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Abstract

Studies of convolution play an important role in Geometric Function Theory (GFT). Such studies attracted a large number
of researchers in recent years. By making use of the Hadamard product (or convolution), several new and interesting subclasses
of analytic and univalent functions have been introduced and investigated in the direction of well-known concepts such as
the subordination and superordination inequalities, integral mean and partial sums, and so on. In this article, we apply the
Hadamard product (or convolution) by utilizing some special functions. Our contribution in this paper includes defining a new
linear operator in the form of the generalized Mittag-Leffler function in terms of the extensively-investigated Fox-Wright ,¥q-
function in the right-half of the open unit disk where where 9i(z) > 0. We then show that the new linear convolution operator is
bounded in some spaces. In particular, several boundedness properties of this linear convolution operator under mappings from
a weighted Bloch space into a weighted-log Bloch space are also investigated. For uniformity and convenience, the Fox-Wright
p¥Yq-notation is used in our results. (©2017 All rights reserved.

Keywords: Fractional calculus, analytic functions, fractional calculus operator, univalent functions, convex functions,
Mittag-Leffler function, Fox-Wright ,¥4-function, weighted p-Bloch space, weighted-log Bloch space.
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1. Introduction

Various operators provide tools of considerable significance in the subject of the functional analysis
and they are known to have applications in numerous additional areas of pure and applied mathematics.
It is well-known that these various types of operators, such as linear operators, differential and integral
operators and fractional operators. The studies of operators appear in many fields; for instance, in clas-
sical mechanics, the derivative operator is utilized ubiquitously, and (in quantum mechanics) observation
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is signified by Hermitian operators. Essential properties that many operators may display include bound-
edness, linearity and continuity. The area of Geometric Function Theory (GFT) is remarkably very rich
in various classes of interesting operators. These operators are classified due to their operational mecha-
nism. Essentially, these operators are used to define, improve, and generalize many well-known analytic
function classes in the open unit disk. These studies imply more geometric features for the investigated
analytic function classes and preserve many of their properties (see, for example, [1, 2, 10, 26, 27]).

In this study, we introduce a new linear operator in the open unit disk by making use of the convo-
lution product (or the Hadamard product) of some special functions (such as the Mittag-Leffler function
and the Fox-Wright ,¥4-function). Our studies are based on various boundedness properties and illus-
trate a number of other geometric properties of the convolution operator which is introduced here. The
generalized Mittag-Leffler function plays a significant role in the theory of fractional calculus with its
applications in engineering and physics due to their vast potential and asymptotic properties (see, for
example, [26, 27]; see also [5, 6] as well as the references which are cited in each of these recent works).

2. Preliminaries

In this section, we recall some basic definitions and concepts.
Let 7((U) denote the class of functions which are analytic in the open unit disk

U:={z:zeC and |z|] <1}
Fork e N={1,2,3,---}and a € C, let
Hla, k] ={f € H(U) : f(z) = a + axz® + a1 2" + -}

and Hp = K0, 1]. We denote by A the class of all functions of the form:

f(z) =z+ Z arzk, 2.1)
k=2

which are analytic in U. We denote by § and X the classes of all functions f € A that are, respectively,
univalent and convex in U and normalized by

Theorem 2.1 (Bieberbach Conjecture; de Branges” Theorem [4]). If the function f(z) defined by (2.1) is in the
class 8, then
lakl =k (ke N\{1}).

Moreover, if the function f(z) defined by (2.1) is in the class X, then
lal =1 (ke N\{1}).

Definition 2.2. Let the function f(z) be given by (2.1) and let

gz) =z+ Z byzk.
k=2

Then the convolution (or Hadamard product) (f * g)(z) of the two functions f(z) and g(z) is defined by

(f+g)(z) :Z‘i‘Zakkak = (g=f)(z). (2.2)
k=2

We now proceed to introduce some special functions related to the celebrated Mittag-Leffler function.
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Definition 2.3 (see [3, 7, 28]). The generalized (two parameters) Mittag-Leffler type function Eqg(z) is
defined by

00 k
z
Eaplz) =) =———0, 2.3)
= Ik +B)
so that, obviously,
00 k
z
Ex1(z) = Eu(z) == Z Tlak+1) and Ei1(z) = €%, (24)

where E4(z) is the celebrated Mittage-Leffler function (see [13]).

Further studies of the Mittag-Leffler type functions can be found in the recent works by Gorenflo et
al. [5], Haubold et al. [6], Kilbas et al. [8, 9], Kiryakova [11], Li et al. [12], Saxena et al. [16, 17], Sharma
et al. [18-20], Srivastava et al. [21, 23, 24, 26], and Tomovski et al. [27]. In particular, several interesting
properties and characteristics of the Mittag-Leffer functions E«(z) and E4 g(z), as well as their known
extensions and generalizations, were discussed by Saxena et al. [17], Gorenflo et al. [5], Srivastava et al.
[25, 26], and Tomovski et al. [27].

Recently, Paneva-Konovska [14] studied the behaviour of some special functions Ea,n,ﬁn, p, and En,
which are related to the Mittag-Leffler functions in the complex z-plane C as follows:

Fanlz) =4 (n=0) (2.5)
T T 2 Egn(z), (neN),
g %/ (TL - 0)/
— 1—z
Erpl2) = {r(s) M Enplz), (neN), 20
and
= %/ (Tl = 0)/
. 1—z
En(z):= {z“ En(z), (neN). @7)

Among other interesting results, the following asymptotic formulas for the large values of the indices
o and f in the definitions (2.3) and (2.4) were given for z € C (see, for details, [14]):

Ean(®) = g1+ Oanl@),  Enplz) = r(lmu 1Onp(z, and  En(z) =1+0n(2),
where Oy n,On 3, and O, are given by
k
Ounlz) =Tm) Y F(odii—i—n) — 0, (n—o0), 2.8)
k=1
On =T _ 0, , 29
P& =T Y gy » 0 (o) 29)
and

k=1

respectively. Here the (real or complex) parameters « and 3 as well as the argument z € C and fixed,
n € N, and the power series in (2.8), (2.9), and (2.10) define holomorphic functions for z € C. Moreover,
the convergence is uniform on any compact subset of C.
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In our present sequel to [14], we propose to investigate various new families of linear operators which
are based upon the above functions convoluting with the function f(z) € A given by (2.1). In order to
present our results in a notationally convenient manner, we need the function of the Fox-Wright Function
p¥q (p,q € No) or p¥5 (p,q € No) which is a generalization of the familiar generalized hypergeomet-
ric function ,Fq (p,q € Np) with p numerator parameters ay,---,a, and q denominator parameters
by, -+, bq such that

alec(l:]-//p) and b]EC\ZO_ (]lelq)l
defined by (see, for details, [9, p. 56])

(allAl)/' o (aP/Ap);
r¥q z

(blr Bl)r' Tty (bq/Bq);

= 9 2.11
(b1)Bk -~ (bg),x k! T(a1)---T(aq) 1D

z

_ i (a)ak - (ap)ae 2% T(by)---T(bg) v, [ (a, A1), -, (ap, Ap); ,
q

(bll Bl)/ Tty (bq/Bq);

q P
j=1 i=1

where the equality in the convergence condition holds true for suitably bounded values of |z| given by
P o 9 B
2 < V := (HAi AL) . (H B; J) . (2.12)
i=1 j=1
In the particular case when
Ai=Bj=1 i=1---,p;j=1---,q),

we have the following relationship:

(alrl)r"' r(a‘prl); ai, -+, Qp;
. I'(by)---T(bg)
p¥q [ z| = pFq z| = ¥y

(b1, 1), , (bg, 1); by, by | (@) Tlag)

(alll)r”' r(apll); ]
z|,

(bl/l)r Tty (bqll)/

in terms of the generalized hypergeometric function ,Fq (p,q € INp).

A natural further generalization and unification of the Hurwitz-Lerch Zeta function ®(z,s,a) as well
as the Fox-Wright function ,¥§ defined by (2.11) was accomplished recently by Srivastava et al. [24]
by introducing essentially arbitrary numbers of numerator and denominator parameters. For recalling
the definition of their multi-parameter extension, in addition to the symbol V defined by (2.12) with, of
course,

Ai =pi (121,~~~,p) and BjZO‘j (j=1,---,q),

that is,

the following notations will be employed:

q P P -
A::ZGj—Zpi and E::erZuj— ?\i+%.
j=1 i=1 i —
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The extended Hurwitz-Lerch Zeta function <D(p1 )f;p ljl M )(Z, s, a) is then defined by
P
( o0 H kp1 Zk
P17 ,Pp; 01, i=1
(DM, Api i, z,s a) Z q k+a)s’
k=0 k1 H] koj

j=1

(2.13)
P,qeENg A eC(i=1,-,p); aueC\Z; (j=1,-,q);

pi,05 e R¥ (i=1,---,p;j=1,---,q); A>—-1when s,z€C;

A=—-1land s € C when |z]< V", A=-1 and %(E)>% when |z:V*>,

where Z, denotes the set of non-positive integers and (A), denotes the general Pochhammer symbol
defined, in terms of the familiar gamma function, by

(A)y = FrA+v) )1, (v=0, A e C\{0}),

YT A+ --(A+k—1), (v=keN;A€eC),

is being understood conventionally that (0)p := 1 and assumed tacitly that the I'-quotient exists. For a
widely-investigated A-generalized version of the definition (2.13), see the work by Srivastava [22]. More
interestingly, if wesetp = p+1 (py=---=pp =1, Apj1=ppy1=1andq—q+1 (o1=---=0q =
1, Wqr1 =B, 0g41 = a), then the definition (2.13) (with s = 0) reduces to the following generalized
M-series which was introduced and studied recently (see [16, 18, 20]):

o, B k

= (a ) claph  z
qu((11,"',ap;blr""bq;z):Z bz Mok + B)

al/ r apr )r (111)/
zl,

blr a bqr ) ([5/ (X),

=
o

1
= B p+1¥q 11 [

or, equivalently,

o, B M(by)---T(bg)
qu(al,"', ap; by, - ,bq;Z) = m p+1‘yq+1

(alll)/"'/(apll)/(lil); ]
z|,

(bll]‘)/ Uty (bq/ 1)/ (B/ O()}

which reiterates the earlier authors’ observation in (for example) [24] that the so-called generalized M-
series is, in fact, an obvious variant and special case of the Fox-Wright function ,¥q or , ¥ defined by
(2.11).

3. First set of results
We begin by the following Definition 3.1 below.
Definition 3.1. For R(a) > 0, § > 0 and %i(z) > 0, we define the functions €y n, En,3 and &, by

z, (Tl = 0)/

M) zEqn(z) =2+ Tkt (e ), 31
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1—nT ]fz/ (n = 0)/
RIS — 00
Enplz) =2 TEnplz) F(B)zEnp(2) =2+ 3 gz, (meN), (32)
and
lonz 1321 (TL = O)/
=z "E = X )
En(l) z n(Z) ZEn(Z) =7+ Z F(n1k+l)zk+1’ (TL c N), (3 3)
k=1

where the functions Ecx,n(z), En,[g (z),and Ep(z) are given (as before) by (2.5), (2.6), and (2.7), respectively.

Definition 3.2. In terms of Hadamard product (or convolution) given by (2.2), we define the following
convolution operator:

&X,B A—- A
by

S (1)) i= Eape) (e =2+ 3 B a 2, 64)
k=1

where €4 3(z) is a unified version of the definitions (3.1), (3.2), and (3.3), which is given by

Eaplz) =2+ k; r(;gi)ﬁ)zk“, (min{9R(«), R(B)} > 0; z € U).

The following identity follows readily from Definition 3.2:

Feaps(F)(2)) = (B) Seup ()(2) (B - “) Sep (P2, (R >0;R(B) > —1;z € U).

08 X

Furthermore, we have

Sop(f)(z) =f(z) =z + Z axz",
k=2
Bna((e) =2+ Y o a2 = £nl2) 4 1(2),
k=1
Ban(NE) =2+ Y a2 = e (2) e 1(2)

and

Bnp(2) =2+ Y ol 25 = £ (2) f(2)
k=1

By applying Theorem 2.1, we now prove the following results which provides an upper bound for
the operator §4 p defined by (3.4). For uniformity and convenience, we make use of the Fox-Wright
p¥q-notation in our results.

Theorem 3.3. Let f(z) € 8. Then

(2,1);
1§, (f)(2)] < 1T (B)1Y4

r], (lzZl£r(0<r<1); o, p>0). (3.5)
(B, o);
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Proof. By hypothesis, the function f(z) € § is of the form (2.1).

e (k+1T(B)
1o, p (f)(2)] = T; Tlak+p)
k=0 ® rresa) . (3.6)
+ T
=B )~ Fracrpy HSTO<r<DiaB>0),

k=0
where we have used the following well-known estimate (see Theorem 2.1):
laxl = k (ke N\{1}).

The assertion (3.5) would follow from (3.6) when we interpret the series in (3.6) by means of the
definition (2.1). Our demonstration of Theorem 3.3 is thus completed. O

The proof of Theorem 3.4 below is analogous to that of Theorem 3.3.
Theorem 3.4. Let f(z) € K. Then

(1,1);
IS, () (2)] S T(B) W1

r] , (IZ1€r(0<r<1); o, p>0).
(B, o)

We next prove the following result.

Theorem 3.5. If f(z) € §, then

r(p) T
(x+p) (1—7)

Proof. By supposing that the f € 8 is given by (2.1), we have

[Sop(f)(z) —2l = & 5 (Zd=r(0<r<1); o p>0).

B (1022 = | Y B = | 3 Qg ez,
k=2 k=2
where
_ r'(p)
Q(k) —m (ke N\{1}).
Since, clearly,
k<02 =B e N\« p >0,

we conclude that

_ re) ke TB) oo, xa2. T(B) 7
o ()(2) z|§r(a+mgz\ak|.|z| S fat ) ? kZ:zkr S Fat B A=

where we have used the following estimates (see Theorem 2.1):
27 <1 and o/ Sk (z€U; ke N\{1}).

This evidently completes the proof of Theorem 3.5. O
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4. Boundedness properties of the convolution operator §« g (f)

In this section, we investigate the boundedness properties of the convolution operator §,g(f) under
mappings from a weighted p-Bloch space B}, into a weighted-log Bloch space B! | og- For all analytic

functions f € U, the weighted p-Bloch space B}, is defined by (see [4, 9])

_ / (1—1[z))*
Ifllgs = i‘éﬁ{'f (2) W(l_m} <00 (0< <o)

for w: (0,1] — [0, 00). For a function ¢ € B}, it is easy to see that

(1—1[zP* )
:1615{|¢(2)V\)(1_|ZU}§C<00 (c>0;, 0< u< o0).

Moreover, the weighted logarithmic Bloch space va,log of analytic functions f(z) in U is defined by

_ / (1—1zD*" 1
||f|35v,log—sup{|f (2)] log<(1z|)>} <c<oo (0 < p<oo)

zeU w(l—z])

for w: (0,1] — [0, c0). The weighted-log Bloch space B! g 1 Banach space.

w,lo
Our demonstration of Theorem 4.2 below would make use of the following lemma.

Lemma 4.1 ([15]). Let f and g be two analytic functions. Then
/ — / ’ _ glz)
z(g*f)'(z) :=g(z) x zf' (z) <= (g *f)'(z) = = x1'(z), (4.1)

provided that each member of (4.1) exists.
Theorem 4.2. Let 0 < p < oo, &, 3 >0, and w: (0,1] — [0, 00), and let f € A in the open unit disk U. Then
f € BY, <= F«,p(f) € Bl,.

Proof. By supposing f € B, we find by Definition 3.2 and Lemma 4.1 on the weighted p-Bloch space that

(1|Z|)u} = sup {‘Sa'B(Z) *f/(Z)’ (1|Z|)u} é CHfHBtL\, < 09,

I5p (M, = sup { | Eapl) )

zelU W(1_|Z|) zelU z W(1_|Z|)
where
(1—|7~|)”}
su & 2| ————— < clz| < ¢ zl < 1; ¢ > 0).
Zeg{ o, ( ”w(l—lzl) Sclzl = (Il )

Consequently, we get
So,p(f) €BY,
which proves the first part (necessity) of Theorem 4.2.

Conversely, let us assume that g (f) € Biy. We then aim to show that

_ / (1—1[zh)*
il = i‘éﬁ{'f (=)l W(HZ)} oo (0<p<oo)

We now define an analytic function F « g (z) by

Eoc,ﬁ(z)

F(X,B(Z) = z
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such that

- 1
Fop(z)xF &,é)(z) =17

Then, we find that

fllgy, = sup {mzn “—“} — sup {‘ch,ﬁ(z) e *F;g>(2)| ﬂ—l)}

zeU wl—lz)) . cu w(l—lzl)
— sup {’(ea,ﬁ(z) “F(2)) » Fg—;)m\ ”_"")”} < coop IFas (Dlse,
€U ’ w(l—lz|) v
where
Cap =G s (2l
This completes the proof of Theorem 4.2. O

Theorem 4.3. Let 0 < p < oo, x, 3 >0, and w: (0,1] — [0, 00). Also let f € A in the open unit disk U. Then

ZanPllay <cliflgs, (e >0).

Proof. For a function ¢ € B, we see that, for every ¢ > 0, there is an t (0 < v < 1) such that
y

1

ol etog (1) (e<l< ) @2)

Therefore, w: (0,1] — [0, c0), we have

) | (=lz)*

ooy (=1z)* 1
Seigg{{f(znw(l—lzl) 10g(1—z|)} (v<|zl < 1)

< elfllg, < oo,

where

1 1
< — | <
|€a,p(2)] = €lz] log <1 — |Z|> Selog <1 — |Z|) (lz] < 1).
The proof of Theorem 4.3 is thus completed. O

Theorem 4.4. Let 0 < p < oo,0, B >0,and w: (0,1] — [0, 00). Then

el'(B)
2

18 a8 (g, = fller . (e>0)

Proof. Just as in (4.2), suppose that, for a function ¢ € B}, and for every ¢ > 0, thereisant (0 <t < 1)
such that

€ 1
< Z -
}@(Z)!:210g<1_z|> (v < |z| < 1).
Therefore, for w: (0,1] — [0, c0), we find that

(1,1); '
T *f(t)) ‘ 1=z
(B, =l

zeU

8o, (Dllgy = T(B)sup {| <t<1‘i’1
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(1,1); (1,1); / (1—|z))*
:F(B)sup{ (1‘1’1 T *f(t)> +t<1‘P1 T *f(t)) }
= (B, o0); (B, ); wil—[)
(1,1);
=T(B)sup < [1¥ t| *[f(x) +of(v)] A =lz)”
zeU (B, o0); w(l—lz)
(cf(0)| (=2 ( 1 )
<
- Er(mi‘éﬁ{ 2 | wi—l) 8 \1=k
< T ey, (<l <1 e>0)
The proof of Theorem 4.4 is thus completed. O

5. Conclusion

Our present investigation was motivated essentially by the fact that studies of convolution play an
important role in Geometric Function Theory (GFT). In recent years, such studies have attracted a large
number of researchers who made use of the Hadamard product (or convolution) to introduce and inves-
tigate various interesting subclasses of analytic and univalent functions for such well-known concepts as
the subordination and superordination inequalities, integral mean and partial sums, and so on. Here, in
this article, we have applied the Hadamard product (or convolution) by utilizing some special functions.
Our contribution in this paper includes defining a new linear operator in the form of the generalized
Mittag-Leffler function in terms of the extensively-investigated Fox-Wright ¥ ¢-function in right-half of
the open unit disk U where %(z) > 0. We have then shown that the newly-defined linear convolution
operator is bounded in some spaces. In particular, we have presented several boundedness properties of
this linear convolution operator under mappings from a weighted Bloch space into a weighted-log Bloch
space. For uniformity and convenience, we have chosen to make use of the Fox-Wright ,¥,-notation in
our results.
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