witnessed in previous work [9]. Moreover,

a bi-directional mode-matching-method can include both transmission and reflection

in the modal thus will complete the whole theory.
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Appendix A

Additional Information

A.1 Richardson Extrapolation

Richardson Extrapolation is a numerical technique to improve the rate of conver-

gence of a sequence. It was first proposed by Lewis Fry Richardson in the early 20th

century [90, 91].

For example, in chapter 3, the wavelength shift calculated by the single mode-

matching modal is only an approximation of the true value due to numerical errors.

To investigate how the azimuthal grid spacing δϕ affects the accuracy of the modal,

we can express the calculated wavelength shift ∆λ as a function of the step size δϕ.

For simplicity here we use A(h) to express this function wherein A is the wavelength

shift and h is the azimuthal grid spacing. Usually, a smaller grid spacing h gives an

approximation A(h) closer to its true value A (in other words, of better accuracy).

To investigate such procedure quantitatively, the error formula is written as,

A = A(h) +K0h
k +K1h

k+1 +K2h
k+2 + ... (A.1)

with k being a known constant and K0, K1, K2, ... being some other constants.

A.1 can be simplified by the big O notation. O(hk+1) is used to stand for ’a sum of

terms of orders hk+1 and higher’,

A = A(h) +K0h
k +O(hk+1) (A.2)

We can get a second such equation by using a different step size h/2,
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A = A(h/2) +K0(h/2)
k +O(hk+1) (A.3)

Taking 2k times A.3 and subtracting A.2 gives

A =
2kA(h/2)− A(h)

2k − 1
+O(hk+1) (A.4)

So if we define

B(h) =
2kA(h/2)− A(h)

2k − 1
(A.5)

then

A = B(h) +O(hk+1) (A.6)

B(h) is a new approximation scheme of A which has an error estimate on the order

of k + 1, one better than A(h)’s. Moreover, the previous procedure can be repeated

with B(h) to get an even better approximation.

A.2 Mode Patterns of a WGM-nano particle Hy-

brid Mode
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(a) (b)

(c) (d)

Figure A.1: The fundamental quasi-TE mode ((a) Electric field intensity |E|2, (b)
axial electric field component Ez, (c) radial electric field component Eρ, and (d)
azimuthal electric field component Eϕ) of a silica microtoroid with a gold bead bound
to the equator at a 633-nm wavelength. The modes are plotted at the azimuthal cross
section where the center of the bead is located. The insets provide a zoomed-in view
of around the beads.
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(a) (b)

(c) (d)

Figure A.2: The fundamental quasi-TM mode ((a) Electric field intensity |E|2, (b)
axial electric field component Ez, (c) radial electric field component Eρ, and (d)
azimuthal electric field component Eϕ) of a silica microtoroid with a gold bead bound
to the equator at a 633-nm wavelength. The modes are plotted at the azimuthal cross
section where the center of the bead is located. The insets provide a zoomed-in view
of around the beads.
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(a) (b)

(c) (d)

Figure A.3: The fundamental quasi-TE mode ((a) Electric field intensity |E|2, (b)
axial electric field component Ez, (c) radial electric field component Eρ, and (d)
azimuthal electric field component Eϕ) of a silica microtoroid with a PS bead bound
to the equator at a 633-nm wavelength. The modes are plotted at the azimuthal cross
section where the center of the bead is located. The insets provide a zoomed-in view
of around the beads.
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(a) (b)

(c) (d)

Figure A.4: The fundamental quasi-TM mode ((a) Electric field intensity |E|2, (b)
axial electric field component Ez, (c) radial electric field component Eρ, and (d)
azimuthal electric field component Eϕ) of a silica microtoroid with a PS bead bound
to the equator at a 633-nm wavelength. The modes are plotted at the azimuthal cross
section where the center of the bead is located. The insets provide a zoomed-in view
of around the beads.


