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Abstract 
 

Supervisory Committee 
Dr. Reuven Gordon, Supervisor 
(Department of Electrical and Computer Engineering) 
 
Dr.  Thomas .E.  Darcie, Member 
 (Department of Electrical and Computer Engineering) 
 
This report investigates the optical nonlinearity in thin gold film metasurfaces with an 

aperture array to realize third harmonic generation (THG). Using Lumerical finite 

difference time domain (FDTD), nonlinear third harmonic generation was simulated and 

compared to previous reported works on nonlinear scattering theory. The proposed FDTD 

nonlinear simulation is computational friendly, simple and provides a good case study 

when considering the effect of higher excitation power on metamaterials to realise THG, 

as compared to past simulations carried out that involves importing data from Lumerical 

FDTD to Matlab to carry out the nonlinear scattering calculation to obtain the final result. 

The conversion efficiency (the ratio of THG power to the excitation power) of three 

different aperture arrays was obtained with results showing that the H-shape array would 

give the highest conversion efficiency of about 0.52 %. The result shows that the FDTD 

nonlinear simulation approach used agrees with the experimental result and nonlinear 

scattering theory. This project points towards an effective detection of third harmonic 

generation (THG) from thin plasmonic metal films using the finite difference time 

domain (FDTD) method. 
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Chapter 1: Introduction  
 

Nonlinear optics is a branch of optics that describes the change of a materials optical 

property in the presence of an intense light [1]. This field of research is growing for all 

photonics technologies, with many recent published papers and conferences about 

nonlinear optics. The recent interest can be said to be stimulated by the applications of 

optics in areas such as telecommunication, information processing and medicine. In order 

to observe non-linear effect in metamaterials, one would require a light source that is 

sufficiently intense to change the optical properties of the metamaterial and make the 

optical properties of the metamaterial system depend on the intensity of the light.  

Nonlinear optics is utilized in nonlinear optical devices and techniques that are important 

in many applications to engineers and science researchers. Some of these applications are 

all optical switching, wavelength conversion, and near-field imaging [2-7]. The origin of 

nonlinear optics can be traced to the discovery of second harmonic generation by Peter 

Franken et al. in 1961 [8].  

 

 
 

Figure 1.1: Diagram of Third Harmonic Generation (THG) in a rectangular aperture 

metamaterial. 
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This breakthrough led to the study of the behaviour of materials that exhibit nonlinearity 

[9]. Previously, researchers considered harmonic generation based on the material system 

and design, with many suggesting that metamaterials are better for the detection of 

harmonic generation [2]. Metamaterials have been used by researches as a building block 

because of their plasmonic resonance that can be regulated and the fact that their linear 

optical properties are known [10-12].  

Various studies have looked into the nonlinearity in metasurfaces based on second 

harmonic generation (SHG) using different apertures and shapes [13-19]. A few works 

have shown that aperture-structures are effective for regulating the temperature of the 

metal structure to yield better conversion efficiency [20-22]. Note that finding a nonlinear 

optical material with a large third-order nonlinear optical susceptibility has always been a 

challenge [1, 23]. 

This project involves a finite difference time domain (FDTD) simulation, using a 

nonlinear gold film material that is tuned to its third order nonlinear susceptibility. The 

design schematic used was selected because of its various advantages; starting from the 

effective conversion efficiency of an aperture based array to the cubic dependence of 

third harmonic generation to give higher conversion efficiency. The proposed nonlinear 

FDTD simulation measures the propagating nonlinear susceptibility that originates from 

the metals free electrons in the aperture array of the gold film. This simulation can be 

used to further justify and regulate the nonlinearity in metasurfaces for a better efficiency 

in some application of optics such as wavelength conversion. The main goal of this 

project is to show that the finite difference time domain (FDTD) nonlinear simulation 

agrees with the experimental result and nonlinear scattering theory. The nonlinear 
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scattering theory that uses a linear FDTD simulation is faster than the FDTD nonlinear 

scattering simulation due to the complex nature of nonlinear simulations in Lumerical 

FDTD as compared to the linear simulation. However, the FDTD nonlinear scattering 

simulation is better than the linear FDTD simulation in terms of computation and 

generation of final results. With the FDTD nonlinear scattering simulation, users get their 

final results at the end of the simulation unlike the linear FDTD simulation that would 

require one to import all data into Matlab to carry out the nonlinear scattering theory 

computation. Note that one can simulate with higher powers in a nonlinear FDTD 

simulation unlike the linear FDTD simulation. 

The simulation agrees with the theory of nonlinear scattering, with results showing that 

the H-shape aperture is the  best shape for producing the  highest conversion efficiency 

using a  gap size of 30 nm, a third order nonlinear susceptibility of 7.71 ×10)*+	𝑚-/	𝑉- 

and a fixed periodicity between apertures of 528 nm. 

 

1.1 Report Structure 
 

The rest of this report is organized as follows: Chapter 2 gives a brief review of the 

background to nonlinear optics. Chapter 3 describes the theoretical models in nonlinear 

optics that were used in the simulation and in chapter 4, an introduction to Lumerical 

software, simulation set-up and the results from the simulation was discussed. Chapter 5 

gives a summary of the work done and proposed future works to be carried out. 
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Chapter 2: Background Study 
 

Nonlinear optics started with the discovery of laser in 1960 by Maiman [24]. Miaman 

showed that the response of atoms to an intense electromagnetic field is no longer linear. 

Shortly after Miamans discovery, Franken and his group carried out an experiment that 

gave birth to the first nonlinear harmonic effect ever observer in 1961 [8]. Franken’s 

experiment showed the first harmonic generation, now known to be second harmonic 

generation (SHG).  He increased the spectral power of a ruby laser beam (to  6942 Ǻ), 

and propagated the laser beam through the crystal quartz to observe an ultraviolet 

radiation of 3471 Ǻ. From 1961 to 1964, various nonlinear optical phenomena were 

discovered with many research groups showing interest and exploring various ways of 

explaining and enhancing the nonlinear optical phenomena. Some of the nonlinear optical 

effects processes discovered during this period are four wave mixing, stimulated Raman 

scattering, intensity dependent refractive index and stimulated Brillouin scattering [25-

30]. Many have found the field of nonlinear optics to be fascinating and some people 

have tried to explain the theory behind nonlinear optics. Presently, the three known 

textbooks in nonlinear optics are: 

[1]. Y. R. Shen, The Principles of Nonlinear Optics (John Wiley and Sons, 2002). 

[2].  P. N. Butcher and D. Cotter, The Elements of Nonlinear Optics (Cambridge 

University Press Revised edition, 1991). 

[3]. R. W. Boyd, Nonlinear Optics (Academic Press, Third Edition 2008). 

All three books have different views of some nonlinear phenomena, but they all agreed 

that the observation of a nonlinear optical effect would require a laser. A laser is the only 
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light source capable of providing sufficient optical intensity to activate observable 

nonlinear optical process.  

In 1966, Yee’s scheme [31], now known as finite-difference time-domain (FDTD) by 

Taflove in 1980 [32], introduced a numerical way to solve the differential equations that 

can be used to solve Maxwell’s equations. Over the years many researches have explored 

optical phenomena based on enhanced four wave mixing [33], second harmonic 

generation (SHG) from metamaterials [34-36], plasmon enhanced generation of high 

harmonics [37-38] and third order nonlinearity. In the early years of nonlinear optics, 

most research groups made use of crystal to generate harmonics. Metamaterials were 

used to replace crystal because of the advantage of its metasuface to enhance optical 

nonlinearities at plasmonic resonances by some order of magnitude.  

Metamaterials are artificial structures engineered to have optical properties that are not 

found in nature. These optical properties can be a single or multi-layered nano- metallic 

objects that are fabricated on the surface of a standard material. An interesting subset of 

metamaterials with a reduced dimensionality that demonstrates an exceptional ability for 

controlling the flow of light is known as metasurface [10]. These can be used to enhance 

nonlinear optical properties too. To date, more research works are carried out on SHG as 

compared to THG in the field of nonlinear optics. Different groups have looked into SHG 

based on material structure and metal thin film [18, 39].   

Boyd et al. discussed the importance of the value of third order nonlinear optical 

susceptibility for metamaterials and he reported some values of third order nonlinear 

optical susceptibility that various research group got from experiments [40]. Over the 

years, research works pointed out the effect of metasurface on the second harmonic signal 
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generated and saw that they were able to control the signal generated from the nonlinear 

metamaterial using the metasurface [41-45]. Gold is used as a metamaterial because of its 

high plasmonics effect. 

Third harmonic generation (THG) is becoming an interesting subject to researchers in 

optics with various research groups starting to explore and publish papers on THG in the 

recent years than never before [46-47]. My group recently looked into various ways of 

enhancing third harmonic generation that produced two papers. Ghazal et al. [48] 

explored the inter-band transition resonance of a gold nanoparticle on a metal film with a 

thin gap to measure an enhanced third harmonic generation. Not to long after her 

experiment, Nezami et al. [49] also investigated the effect of localized surface plasmons 

propagating through an aperture, based on the detection of third harmonic generation. 

Nezami’s experiment reported a high conversion efficiency of about 0.05 %.  

Melentie et al. [22, 50] was the first, to the best of my knowledge, to report the use of 

aluminum as a metamaterial to be the best element for observing a strong optical 

nonlinearity. His work showed that aluminum can give a better strong optical 

nonlinearity than gold, hence a better conversion efficiency. For the sake of this 

simulation, gold was used as a metamaterial instead of aluminium.  
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Chapter 3: Nonlinear Optical Theory 
 

3.1 Introduction 
The nonlinear theory used in this simulation could be compared to the experiment carried 

out by Nezami et al. [49]. The theory uses Lorentz reciprocity [51-52] to predict the 

nonlinear optical response of a metamaterial, and it was recently reported to be very 

efficient [39, 42]. In linear optics, the relationship between the polarization and the 

electric field strength is represented by; 

𝑷 𝒕 = 	𝜺𝒐𝛘	(𝟏)𝑬 𝒕 	 (3.1)	
 

But in general, the optical response of a nonlinear phenomenon is generalized as a Taylor 

series in terms of the polarization and field strength. 

 
𝑷 𝒕 = 	𝜺𝒐 𝛘	(𝟏)𝑬 𝒕 +	𝛘	(𝟐)𝑬𝟐 𝒕 +	𝛘	(𝟑)𝑬𝟑 𝒕 + ⋯ 	 (3.2)	

 

Where 𝑃 𝑡  is the induced polarization, 𝐸 𝑡  is the electric field strength and	χ	(*),	χ	(-) 

and χ	(?) are known as the linear, second and third order nonlinear optical susceptibilities 

respectively [1].  

The rest of this chapter reviews the basic theoretical models in a nonlinear optical 

process, such as nonlinear wave equation, THG, nonlinear scattering theory and the 

nonlinear optical response of metasurface based on palsmonics. 

3.2 Wave Equation for Nonlinear Optical Material 
In this section, we would review the basic wave equation for electromagnetic waves to 

find the harmonic and fundamental wavelength of the electric fields that was applied in 
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this project. The derivation of a classical nonlinear wave equation in a nonlinear optical 

media starts from Maxwell’s equations [53].  

𝛁	. 𝐃 = 	𝝆𝒆𝒙𝒕							(Gauss’	Law)	 (3.3)	
  

       	𝛁	. 𝐁 = 𝟎								(Gauss’	Magnetism	Law)		 (3.4)	
 

𝛁	×𝐄 = 	− 𝛛𝐁
𝛛𝐭
				(Faraday’s	Law)		 (3.5)	

 
𝛁	×𝐇 = 	 𝛛𝐃

𝛛𝐭
+ 𝐉				(Ampere’s	Law)		 (3.6)	

                   
Where D is the dielectric displacement, B is the magnetic induction, 𝝆𝒆𝒙𝒕 is the electric 

charge density and J is the current charge density. 

In nonlinear optics, the polarization field (P) is given in terms of linear and nonlinear 

fields. Moreover, it is assumed that we are working in a region of space where no free 

charges are present and there is no magnetization in the medium. This is used to derive 

the wave equation in a nonlinear material in terms of electric field and nonlinear 

polarization density as shown in equation (3.8) [1]. 

𝑷 =	𝑷𝑳 +	𝑷𝑵𝑳	 (3.7)	
 
 

−𝛁	𝟐𝑬 +	
𝝐 𝟏

𝒄𝟐
𝝏𝟐𝑬
𝝏𝒕𝟐 = 	−

𝟏
𝜺𝒐𝒄𝟐

𝝏𝟐𝑷𝑵𝑳
𝝏𝒕𝟐 	

(3.8)	

 
For free waves propagating with a velocity (𝑐 𝑛), the linear refractive index is 

proportional to the scalar quantity 𝝐 𝟏 such that: 

𝑛- = 	 𝝐 𝟏 	 (3.9)	

 3.3 Third Harmonic Generation 
The theory behind third harmonic generation (THG) is simple. It involves the destruction 

of three photons of frequency (ω) to produce a single photon with three times the 
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frequency in each quantum mechanical process [1]. THG occurs when the free electrons 

in the surface of a metamaterial are excited by an electromagnetic field, causing them to 

oscillate in their ionic core resulting to a nonlinear displacement that is acted upon by a 

returning force that gives rise to an anharmonic response in the motion of the electron 

with respect to the electric field applied. The complete oscillation of the electron from its 

equilibrium position near the surface of the nano-structure produces THG [54].  

There are various applications of third harmonic generation, one of which includes 

optical image processing [55] that is used in the field of biology to create third harmonic 

microscope.  

 
 

Figure 3.1: (a) Third harmonic generation process. (b) energy-level description of THG. 

Reprinted with permission from Ref. [1] 

 

Fig (3.1) shows the generation of third order nonlinear optical process, with the energy 

level diagram showing how many photons of frequency (ω) is required to create the 

parametric process known as third harmonic generation [1]. One should note that for any 

metamaterial, the nonlinear susceptibility “𝝌(𝟑)” of the material is an important property 

that is responsible for all the nonlinear processes occurring in a medium and the nonlinear 
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response of the medium. Equation (3.9) shows the nonlinear polarization equation for a 

third order nonlinear optical polarized material. 

 

𝑷(𝟑) 𝒕 = 𝜺𝒐𝛘	(𝟑)𝑬𝟑 𝒕 		 (3.10)	

	 	

Where  𝑷(𝟑) is the third order polarization, 𝛘	(𝟑) is the third order nonlinear susceptibility 

and 𝜺𝒐 is the permittivity of free space.  

In general third order nonlinear polarization is responsible for four wave mixing (FWM), 

that involves mixing three photons of frequency ω*, ω- and ω? to generate a forth 

photon field with frequency 𝜔WXY = 	ω* 	± ω- ± ω?. From the theory of third harmonic 

generation, there are sixteen possible mixing processes that can be observed [1]. Third 

harmonic generation is the case where the harmonic is three times the fundamental 

frequency. 

 

3.4 Phase Matching 
Phase matching is a collection of techniques that is used to enhance the amplitude of a 

polarized wave radiating from a nonlinear medium. It involves matching the phase of a 

fundamental beam with the harmonic wave propagating through a medium to allow 

constructive interference. This can be aided by using a periodic structure. Hence, phase 

matching helps to achieve an optimum nonlinear frequency conversion between 

interacting waves in the direction of propagation. 
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3.5 Nonlinear Scattering Theory 
Based on past works on nonlinear optical effects, the nonlinear scattering theory 

presented by O’Brien et al. [39], was found to be efficient in predicting the nonlinear 

optical response of a U-shaped particle under-going a SHG process as shown in fig. (3.2).  

 
Figure 3.2: Plot showing the comparison between Miller’s rule and nonlinear scattering 

theory to the measure SHG value. Reprinted with permission from Ref. [39] 

 

His nonlinear scattering theory as shown in fig. (3.3) involves the use of Lorentz 

reciprocity theorem to model the integral relation between localized sources and their 

corresponding electric field in a reciprocal medium, such that two current sources 

𝒋𝟏(𝑟, 𝜔) and 𝒋𝟐(𝑟, 𝜔) with a corresponding electric field of 𝑬𝟏(𝑟, 𝜔) and 𝑬𝟐(𝑟, 𝜔) in a 

reciprocal medium are given by: 

 

𝒋𝟐 𝑟^, 𝜔 ∙ 	𝑬𝟏 𝑟^, 𝜔 	𝑑𝑉^ = 	 𝒋𝟏 𝑟, 𝜔 ∙ 	𝑬𝟐 𝑟, 𝜔 	𝑑𝑉	 (3.11)	
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Figure 3.3: Illustration of nonlinear scattering theory showing the use of a nonlinear optical 

material and a detector to calculate the nonlinear emission at the detector when the 

nonlinear system is excited by a pump field. Reprinted with permission from Ref. [39] 

 

The derivation further goes to show that for a nonlinear dipole on the surface or volume 

of a nanostructure influenced by the selection of a single source to act as the stimulating 

factor, can be used to calculate the nonlinear emission for the current source selected as 

shown in equation (3.12) assuming current source 𝒋𝟏(𝑟, 𝜔) was selected: 

𝐄𝟏 ∙ 𝚥 = 	
𝑒)cde

𝐽g∆𝑙
𝑖𝜔𝐏 ∙ 𝑬𝟐𝑑𝑉	

(3.12)	

Where 𝚥 is the polarization axis of the current dipole of the second current source, ∆𝑙 is 

the length between the unknown electric field 𝐄𝟏 and the emitted electric field	𝑬𝟐 𝑟, 𝜔 . 

𝐽 = 	
𝑑𝑃
𝑑𝑡 	

(3.13)	

𝐽?d = 𝑖𝜔𝑃(?)	 (3.14)	
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O’Brien’s derivation of nonlinear scattering theory was mirrored by Nezami et al. [49] to 

model THG from an array of apertures in his experiment. Figure (3.4) and (3.5) shows 

the schematic and experimental set up used by Nezami in his THG nonlinear theory for a 

rectangular aperture array. Nezami experiment considered a current source  𝐽?d ∝ 𝐸d?  

derived from transforming equation (3.14) into the frequency domain for the third 

harmonic polarization and comparing it to equation (3.9). This current source is used to 

generate the out-coupled third harmonic wave (𝐽?d ∙ 𝐸?d) by applying Lorentz reciprocity 

theorem to integrate the overlapping fields over a given material volume. The total out-

coupled THG from the aperture array in Nezami experiment was estimated to be: 

𝐓𝐇𝐆	 ∝ 	 𝝌opqr
(?) 	𝑬?d ∙ 𝑬d? 	𝑑𝑉

opqr
	 (3.15)	

Where 𝜒opqr
(?)  is the nonlinear susceptibility of the gold metamaterial,  𝐸d is the electric 

field of the fundament light and 𝐸?d is the electric field of the third harmonic. 

 

 
Figure 3.4: (a) Schematic of THG from a rectangular aperture array. (b) Illustration a 

simulated incident fundamental and third harmonic wave using time reversal for the 

harmonic beam. Reprinted with permission from Ref. [49] 
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Figure 3.5: The schematic of the experimental set up used in reference [49] to investigate the 

localized and propagating surface plasmon in an aperture-based THG. Reprinted with 

permission from Ref. [49] 

 

3.6 Plasmonics in Nonlinear Optics 
The excitation of free electrons in a metal causing them to interact with the 

electromagnetic field is called plasmonics [56]. Marrtti et al. [57], explained the 

increasing effect of nonlinear optical response by plasmonics. He spoke about the various 

ways of enhancing the nonlinear optical effects by the application of plasmonics. 

Plasmonic effects on a metamaterial can result to either surface plasmon polaritons 

(SPPs) or localized surface plasmons (LSPs). LSP are common in the nano-metal particle 

whose resonance depends solely on the size and shape of the particle. 

There are various advantages of the effect of plasmonics on nonlinear optics, some of 

which are the processing of optical signals at ultrafast speed and enhancement of optical 
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processes by producing a strong electromagnetic field. Gold is one of the widely used 

plasmonic materials because of its optical advantage. Of recent various research groups 

are looking into creating nonlinear plasmonic metamaterials with tunable optical 

properties [58]. 

 

3.7 Nonlinear Response of Metals 
The effect of plasmonics on metals such as gold, to give a nonlinear interaction is a major 

theory in nonlinear optics. The nonlinear response of gold has become increasingly 

important, and this has driven various experiment to determine the accurate value for the 

third-order nonlinear optical susceptibility 𝝌(𝟑) of gold under various laboratory 

conditions. Bloembergen et al. [59], is said to be the first group that reported the 

nonlinear optical response of gold through the detection of third harmonic generation 

(THG). Recently, Boyd et al. [40] reported values obtained through experimental studies 

for the third-order nonlinear optical response of gold. Many groups reported various 

values for the third-order nonlinear optical response of gold, of which some of the values 

reported are incorrect [40]. The measurement of 𝝌(𝟑) depends mainly on the laboratory 

condition for which the value was obtained. The gold sample preparation procedure and 

the laser properties such as wavelength and pulse duration are the major constrains that 

would affect the value of 𝝌(𝟑) measured.  
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Table 3.1: Tabulated value for the third-order nonlinear optical response reported. 

Reprinted with permission from Ref. [40]. 

 

Fig. (3.6) shows the plot of the converted value of 𝜒(?) against the laser pulse duration 

using z-scan method by various groups. From fig. (3.6), a pulse duration of about 100 fs 

would result in a measurement of about 10-19 m2/V2 for 𝜒(?).  
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Figure 3.6: Plot of converted values of the third-order nonlinear susceptibility 𝝌(𝟑)	against 

the pulse duration of the laser using z-scan method. Reprinted with permission from Ref. 

[40] 
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Chapter 4: Simulation Design and Implementation 
 

4.1 Introduction to Lumerical FDTD Simulation 
Lumerical finite difference time domain (FDTD) can be defined as a high performance 

3D FDTD-method that is used to solve Maxwell’s equations for the design, analysis and 

optimization of nano-photonic devices and materials [60]. Some major applications of 

Lumerical FDTD are surface plasmons, metamaterials, solar cells and integrated optics. 

Finite difference time domain (FDTD) is a vectorial method used to solve Maxwell’s 

equations in complex geometries [60]. To implement an FDTD simulation, one would 

need to define a computational space and the material to use. The Lumerical FDTD 

simulation relies on the electromagnetic field and structural material in a time step that 

are related to the mesh size through the speed of light, to give a frequency domain and 

time domain results to the user. Hence, the application gives final information about the 

electric and magnetic field at a point or series of points within the specified 

computational space. 

Like every other modeling applications Lumerical FDTD has its merits and demerits. The 

two major advantages of Lumerical FDTD in this project are: 

I. Lumerical FDTD is user friendly, easy to understand and users know what to 

expect from their design. 

II. Lumerical allows user to design their material structure and import their design 

into the computational space. 

A major disadvantage in lumerical FDTD is the increase in simulation time and memory 

when considering accuracy in your simulation.  
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4.2 Model 
The goal of this project is to investigate the detection of third harmonic generation, with 

respect to conversion efficiency in nano-apertures of a gold (Au) thin metal film and 

show that the FDTD nonlinear simulation agrees with both the experimental and linear 

simulation for nonlinear scattering theory. All simulations were performed using 

Lumerical FDTD solutions 8.12.501. 

The effect of LSP and SPP resonances were applied to the structure to optimize the 

nonlinear conversion [49]. Based on the background study, the rate of conversion 

efficiency in a nonlinear material depends on the third order nonlinear susceptibility and 

the source power (intensity). Considering Nezami’s [49] experimental set up, a gold film 

with a rectangular aperture is designed in Lumerical FDTD. In addition to the rectangular 

aperture design, other aperture shapes like double nano-hole (DNH) and H-shape were 

simulated to report the best shape that can produce the highest conversion efficiency.  

4.2.1 Design Setup 
In this simulation, we applied a previous design setup done by Nezami [49]. The design 

is composed of three layers of materials with different refractive index stacked up 

together. Fig. (4.1) shows the schematic of the design setup with gold, titanium and glass 

materials respectively and fig. (4.2) shows the schematic design of the three-aperture 

array used in this simulation. The design involves a plane wave source with wavelength 

of 1570 nm, and a focused on a spot size of 10 µm on a 100 nm thick gold film.  A 5 nm 

thick Titanium (Ti) layer is used to glue the metamaterial to the glass to keep our 

metamaterial fixed on the glass. 

Using periodic boundary condition and perfectly matched layer (PML), an aperture is 

carved into the gold surface and a monitor is placed in between the glass to collect the 



20 
 

 

transmitted fields. Fig. (4.3) and (4.4) shows the proposed design structure in Lumerical 

computational space surrounded by FDTD boundary with a mesh size of 1 nm.   

 
Figure 4.1: Schematic of the proposed design. 

 

The refractive index of the gold material is tuned to third order nonlinear susceptibility 

with reference to Johnson and Christy experimental value for gold. Before running the 

simulation, the source, monitor, mesh and boundary conditions need to be set to the 

proper setting as specified in the appendix.  
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Figure 4.2: Rectangle, DNH and H-shape aperture array schematic  

 

 

Figure 4.3: Platform of the Lumerical computation space 
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Figure 4.4: Proposed design in lumerical computational space 

 

4.2.2 Nonlinear Methodology  
Running nonlinear simulations is complicated in Lumerical as compared to running linear 

simulations. Therefore, lumerical has given some set of rules and conditions that one has 

to consider before running a nonlinear simulation. In this simulation, four major 

constrains that effect nonlinear simulation is discussed.  

 

4.2.2.1 Source Amplitude. 
For nonlinear simulations, the source amplitude is required to adjust the source to the 

desired value that would cause the nonlinear effect. This value can be calculated from the 

average incident power as shown in section (4.3). Lumerical advised that large source 
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amplitude could result in numerical instability hence rendering the polarization equation 

(3.2) invalid [60]. To correct this, the nonlinear terms must be smaller than the linear 

term as shown in equation (4.1). 

𝜒(?)𝐸- ≪ 	𝜒(*)	 (4.1)	
	

4.2.2.2 Material Property 
When running a nonlinear simulation, a new material is created and its properties need to 

be set to the corresponding third order nonlinear susceptibility. Fig. (4.5) shows the new 

material added to the material database for this simulation. 

 
Figure 4.5: Properties settings of a gold material used 
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4.2.2.3 Power transmission 
Reading the power transmitted from the monitor is different in nonlinear simulations. To 

read the average power from the frequency-domain field power monitor, we would have 

to use the transmission script (Poynting vector) that is defined in the Appendix (II). 

 

4.2.2.4 Normalization 
In Lumerical, the default setting is set to continuous wave (cw) normalization. One 

should note that the cw normalization is set to normalize the frequency monitor data to 

provide the cw steady state response of the system. This will not work for our nonlinear 

system, since the cw normalization mode reads the system to be in a linear mode. Hence, 

the use of no normalization (nonorm) was used in this project. 

 

4.3 Theoretical calculations 
Guided by the laser source power we have in the lab, the theoretical calculations for the 

simulation was carried out to obtain the amplitude. Considering a pulse rate of 100 fs 

with an average power of 40 mW, a repetition rate of 40 MHz and a spot size of 10 µm. 

We calculate the average intensity by using equation (4.2).  

𝐴𝑣𝑒𝑟𝑔𝑎𝑒	𝐼𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦 = 	
𝑃|}o
𝐴𝑟𝑒𝑎 = 5.1 ∗ 10�	𝑊𝑚)-	 (4.2)	

 
The peak intensity is defined as the ratio of the period between each pulse and the pulse 

rate multiplied by the average intensity. 

𝑃𝑒𝑎𝑘	𝐼𝑛𝑡𝑒𝑛𝑠𝑖𝑡𝑦 = 	
𝑃𝑒𝑟𝑖𝑜𝑑	

𝑃𝑢𝑙𝑠𝑒	𝑟𝑎𝑡𝑒 ∗ 𝐴𝑣𝑔. 𝐼𝑛𝑡𝑒𝑛𝑠𝑖𝑠𝑡𝑦 = 1.27 ∗ 	10*�	𝑊𝑚)-	 (4.3)	

 
𝐼 = 0.5 ∗ 𝜀p𝑐𝐸-	 (4.4)	

 
From equation (4.4) [62] we calculate the incident electric field in free space to be: 
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𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = 	𝐸*��g =
2𝐼��|�
𝜀p𝑐

* -

= 3.1 ∗ 	10�	𝑉𝑚)*	
(4.5)	

 
𝑆 = 	𝐸×𝐻	 (4.6)	

𝐸 ∙ ∇×𝐻 = 𝐽 + 𝜀p
𝑑𝐸
𝑑𝑡 = 	−∇ ∙ 𝐸×𝐻 + 𝐻 ∙ ∇×𝐸 = −𝜇p

𝑑𝐻
𝑑𝑡 	

(4.7)	

 

𝑃𝑜𝑤𝑒𝑟 = 𝐽 	 ∙ 𝐸 	𝑑𝑣
}

	

 

(4.8)	

Equation (4.6) is derived from Maxwell’s equation (3.3-3.6), where electric field 

displacement and magnetic flux density is given to be 𝐷 = 𝜀p𝐸 and 𝐵 = −𝜇p𝐻 

respectively. From the derivation of Poynting theorem using Maxwell’s equation (4.7), 

we calculated the rate at which the current density with a corresponding electric field 

works on the proposed structure over a given volume as shown in equation (4.8). The 

output power was calculated using poynting vector [61-62] from the transmission 

monitor and integrated over area X and Y to obtain the average output power. Since the 

simulation is carried out in a nonorm mode, the output power normalization unit is in 

Watts/Hz2. Equation (4.9) was used to normalize the output power to (Watts), hence 

enabling one to calculate the conversion efficiency using equation (4.10). 

𝐹- = 	 𝑐 𝜆
-
= 	

3	×10�	𝑚𝑠)*

0.523	×	10)�	𝑚

-

= 𝐻𝑧-		

	

(4.9)	

𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛	𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 = 	
𝑂𝑢𝑡𝑝𝑢𝑡	𝑝𝑜𝑤𝑒𝑟
𝐼𝑛𝑝𝑢𝑡	𝑝𝑜𝑤𝑒𝑟 	×100%	 (4.10)	
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4.4 Results and Discussion 
 
In this report, we compare the FDTD nonlinear simulation result to the experimental and 

linear THG simulation carried out by Nezami. Based on recent research works that 

looked into the effect of LSP resonance on SHG [63-65] and THG [49].  Three aperture 

shapes were simulated and the aperture shape with the highest conversion efficiency was 

reported. From the nonlinear simulation results, one can see that the conversion 

efficiency depends on the intensity (avg. excitation power) and the third order nonlinear 

susceptibility value of the gold material with respect to the periodicity of the aperture 

array. The table below shows the values used in this simulation. 

Table 4.1: Parameter Value 

 Parameter Value 
Pulse Rate 100 Fs 
Repetition Rate 40 MHz 
Spot Size 10 𝜇𝑚 
Permittivity of vacuum 𝜀p 8.85 ×10)*-	F/m 
Speed of light 3 ×10�	𝑚𝑠)* 
Refractive index of Glass 1.52 
Third order nonlinear susceptibility 7.71 ×10)*+		𝑚-/𝑉- 
Average power 40 mW 
 

 
Figure 4.6: LSP resonance at 1570 nm and propagation SPP at 523 nm 
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Figure (4.6) shows the THG in natural logarithm scale when we tune the LSP resonance 

to 1570 nm and the SPP resonance to 523 nm using the nonlinear scattering theory in 

Equation (3.14). In fig. (4.7), a rectangular aperture array of diameter 30 nm with an 

input power ranging from 40 mW to 0.417 W was used to plot the logarithmic ratio of the 

input average power to output average power. From the simulation result, it was 

discovered that using an amplitude that ranges from 108 to 109 Vm-1 is enough to cause a 

nonlinear effect on the 100 nm thick gold metamaterial. A good advantage of this 

nonlinear simulation over past simulation works in nonlinear scattering theory, is the fact 

that the simulation can produce results when simulating for higher powers to investigate 

the saturation point as shown in the fig. (4.8). 

 

Figure 4.7: Ratio of input average power to output power in logarithm scale (dB) 
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Figure 4.8: Output THG power as a function of incident power for an array of rectangular 

aperture normalized in logarithm scale (dB). 

 
Figure (4.8) shows the effect of higher incident power (black curve) on a rectangular 

aperture array with a periodicity of 528 nm. The corresponding average incident power is 

shown by the data points. Increasing the amplitude to as high as	1.2×10+ Vm-1 using a 

third order nonlinear susceptibility of	7.71×10)*+	𝑚-/𝑉-, we approach a damage 

threshold where the value for the output power becomes invalid. The reason behind this 

can be found in section 4.2.2.1, where the source amplitude is bounded by its 

proportionality to the linear susceptibility of the material. Figure (4.9) shows that a 

diameter of about 30x343 nm would produce a high conversion efficiency in a 

rectangular aperture of the proposed design. This is because, using a periodicity of 528 

nm, a resonance would be observed using a diameter of 30 nm as we approach a length of 

about 343 nm. These results were obtained under an average input power of 40 mW and a 

third order nonlinear susceptibility of		7.71×10)*+	𝑚-/𝑉-. This result gives an insight 

on how to module other aperture array sizes. 
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Figure 4.9:THG with a periodicity of 528 nm from a rectangular aperture 
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Figure 4.10: Electric field magnitude and distribution for a 30 nm gap at third harmonic 

wavelength of 523 nm for rectangular, DNH and H-shape aperture array respectively. 

 
 
 

 

 

Figure 4.11: Electric field magnitude and distribution for a 30 nm gap at fundamental 

wavelength of 1570 nm for rectangular, DNH and H-shape aperture array respectively. 
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Figure 4.12: Electric field distribution in H-shape aperture array at third harmonic 

wavelength of 523 nm. 

 

 

Figure 4.13: Electric field distribution in H-shape aperture array at fundamental 

wavelength of 1570 nm. 
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With recent research works showing that the aperture shape can vary the LSP resonance 

to yield a higher conversion efficiency for a metal film [18, 22], the rectangular shape 

was compared to DNH and H-shape to show which aperture shape would produce the 

highest conversion efficiency. The electric field distribution and magnitude for three 

aperture array at third harmonic and fundamental wavelengths is shown in fig. (4.9) and 

(4.10). This result shows that the H-shape aperture is the optimal structure and fig. (4.11) 

and (4.12) shows the variation in geometry at third harmonic and fundamental 

wavelength of the optimal structure with respect to the electric field magnitude and 

distribution. 

Figure (4.13) and (4.14) shows the detection of THG in 100 nm thick gold metasurface 

material using a DNH array of periodicity 420 nm, rectangular array and H-shaped array 

of periodicity 528 nm. A mesh size of 1 nm was used to produce this result to ensure that 

the convergence limit is reached. From the results shown below it is easy to see that H-

shape aperture array would produce the highest conversion efficiency of about 0.52 % as 

shown in table 4.2. 

 

Table 4.2: Result showing the conversion efficiency for the three aperture shapes. 

Aperture Shape Amplitude  |E| Intensity(Wm-2) Conversion 
Efficiency (%) 

H-shape 3.1 x 108 1.273 x 1014 0.52 
DNH 3.1 x 108 1.273 x 1014 0.12 

Rectangular 3.1 x 108 1.273 x 1014 0.061 
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Figure 4.14: THG with respect to average output power 

 

 

 
Figure 4.15: Transmission ratio of THG in three different apertures 
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Table 4.3 shows the quantitative comparison of the nonlinear scattering theory used by 

Nezami [66] in his experiment and the FDTD nonlinear simulation theory. The FDTD 

nonlinear theory shows a good agreement with both the experimental result and the linear 

simulation result. Comparing the linear simulation to the nonlinear simulations, the 

nonlinear simulation method is better than the linear simulation when considering 

simulating for higher powers and studying the effect of a change in the third order 

nonlinear susceptibility value 𝝌(𝟑)  of the metasurface material. Also, since the linear 

simulation is computationally intensive, the linear simulation requires more memory than 

the nonlinear simulation that produces the result instantly 

 

Table 4.3: Comparison of reported experimental and linear simulation results to nonlinear 

simulation result. 

 
 
 

Structure 

 
Normalized 
nonlinear 

experiment [66] 

 
Normalized linear 

simulation [66] 

 
Normalized non-
linear simulation 

(40 mW) 
H-shaped array 1 1 1 

DNH array 0.20 0.24 0.23 
Rectangular array 0.10 0.13 0.12 
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Chapter 5: Conclusion and Future works 
 

5.1 Conclusion 
In this project, a nonlinear FDTD simulation method used to detect third harmonic 

generation was proposed. The proposed nonlinear simulation method utilizes the effect of 

localised surface plasmon (LSP) reasonance and surface plasmon polariton (SPP) to 

increase the detection of THG. The simulation method also agrees with the report by 

Nezami et al. [66] and shows that the H-shape aperture would give a maximum 

conversion efficiency of 0.52 %, which is about ten times higher than what was reported 

when a rectangular aperture was used [49]. 

Finally, the simulation results show that the FDTD nonlinear scattering simulation agrees 

with the nonlinear scattering theory from the experiment. This further goes to show that 

one can successfully carry out a nonlinear simulation with Lumerical FDTD under well-

defined settings. 

5.2 Future works 
The detection of third harmonic generation (THG) depends on the intensity of the laser 

and the third order nonlinear susceptibility of the metal material. Further investigation in 

terms of experiment needs to be carried out to discover the true value of the third order 

nonlinear susceptibility of the gold metamaterial using wavelength of 1570 nm. The 

stability factor of nonlinear simulation has to be investigated to determine how far one 

could reach before the simulations diverges. 

 In addition, Melentiev et al. [22] has shown that aluminum (Al) can give a high 

conversion efficiency that is three orders of magnitude higher than gold on a single 
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nanoslit. One can try to simulate the proposed design in this project using Aluminum (Al) 

as the metamaterial instead of gold. 
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Appendix A: Settings and Configurations 
 

I. Source 
There are various sources in the Lumerical plat form. For the sake of this project, a plane 

wave source was used to inject electromagnetic energy from one side of the source region 

along the plane. Once a source is selected, the location, propagation direction, 

frequency/wavelength and amplitude of the source can be edited to the required setting. 

Fig. (A.1 – A.3) shows the configuration of the plane wave source at an average power of 

40mw, propagating at a wavelength of 1570nm. From fig. (A.3), using pulse duration of 

100fs, one would have set a pulse offset that is at least twice the pulse duration [60]. 

Section 4.3 discussion the calculation and pulse length for the power source in detail. 

 

 
 

Figure A.1 
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Figure A.2 

 

 
 

Figure A.3 

 

II. Monitors 
In this experiment, a monitor that records the transmitted electromagnetic fields collects 

our results. Frequency-domain field and power monitor was used to collect the field 

profile in the frequency domain from the simulation results. Note that the frequency-

domain field and power was used because of its ability to snap to the nearest mesh cell 

when producing the results. Fig. (A.4 – A.6) shows the configuration of the monitor for 

this simulation. Calculating the average output power from the monitor was done using 

the pointing vector script. As shown below: 
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Poynting Vector code: 
 
# disable CW norm 
nonorm; 
  
# get poynting vector from monitor.   
Poynting = getresult("T_far_field_523","P"); 
  
# integrate real Pz to get power.  Assume this monitor is 2D, in the XY 
plane 
# This quantity will have units of Watts/Hz^2 due to the use of the 
nonorm state 
Trans = 0.5 * integrate(real(Poynting.Pz),1:2,Poynting.x,Poynting.y); 
  
# package data into dataset 
T = matrixdataset("T"); # initialize dataset 
T.addparameter("lambda",c/Poynting.f,"f",Poynting.f); # add frequency 
parameter 
T.addattribute("T",Trans);  # add transmission attribute 
  
# optionally, visualize data 
visualize(T) 
 
 

 
 

Figure A.4 

 

 
 

Figure A.5 
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Figure A.6 

 

III. Mesh 
The mesh is used to define the position vectors x, y, z inside the defined boundary. The 

mesh is scaled in proportion to the size of our aperture. To find the correct mesh for a 

given structure, one would have to vary the mesh until it converges to a stable value. This 

is used to determine the accuracy of the simulation. 

 
Figure A.7 
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IV. FDTD boundary conditions 
The FDTD boundary condition also known as the simulation region is used to define a 

region over which the simulation is to be performed. The simulation region settings have 

some essential user-defined parameters that need to be configured as shown in Fig. (A.8 – 

A.11). Starting from the general tab where we define our simulation time and dimension, 

we move to configure the mesh settings using non-uniform mesh and set the mesh 

refinement. For this project, the boundary condition was set to periodic boundary 

condition because of the aperture in the design. Perfectly matched layer (PML) was also 

utilised to make sure that all the materials are matched and they absorb electromagnetic 

waves that is incident on them. 

 

 
 

Figure A.8 

 
 

Figure A.9 
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Figure A.10 

 

 
 

Figure A.11 

 


