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Abstract: In the present paper, we obtain the upper bounds for the second Hankel determinant for certain subclasses
of analytic and bi-univalent functions. Moreover, several interesting applications of the results presented here are also

discussed.
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1. Introduction and definitions

Let A denote the family of functions f analytic in the open unit disk
U={z:2€C and |[z|<1}

of the form:

f(2) =z+2anz”. (1.1)
n=2

Let S denote the class of all functions in A that are univalent in U. The Koebe one-quarter theorem (see, for
example, [9]) ensures that the image of U under every f € S contains a disk of radius 1,74. Clearly, every f € S
has an inverse function f~1 satisfying f~1(f(2)) = 2z (z € U) and f(f ' (w)) =w (|w| < ro(f); m0(f) 21,74),
where

I Hw) = w — agw? + (2a3 — az)w® — (5a3 — bagas + as)w* + - - - .

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are univalent in U. Let o
denote the class of bi-univalent functions in U given by (1.1).
In 1967, Lewin [21] showed that, for every function f € o of the form (1.1), the second coefficient of f
satisfies the estimate |ag| < 1.51. In 1967, Brannan and Clunie [2] conjectured that |as| < /2 for f € o. Later,
4

Netanyahu [22] proved that r;lax\aQ\ = 5. In 1985, Kedzierawski [17] proved the Brannan-Clunie conjecture for
€o

bi-starlike functions. In 1985, Tan [31] obtained the bound for as, namely that |az| < 1.485, which is the best
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known estimate for functions in the class o. Brannan and Taha [3] obtained estimates on the initial coefficients
|az| and |as| for functions in the classes of bi-starlike functions of order 8 and bi-convex functions of order 3.

The study of bi-univalent functions was revived in recent years by Srivastava et al. [30] and a considerably
large number of sequels to the work of Srivastava et al. [30] have appeared in the literature since then. In
particular, several results on coefficient estimates for the initial coefficients |as|, |ag|, and |a4| were proved for
various subclasses of o (see, for example, [1, 4, 5, 10, 12, 14, 16, 25, 28, 29, 32, 33]).

Recently, Deniz [7] and Kumar et al. [19] both extended and improved the results of Brannan and Taha
[3] by generalizing their classes by means of the principle of subordination between analytic functions. The
problem of estimating the coefficients |a,| (n = 2) is still open (see also [29] in this connection).

Among the important tools in the theory of univalent functions are Hankel determinants, which are used,
for example, in showing that a function of bounded characteristic in U, that is, a function that is a ratio of two

bounded analytic functions, with its Laurent series around the origin having integral coefficients, is rational [6].

The Hankel determinants Hy(n) (n=1,2,3,---, ¢=1,2,3,---) of the function f are defined by (see [23])
anp, An+1  *° Gnig-1
Ap41 Qp42 - Qp+4q
HQ(n> = : . . (a1 = 1).
An4q—1 Qntq " (An42g—2

This determinant was discussed by several authors with ¢ = 2. For example, we know that the functional
Hs(1) = ag — a3 is known as the Fekete-Szegd functional and one usually considers the further generalized
functional ag — pa3 where 4 is some real number (see [11]). Estimating for the upper bound of |as — paj|
is known as the Fekete-Szegd problem. In 1969, Keogh and Merkes [18] solved the Fekete—Szegd problem for
the classes of starlike and convex functions. One can see the Fekete-Szego problem for the classes of starlike
functions of order 8 and convex functions of order 3 in special cases in the paper of Orhan et al. [24]. On
the other hand, quite recently, Zaprawa (see [34, 35]) studied the Fekete-Szeg6 problem for some classes of
bi-univalent functions. In special cases, he gave the Fekete—Szego problem for the classes of bi-starlike functions
of order 8 and bi-convex functions of order 3.

The second Hankel determinant Hy(2) is given by Hz(2) = agay —a3. The bounds for the second Hankel
determinant Hs(2) were obtained for the classes of starlike and convex functions in [15]. Lee et al. [20]
established the sharp bound for |H2(2)| by generalizing their classes by means of the principle of subordination
between analytic functionds. In their paper [20], one can find the sharp bound for |H»(2)| for the functions
in the classes of starlike functions of order § and convex functions of order /3. Recently, Deniz et al. [8] and
Orhan et al. [26] found the upper bound for the functional Hy(2) = agas — a3 for the subclasses of bi-univalent
functions.

The object of the present paper is to seek the upper bound for the functional ’a2a4 - a§| for f € N,(B)
and f € N2, which are defined as follows.

Definition 1 (see [30]) A function f(z) given by (1.1) is said to be in the class f € Ny(B) (0 < 8 < 1) if the

following conditions are satisfied:

feo and R(f'(2))>8 (zeU; 0£8<1) (1.2)
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and
R (w)>p (wel; 0=4<1), (1.3)

where the function g is given by
g(w) = w — agw? + (243 — az)w® — (5a3 — 5asas + az)w* + - - - . (1.4)

Definition 2 (see [30]) A function f(z) given by (1.1) is said to be in the class f € N& (0 < a < 1) if the

following conditions are satisfied:

T

f€o and |arg(f'(z))|§7 (z€U; 0<a<s1) (1.5)

and
, arm
g (g (@) < G- (wel; 0<as), (1.6)
where the function g is defined by (1.4).
For special values of the parameters a and 3, we have

Noy(0) = NI = N,

Let P be the class of functions with positive real part consisting of all analytic functions P : U — C
satisfying p(0) =1 and R (p(z)) > 0.

To establish our main results, we shall require the following lemmas.
Lemma 1 (see, for example, [27]) If the function p € P is given by the following series:

p(z) =1+crz+c2® +-- -, (1.7)

then the sharp estimate given by
lek| S 2 (k=1,2,3,---)

holds true.

Lemma 2 (see [13]) If the function p € P is given by the series (1.7), then
2c0 = 2 +x(4 —c2), (1.8)

des =3 +2(4— ex — (4 —)a® +2(4 — &) (1 - |x\2) z (1.9)

for some x and z with |z| <1 and |z| £ 1.

2. Main results
Our first main result for the class f € N, () is stated as follows:

Theorem 1 Let f(z) given by (1.1) be in the class Ny(8) (0 < 8 < 1). Then

(1-8)? (2 (1-B)%+ 1) (ﬁ € {0, “’ﬁ/ﬂ) ;

‘a2a4 - a%! = (2.1)
(1—p)2 (60/32—84,8—25> ([3 c (11-@ 1))
16 9B82—1568+1 12 .
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Proof Let f € N,(B3) and g = f~!. Then

f'(z) =B+ (1= B)p(z) and ¢'(w) = B + (1 = B)g(w)

where the functions p(z) and ¢(z) given by

p(z) =1+ ciz+c2? + -

and
q(w) =1+ dyw + daw? + - - -

are in class P.
Comparing the coefficients in (2.2), we have

2(12 = (1 — 5)61,
3az = (1 - 6)025
day = (1 — B)cs,
and
—2a2 = (1 — B)dl,

3(2a3 — a3) = (1 — B)ds,

—4 (5a3 — 5azas + as) = (1 — B)ds.

From (2.3) and (2.6), we find that

and

Now, from (2.4), (2.7) and (2.10), we get

— 2 —
(=B, 08

az =
Also, from (2.5) and (2.8), we find that

2
Ay = %Cl (C2 —dg) + @(03 —dg).

Thus, we can easily establish that

1-58)°,

(1_5)4 4 Cl(CQ—dQ)

6 AT

aoay —a§| = |—

(1-8)*
36

(C2 — d2)2 .

(2.2)

(2.11)

(2.12)

(2.13)
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According to Lemma 2 and (2.9), we write

2c = 2 + x(4 —c2) 4—c?

2d2=d?+y(4—d?)}:>02_d2: 7 @y (2.14)

and

des =3 4+24— A)err — (4 — ) + 24 — &) (1 - |x|2) z,

Ady = df +2(4 = d)dry — dy (4 — d)y? + 2(4 = &) (1~ [y*) w.

Moreover, we have

S c4-c2 c1(4—¢c2
C3—d3_§1 (42 )(x‘Hl)_ (4 )($2+3/2)

Uo) (1= o) == (1 1) w). (.19
co+dy =3+ ( 20%) (x+1y) (2.16)

for some x,y and z,w with |z] < 1,|y| £ 1,]2] £1 and |w| £ 1. Using (2.14) and (2.15) in (2.13), and applying

the triangle inequality, we have

1-p" ., (1=-8)°,

mﬂu_ay:‘_ L W ey

+ (lsz)zcl [Cj + %(w—i—y) - %(m2+y2) + <4_26%)
Ll -
§(1Iff?+(1;ff %+(1]ffcm4—cb

| o)+ S | o+ )
+»“gffﬁ@—ﬁ»—“‘ﬁfq@—ﬁﬂUx?+m%+“‘5f@—

32 144

((=1of)z = 1= o)

c1)? (o] + [y,

Since p € P, we have |¢;| £ 2. Letting ¢; = ¢, we may assume without loss of generality that ¢ € [0, 2].

Thus, for A= |2z| £ 1 and p = |y| £ 1, we obtain

|azay — a3 S T+ To(A + p) + T3(A + p?) + Ta(A + p)?

698
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where
Ty =Ti(c) = (1;725)0 [(1420-87) ¢ +204- )] 20,
1, =10 = Lo ey p) 20

Ty = 1y(0) = Lo ca - e -9y <,

Ty = Tu(c) = %(4 —c*)?=0.

Now we need to maximize F(A, u) in the closed square S = {(A, 1) : 0 S A <1,0< pw <1} for ¢ € 0,2].
We must investigate the maximum of F(\, ) according to ¢ = (0,2), ¢ = 0 and ¢ = 2, keeping in view the
sign of FxyFl, — (Fa)®.

First, let ¢ € (0,2). Since T5 < 0 and T5 + 274 > 0 for ¢ € (0,2), we conclude that

ExxFpup — (F)\M)Q <0.

Thus, the function F' cannot have a local maximum in the interior of the square S. Now we investigate

the maximum of F' on the boundary of the square S.
For A\=0 and 0 £ u <1, we obtain

F(0,p) = G(p) = (T3 + Ty) p° + Top + Th.
We consider the following two cases separately.
Case 1. Let T3 + T4 = 0. In this case, for 0 < u < 1 and for any fixed ¢ with 0 < ¢ < 2, it is clear that
G'(p)=2(Ts+Ty)p+T>>0 (0<p<1),

that is, that G(u) is an increasing function. Hence, for fixed ¢ € (0,2), the maximum of G(u) occurs at p =1,

and
max{G(u)} = G(l) = T1 + T2 + T3 + T4.

Case 2. Let T3 + T4 < 0. Since
To+2(T3+Ty) 20

for any fixed ¢ with 0 < ¢ < 2, it is clear (in this case) that
T2+2(T3—|-T4)<2(T3+T4)/.L+T2<T2 (0</.L<1),

which shows that G’(u) > 0. Hence, for fixed ¢ € (0,2), the maximum of G(u) occurs at p = 1. Similarly, for
p=0and 0 S A1, we get

max{F()\,O)} = max{G()\)} = G(].) = T1 + TQ =+ T3 + T4.
For A=1 and 0 £ pu <1, we obtain

F(l,p) = H(p) = (Ts + Tu) p® + (To + 2T0) pp + Ty + T + T3 + Ty
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Thus, from the above Case 1 and Case 2 for T3 + Ty, we get
max{H ()} = H(1) = Ty + 2T + 2T + 4T}.
Similarly, for y =1 and 0 £ A £ 1, we have
max{F(\, 1)} =max{H(\)} = H(1) =Ty + 2T + 275 + 47T}.
Since G(1) < H(1) for ¢ € (0,2), we have
max{F(\ p)} = F(1,1)

on the boundary of the square S. Thus, clearly, the maximum of the function F (), p) occurs when A =1 and
@ =1 in the closed square S and for ¢ € (0,2).
Let K :(0,2) — R be given by

K(c) =max{F(\p)} =F(1,1) =Ty + 2T + 2T5 + 47Ty. (2.17)

Substituting the values of Ty, Ty, T5, and T into the function K(c) defined by (2.17) yields

(1-p)?

Klo) =1

[(98% =158 + 1) ¢* + (34 — 12B)c” + 64] .

We now investigate the maximum value of K(c¢) in the interval (0,2). By elementary calculation, we
find that

2
K'(c) = % [(982 =158+ 1) ¢® + (17 — 683)c] . (2.18)

As a result of some calculations, we can accomplish the following results.

Result 1. Let
982 — 158 4+1 20,

that is,

Then K'(c) > 0 for every ¢ € (0,2). Furthermore, since K (c¢) is an increasing function in the interval (0,2),

it has no maximum value in this interval.

Result 2. Let
982 — 156 +1 < 0,

that is,
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Then K'(c¢) = 0 implies the real critical point given by

68 — 17

B VYR

In the case when

5—+21 11 —+/37
e (2050

then ¢, 2 2, that is, cg, lies outside of the interval (0,2). In the case when

11 —+/37
56 (12a1>a

then c¢p, < 2, that is, ¢p, is in the interior of the interval [0, 2]. Furthermore, since K" (cq,) < 0, the maximum

Be <1l_ﬁ,1>.

value of K (c) occurs at ¢ = ¢, for

12

Thus, clearly, it is observed that

B _ 668 —17 (1-B) (1582 —218— 2%
Jnax {K(c)} = K(c,) = K (W) - ( 8F = 30ﬂ+§ ) (2.19)

11 — /37
8 e (12,1>.

for

Secondly, let ¢ =2 and (A, u) € S. We then obtain a constant function of the dependent variables A\ and

w1 as follows:
F(\p) = (1_2@2(252 — 4B +3) (2.20)
for every 0 < 8 < 1.
Finally, let ¢ =0 and (A, p) € S. We then find that
8)’

PO = L200

g (A

We can easily see that the maximum of F(A, u) occurs at A = =1 and we have

4(1-p)°

max{F(\, p)} = F(1,1) = 5

(2.21)
for every 5 (0= 8 < 1).
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From (2.19), (2.20), and (2.21), it is easily seen that

41-8)° _(1=8)° pp (1-p)° (155> — 215 —
2B —4
g < g @43 < 1832 — 3083 + 2
for
5 (11 ~ V3T 1)
12
We thus obtain the second inequality of (2.1) for
5 (11 ~ V3T 1)
12

On the other hand, since the following inequality:

4(1-8° _(1-p)’
9  ~ 2

(26° — 48 +3)

is satisfied for every 8 (0 £ 8 < 1), we obtain the first inequality of (2.1) for

11 — /37

This completes the proof of Theorem 1.

Our second main result for the class N is given by Theorem 2 below.

Theorem 2 Let the function f(z) given by (1.1) be in the class N& (0 < a £ 1). Then

40> 7
9 (0 <as ﬂ) )
o? [ 64a0%—144a+5 7 142
asay — ag < 18 ( 12aZ—12a+1 ) (ﬂ Sas =),
2 2
M (1+4¢§ <a< 1) .

Proof Let fEN2 0<a<1,and g= f~!. Then
fl2)=1p()]"  and  g'(w)=[q(w)]",
where the functions p(z) and ¢(z) given by
p(z) =1+ciz+cp2® 4+ and q(w) =14 dyw + dyw?® + - - -
are in class P.

702
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Now, upon equating the coefficients in (2.23), we have
2a5 = acy, (2.24)

ala—1) 4

3as = acs + 5 L (2.25)

ala—1)(a—2)c

dagy =acs+a(a—1)cica + g , (2.26)
and
—2(12 = Oédl, (227)
-1
3(2a3 —a3) = ady + %d%, (2.28)
-1 —2)d3
—4 (5a3 — 5asaz + as) = ads + a (a — 1) dids + ala )6(a ) L (2.29)
From (2.24) and (2.27), we obtain
1 = —d (2.30)
and
ac
ay = 71 (2.31)
Now, from (2.25), (2.28), and (2.31), we find that
a?c?  a(cg —dy)
a5 =+ — ¢ (2.32)
Also, from (2.26) and (2.29), we get
Cala—1)(a—2)cf  5a*ci(ca—dy) | afes—ds) | aa—1)cr(co+do)
a4 = o + o1 + 3 + 3 . (2.33)
We can thus easily establish that
o e (a—1)(a—2)ct  atct P (e —da)
az04 — az] = 48 " 16 48
a2y (c3 —ds) _ o? (co — d2)2 N a? (a—1) c% (ca + da) . (2.34)

16 36 16

Using (2.14), (2.15), and (2.16) in (2.34), we have

2a—1)(a—2)ct . atct  a?e a?(a—1)ct L a?ei(4—c32)

o
’a2a4 — a§| <

48 16 32 16 16
adc2 (4 —c2) a?ci(4—c2)(c1 —2) 9 9 a?(4 — c2)? 9
+ AT D (o 4y + a (il + 191 + EZ D (a4 fyly”

Since p(z) € P, we obtain |c;| £ 2. Taking ¢; = ¢, we may assume without any loss of generality that ¢ € [0, 2].
Thus, for
A=lz[=1 and p=ly =1,
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we obtain
azay — aj| £ My + Mo(A + p1) + Ms(N? + p?) + Ma(A + p)? = T(\, ),
where
a? :
My = My(c) = o= [(8a% + 1) ¢* — 6c° + 24¢] 2 0,
ol
My = My(c) = 5p¢*(4 = %) 2.0,
o2
Mz = M3(c) = jS(4 —)(e-2) 20,
o2
My = Ma(c) = m(‘l —)?z0

Therefore, we need to maximize W(\, u) in the closed square S given by
S={(\u):0SA<1 and 0SS 1}

In order to determine the maximum of W¥(A,u), we can analogously follow the derivation of the maximum of
F(A p) in Theorem 1. Thus, clearly, the maximum of ¥(A, ) occurs at A =1 and g =1 in the closed square
S. Let @ :(0,2) — R defined by

O(c) = max{U(\, p)} = V(1,1) = My + 2 (M + Ms) + 4My. (2.35)

Substituting the values of My, May, M5, and M, into the function ®(c) given by (2.35), we get

2
B(c) = — [(120% — 120+ 1) ¢* + (480 — 14)¢> + 64] .

144
Let
P=120°> -12a +1, Q =48a — 14, and R =64. (2.36)
Then, since
R (@0 P=-9),
max {(P2+Qt+R)} =4 16P+4Q+R (ng and P> -2 or Q<0 and P;—%), (2.37)
0<t<4
N2
g (@50 P=-9),
we have
R (@0 P=-9),
OL2 Q

asay — a2 16P+4Q+R (@20 and P2 -2 orQ=0and P2-9),

<4
— 144

_ N2
L (@>0 P=-¢),
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where P, @, and R are given by (2.36).

This completes the proof of Theorem 2. O

For 8 = 0 in Theorem 1 or for &« = 1 in Theorem 2, we obtain the coefficient estimate given by the

corollary below.
Corollary. Let f(z) given by (1.1) be in the class N,. Then

}a2a4 - a§| <

N W
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